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This book is now entirely re-el ectrotjped in larg&r cmd more 
attractive tffpe. The explanatonr matter is frreatly lessened. The 
attractive features of this book, which have made it the most 
popular Algebra ever published in this country, are all retained. 
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THE first edition of Olney's Special ob Elementary 
Oeometby was issaed nparly twelve years ago. It cod- 
tained many new features. The book has gone into use in every 
State in the Union, and has been tested by practical teachers in 
all grades of schools. This long and varied test has been watched 
with care by the aatfaor, and it is with the greatest pleasure that 
he has found that the general features of the book have been 
well-nigh universally approved. 

To make the book still more acceptable to the teachers and 
schools of our country, and to keep it abreast with the real 
advancement in science and methods of teaching, as well as to 
make it a worthy exponent of the best style of the printer's art, 
are some of the reasons which have led to the preparation of this 
edition. 

1. The division into Chapters and Sections, instead of Books, 
has been retained, as affording better means of classifying the 
subject-matter, and also as conforming to the usage ^f modem 
times in other literary and scientific treatises. 

2. Part First of the old edition has been omitted, and the 
definitions and illustrations necessary to the integrity of the 
subject have been incorporated with the body of the work. This 
has been done solely in deference to the general sentiment of the 
teachers of our country. The author can but feel that this senti- 
ment is wrong. That the best way to present the subject of 
Geometry is to present some of its leading notions and practical 
facts with their uses in drawing and in common life, before 
attempting to reason upon them, appears to him quite clear. It 
is in accord with one of the settled maxims of teaching which 
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requires "facts before reasoning," and then it is in harmony 
with the historic development of the science, and with the order 
of mental development in the individual. Moreover, since this 
method was presented to the American public in this treatise, the 
author has received books on exactly the same plan, which are 
in general use in Germany, and also "A Syllabus of Plane 
Geometry, prepared by the Association for the improvement of 
Geometrical teaching" in England, in which this principle 
is recognized by recommending quite an extended course in 
Geometrical constructions before entering upon the logical treat- 
ment of the subject. The author hopes to revise his Part Firet, 
and present it as a little treatise adapted to our Grammar or 
lower schools ; as he can but think these subjects much more 
interesting and useful to pupils of this grade than much of the 
matter usually brought before them, especially the more advanced 
portions of arithmetic, and as he is confident that they are the 
proper preparation for the intelligent study of logical geometry. 

3. The same general analysis of the subject is adhered to as in 
the first edition. All must acknowledge it a reproach to the 
oldest and most perfect of the sciences that, hitherto, no system- 
atic classification of its subject-matter has been reached. That 
the ordinary arrangement found in our Geometries is not 
based upon a scientific analysis of the subject, and a systematic 
classification of topics will be evident to any one who attempts 
to give the subject-title of almost any so-called Book. A 
glance at the table of contents of this volume will show that 
the analyi^ of the subject-matter is simple and strictly philo- 
sophical. There are two lines- of inquiry in geometry, viz., 
concerning position (from which form results) and magni- 
tude. The concepts of Plane Geometry are the point, straight 
line, angle, and circle. Now, the measurement of magnitude is 
either direct or indirect. The direct measurement and compar- 
ison of magnitudes is a simple arithmetical operation, and is 
presented, as regards straight lines, in Section 4. The direct 
measurement of other magnitudes is effected in a similar manner, 
but is unimportant from a scientific point of view. The indirect 
measurement of magnitude, as when we find the third side of a 
triangle from the other two and their included angle, the circum- 
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ference or area of a circle from the radius, etc., is a somewhat 
remote application of more elementary principles. There is then 
left, as the natural first object of inquiry, the relative position of 
two (and hence of all) straight lines. Here we have philosophi- 
cally the first inquiry of logical geometry. This inquiry divides 
into the three inquiries concerning perpendicular, oblique and 
parallel lines. In a similar manner the topics of the succeeding 
sections unfold themselves from the principles stated. 

4. This analysis and classification of the subject-matter re- 
quires that a somewhat larger number of propositions be demon- 
strated from fundamental principles, that did the old method, of 
proving first any proposition you could, and then any other, and 
so on ; but who will consider this a defect ? On the other hand, 
it gives almost absolute unity of method of demonstration in 
the propositions of any one section. 

5. The freedom with which revolution is used as a method of 
demonstration, will be observed upon a cursory reading. Of 
course it is assumed that the old repugnance to the introduction 
of the notions of time and motion into geometry is outgrown. 
Indeed, the old geometers could not get on without the super- 
position of magnitudes, and this idea involves motion. Kow, 
revolution is but a systematic method of effecting superposition, 
which is well-nigh the only geometrical method of proving the 
equality of magnitudes. 

6. The author has long desired to introduce the idea of same- 
ness of direction in treating parallels; but could not accept 
what seemed to him the vague methods of writers who have 
made the attempt. If we cannot define the notion of direction, 
we certainly should have some method of estimating and measur- 
ing it before it can be made a proper subject of geometrical 
inquiry. This the author thinks he has secured, by giving the 
necessary precision to certain very common and simple notions. 

7. As to the introduction of the infinitesimal method into 
mathematics (and if introduced at all, why not in the elements 
where it will do most service ?), the author is confident that no 
one thing would do more to simplify, and hence to advance, 
elementary mathematical study, than the general and hearty 
acceptance of this method. No writer has succeeded in getting 
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on far, even in pure mathematics, withont openly or covertly 
introducing the notion, and its directness, simplicity, if not 
absolute necessity, in the applied mathematics make its intro- 
duction into the elements exceedingly desirable. Neyertheless, 
the author has given alternative demonstrations, either in the 
body of the text or in the appendix, so that those who prefer 
can omit the demonstrations involving the infinitesimal concep- 
tion. 

8. Thanks to the spirit of the times, no geometry can now 
receive favor which does not give opportunity for the application 
of principles and for independent investigation. As in the 
former edition, so in this, large attention has been given to this 
just demand of the times. As a help to independent thinking, 
after the student has been fairly introduced to the methods, and 
had time to imbibe somewhat of the spirit of geometrical reason- 
ing, the references to the antecedent principles on which state- 
ments in the demonstra;tions are based, are sometimes omitted, 
and their place supplied by interrogation marks. 

9. In the earlier part of the work, the demonstrations are 
divided, according to the suggestion originally given by De 
Morgan, into short paragraphs, each of which presents but a 
single step. So, also, in this part, care has been taken to make 
separate paragraphs of the statement of premises and the conclu- 
sion, and to put the former in different type from the body of 
the demonstration. •But, in the latter part of the work, this 
somewhat stiff and mechanical arrangement gives place to the 
freer and more elegant forms with which the student will need to 
be familiar in his subsequent reading. 

10. In the preparation of the work the author has availed him- 
self of the suggestions of a large number of the best practical 
teachers in all parts of onr country. His chief advisers have 
been Professor Benjamin P. Clarke, of Brown University, B. I., 
and Professor H. N. Chute, of the Ann Arbor High School, 
Mich. To Professor Clarke he is indebted for valuable suggest 
tions on the whole of Chapter II., and especially on triedrals. 
Indeed, whatever merit there may be in the general method of 
treatment of triedrals, is due more to him than to the writer. 
His ability as a mathematician, and his knowledge of what is 
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practical in methods of presentation, gained by long experience 
in teaching the subject, appear on well-nigh every page of the 
latter part of the work. Professor Chute, the able and accom- 
plished teacher of geometry in the Ann Arbor High School, has 
given me the free use of his careful and scholarly thought, and 
long and successful experience as a teacher, by several readings 
of the proofs, and by the use of the advance sheets of the entire 
work in his classes. His logical acumen, practical skill, and 
generous contribution of whatever he has found most valuable 
in matter or method, have been of the highest service. The 
same general acknowledgments are due to other authors as were 
made in the earlier edition. To the taste and skill of the stereo- 
typers, and the lavish expenditure of patience and money of the 
Publishers, the author is indebted for the elegant and beautiful 

dress in which the book appears. 

EDWABD OLNEY. 
Univbbsitt of Michigan, 

Ann Abbob, September 1, 1883. 

N.B. — Pftrt m. of the old edition will still be published for nse in sach 
schools as wish to push the etudj of geometry stiU farther than it is carried 
in the ordinary treatises, and especially into the methods of what is called 
the ifdKUm Geometry, The topics embraced in that part are Exercises in 
Qeometrical Invention, including advanced theorems in Special or Elemen- 
tary Geometry, Problems in the same, and Applications of Algebra to 
Geometry ; and also an Introduction to Modem Geometry, including the 
dements of the suljects of Loci, Symmetry, Maxima and Minima, Isopeii- 
metry, Transversals, Harmonic Proportion, Pencils and Ratio, Poles and 
Polars, Radical Axes and Centres of Similitude in respect to Circles. 

The author's Trigonometry can also be had, bound separately or in con- 
necdon with the other parts of the Geometry, the same as formerly. 

E. O. 



SUGGESTIONS TO TEACHERS. 

1. Fix firmly in mind the fandamental definitions of the 
science, in exact language, and illustrate them so fdlly that 
the terms cannot be used in the hearing of the pupil, or by 
him, without bringing before his mind, without conscious 
effort, the geometrical conception. 

2. By numerous and varied applications of the fundamental 
principles of plane geometry to the most familiar and homely 
things in common life, divest the pupil's mind of the impression 
that he is studying ^^ higher mathematics " (as he is not), and 
beget in him the habit of seeing the applications and illustrations 
of these principles every where about him. ' 

3. By means of much experience in the elements of geometri- 
cal drawing, train the taste to enjoy, the eye to perceive, and the 
hand to execute, geometrical forms, and by so doing fix indelibly 
in the mind the " working facts '* of geometry. 

4. Have all definitions, theorems, corollaries, &c., memorized 
with perfect exactitude, and repeated till they can be given with- 
out effort. Demonstrations should not be memorized by the 
pupil ; and considerable latitude may be allowed in the use of 
language, provided the argument is brought out clearly. But 
errors in grammar, and inelegancies in style, should be carefully 
guarded against. One of the chief benefits to be derived from 
class-room drill in mathematics is the ability to think clearly 
and logically, and to express the thought in concise, perspicuous, 
and elegant language. 

5. The teacher should never give a theorem or corollary in 
proper form, but by some such half -questions as the following, 
suggest the topic : 

The relation between the hypotenuse and the sides of a right- 
angled triangle ? 

The relative position of two circles when the distance between 
the centres is less than the sum and greater than the difference 
of the radii P 



SUOOESTI0N8 TO TEACHEB8. ix 

The sum of the angles of a triangle ? 

The relation between the angles and the sides of a triangle ? 
etc. 

In this manner the teacher should always designate the propo- 
sition without stating it. The statement is one of the most 
important things for the pupil to learn, and have at perfect com- 
mand, and hence should not be given him by the teacher. 

6. The construction of the jBgure is a necessary part of the 
demonstration, and no assistance should be given the pupil, nor 
aids allowed. 

7. All figures in plane geometry should, upon first going over 
the subject, be constructed by the pupils with strict accuracy, on 
correct geometrical principles, using ruler and string ; and this 
should be persisted in until it can be done with ease. In reviews, 
free-hand drawing of figures may be allowed, and is even desir- 
able. 

8. The ordinary notation by letters should be used. 

9. All the exercises in the book should be worked with care in 
the study, and in the class, and be carefully explained by the 
pupil ; and as many additional, impromptu exercises as may be 
found necessary in order to render the pupil familiar with the 
practical import of the propositions. 

10. Little, if any, original demonstration of theorems not in 
the book should be required of the pupil upon first going over 
plane geometry. In review, more or less of such work may be 
required. 

11. Great pains should be taken that original demonstrations 
be given in good, workmanlike form. For this purpose, they 
should be written out with care by the pupil. Indeed, it is an 
excellent occasional exercise, to have demonstrations written 
out in full in class. 

12. In review, much attention should be given to synopses of 
demonstrations. They are the main reliance for fixing in 
memory the line of argument by which a proposition is demon- 
strated. 
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INTRODUCTION. 



PRELIMINARY NOTIONS AND OEFINITIONS. 



GENERAL DEFINITIONS.* 

1. A Proposition is a statement of something to be con- 
sidered or done. 

Illustbation. — Thus, the comiDon statement, "Life is short/* is a 
proposition; so, also, we make, or state a proposition, when we say, 
"Let us seek earnestly after truth/' — "The product of the divisor and 
quotient, plus the remainder, equals the dividend,'' and the requirement, 
" To reduce a fraction to its lowest terms,*' are examples of Arithmetical 
propositions. 

2. Propositions are distinguished as Axioms^ ITieoremSy Leni" 
mas, Corollaries, PosUilafes, and Problems. 

* The tenns here defined are such as are used in the iNdenoe in ctHUM- 
quence of its logical character, hence they are sometimes caUed logico- 
maihematical terms. The science of the Pore Mathematics may he con- 
sidered as a department of practical logic. 
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3. An Axiom is a proposition which states a principle that 
is so elementary^ and so evidently true as to reqaire no proof. 

Illubt&atiok. — ^Thus, ^' A part of a thing is leas than the whole of 
it," ** Equimultiples of equals are equal," are examples of axioms. It' any 
one does not admit the truth of axioms, when he understands the terms 
used, we say that his mind is not sound, and that we cannot reason with 
him. ~ 

4. A Theorem is a proposition which states a real or sup- 
posed &ct> whose truth or falsity we are to determine by 
reasoning. 

Illustbation. — '* If the same quantity be added to both numerator 
and denominator of a proper fraction, the value of the fraction will be 
incr^Etsed," is a Theorem, It is a statement the truth or falsity of which 
we are to determine by a course of reasoning. 

• 

6. A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. 
The term is also applied to a logical^ statement of the i^asons for 
the processes of a rule. 

A solution tells how a thing is done : a demonstration tells why it is 
so done. A demonstration is often called proof, 

6. A Lemma is a theorem demonstrated for the purpose 
of using it in the demonstration of another theorem. 

J Illustbation. — Thus, in order to demonstrate the rule for finding 
the greatest common divisor of two or more numbers, it may be best first 
to prove that ** A divisor of two numbers is a divisor of their sum, and 
also of their difference." This theorem, when proved for such a purpose, 
is called a Lemma, 

The term Lemma is not much used, and is not very important, since 
most theorems, once proved, become in turn auxiliary to the proof of 
others, and hence might be called lemmas. 

7. A Corollary is a subordinate theorem which is sug- 
gested, or the truth of which is made evident, in th0 course of 
the demonstration of a more general theorem, or which is a 
direct inference from a proposition^ or a definition. 

Illustbation.— Thus, by the discussion of the ordinary process of 
performing subtraction in Arithmetic, the foWovfmg CoroUary might be 
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suggested: *' Sttbtraction may also be performed by addition, as we can 
readily observe what nnraber must be added to the subtrahend to pro- 
duce the minuend." .. . 

8. A Postulate is a proposition which states that some- 
thing can be done, and which is so evidently true as to require 
no process of reasoning to show that it is possible to be done. 
We may or may not know how to perform the operation. 

Illustration. — Quantities of the same kind can be added together. 

9. A Problem is a proposition to do some specified thing, 
and is stated with reference to developing the method of doing it 

Illustbation. — ^A problem is often stated as an incomplete sentence, 
as, *^To reduce iractions to forms having a common denominator/' — This 
fficomplete statement means that *' We propose to show how to reduce 
fractions to forms having a common denominator." Again, the problem 
*^ To construct a square,'' means that " We propose to draw a figure 
which is called a square, and to tell bow it is done." 

10. A Rule is a formal statement of the method of solving 
a general problem, and is designed for practical application in 
solving special examples of the same class. 

11. A Solution is the process of performing a problem or 
an example. 

A solution should usually be accompanied by a demonstration of the 
process. 

12. A Scholium is a remark made at the close of a dis- 
cussion, and designed to call attention to some particular feature 
or features of it 

Illustbation. — Thus, after having discussed the suliject of multipli- 
cation and division in Arithmetic, the remark that *' Division is the con- 
verse of multiplication," is a scholium. 

13. An Hypothesis is a supposition made in the state- 
ment of a proposition^ or in the course of a demonstration. 

The Data are the things given or granted in a proposition. 
The Conclusion is the thing to be proved. 

The data of a proposition and the hypaih€9e9 are the same thing. 
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THE GEOMETRICAL CONCEPTS.* 



14, A Point ie a place withoat size. Points are designated 
by letters. 

bxiieTBATiON. — If we wiflb to deeigiiate any puticniu point (pUce) 
on the paper, we pot a letter by it 
eometimea a dot in it. Thns, in Fig. 
ends of tbe line, wliicb are points, are 
nated as " point A," " point D ;" or, u 
as A and D. The points marked i: 
linearedeugnated as "points," "poi;..., 
or as B and C. F and E are two points 
abore the line. 



LINES. 
15. A Line is the path of a point in motion. 
IJnes are represented npon paper by marks made with a pen or pen- 
dl, the point of the pen or pencil representing the moTing point. 

A line is designated by naming the letten written at its ex- 
tremities, or somewhere upon it. 

IliL0STBATioir. — In each case in Fig, 3, conceive a point to start from 
A and move along the path indicated Iiy the mark to B. The path thus 
traced is a line. Siitoe a pomt hat no me, a Ivu Aoi tM hrtadth, thongh 

* A oonceptlHathiDgthoaghtaboat ; — a thongh t-object. Thus, in Arith- 
metic, nnmber Is the omcept ; in BoUnj, plants ; in Qeometrj, as wUl 
appear In tUa aectlon, pcrtnta, lines, Mu&oea, and solidt. These maj also be 
s^ to oonatitate the tttt^ect-maUmr of the sdenoe. 
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the ma^B by wliich we repraseot lines have some breadth. The flnt and 
third lines in the figure are each designated a» " the line AB." The Bec- 
ond line is considered as traced by a point staning from A and coming 



Fij. 2. 

aronnd to A ag^n, so that B and A coiDcide. This line may l>e desig* 
nated as the line AfflnA, or AmnB. In the fourth case, there are three 
lines represented, which are demgnated, respectiTelj, as AfflB, AnB, and 
AeB ; or, the last, as AB. 

16. Lines are of T^ro Kinds, Straight and Curved. A 
atnught line is hIbo caOed a Higkt lane. A carved line is often 
called simply a Curve. 

17. A Straijrbt Line is a line traced by a point which 
moTea constantly in the same direction. (See 46, a.) 

The word " line'' used alone generally signifies a straight line. 

18. A Gnrred Line is a line traced by a point which con- 
stantly changes its direction of motion. 

iLLueTHATion.— Thus, in (1), Pig. 3, if the line AB Is conceiTed aa 
traced by a point moving from A to B, it is evident that this point moves 
in the same direction throughout its course; hence AB is a straight line. 
If a body, as a stone, is let All, it moves constantly toward the centre of 
the eortli ; hence its path represents a straight line. If a weight ia Boa- 
pended by a strinfi;^ the string represents a straight line. 

Gonridering the line represented by AiB, (3), Fig. 2, as the path of a 
point moving from A to B, we see that the directdon of motion is Con- 
stantly GhaD^ng. 
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IS a patb like that rep- | 
resenteil in HHg. 8 is called, thongh I 
improperly, a Broken Line. It ia not I 
a liue «t tXl ; tlwt ia, not one line : it | 
is a comtnnation of Btraight lines. 



SURFACES. 
10. A Snrfoce is the path of a line in motioD. 

20. Surfaces are of Two Kinds* Plane and Curved. 

21. A Plane Surface, or simply a Plane, is a surface 
EDoh that a straight line passing throogh any two of its points 
lies wholly in the surface. Such a surface may always be con- 
ceived as the path of a straight liae in motion. 

iLLHtrTBATiOM. — Let AS, Fig. 4, be supposed to move to tbe right, so 
that Its extremities A and B move at the 
same rate and in the Bsme direction, 
tracing the line AD, and B the line BC. The 
path of the line, the flgare ABCD, ia a > 
fiice. Tliia page is a surface, and maj be 
conceived aa the path of a line sliding like a 
ruler from top to bottom of it, or from o 
side to the other. Sacfa a path will have ^'^' ^' 

length and breadth, being in the latter respect unlike a line, which has 
only length. 

8S. A Cnrved Surfoce is a surface in which, if varions 
lines are drawn through any point, some or all of them will be 
curved. 

iLLUBTBATtOK. — Buppoae a fine wire bent into the fbmi of the curve 
AniB, Fig. 5, and its ends A and B stuck into a rod XY. Now, taking 
the rod XY in the flngen and rolling it, it is evident that the path of the 
line represented by the wire AmB will be the anrfkce of a ball (sphere). 

Again, tappose ttie nxl XY placed on the surface of this paper io 
that the wire AmB shall stand straight up from the paper, jnet as it 



TBB OKOMBTSICAL COKCSPTa. 19 

woDid if we could t^e hold of the cdttc at m and mtM it right up, 
tetting Xy lie as it does in the figure. Nuw slide the rod straight ap or 
down the page, making both ends more at the mme nte. The path ol 



Fi«. e. Fig. 7. 

AmB wilt be like the surface of a balf-roond md (a semi-cylinder). Tti'u 
we see bow surfaces, plane and curved, ma; be conceived as the paths of 
lines in motion. 

Ei. 1. If the curve AnB, Fig. 6, be conceived as revolved 
about the lioe XY, the surface of what object will its path be like P 

Ex. 3. If the figure OMNP, Fig. 7, be conceived as revolved 
about OP, what kind of a path will MN trace ? What kind of 
paths will PN and OM trace f 

An». One path will be like the surbce of a joint of stove- 
pipe, i. e., a cylindrical surface ; and one will be like a flat wheel, 
I. 0., a circle. 

Ex. 3. If you tasten one end of a cord at a point in the ceil- 
ing and hang a boll on the other end, and then make the ball 
swing around in a circle ^hat kind of a surface will the string 
describe ? 

Ex. 4. If on the surface of a stove>pipe, yon were to draw 
various lines through the same point, might any of them be 
straight ? Could all of them be straight ? What kind of a sur- 
face is this, therefore ? 

Ex. 6. Can you draw a straight line on the surface of a hall ? 
On the surface of an egg ? What kind of surfaces are these ? 
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Ex. 6. When the carpenter wishes to make the snr&ce of a 
board perfectly flat, be takes a ruler whose edge is a straight line, 
and lays this straight edge on the surface in all directions, 
watching closely to see if it toocbes «&. aE points in all pontions. 
Which of our definitions is he iihisiratiiig by his practice ? 

Ex. 7. How can you conceite aatxaight line to moTe ao that 
it shall not generate a surface P 



OF THE CIRCLE. 

23. A Circle is a plane surface bounded by a curved line 
all points in which are equally distant from a point within. 

24. The Circumfereiice of a circle is the curved line 
all points in which are equally distant from a point within. 

26. The Centre of a circle is the point within, which is 
equaUy distant from all points in the circumference. 

26. An Arc is a part of a circumference. 

27. A Radius is a straight line drawn from the centre to 
any point in the circumference, of a circle. 

By reason of (24) all radii of the same circle are equal. 

28. A Diameter of a circle is a straight line passing 
through the centre and limited by the circumference. 

A diameter is equal to the sum of two radii; hence, all diam- 
eters of the same circle are equal. 

IiiLUBTBATiON.— A ciicle may be conceived as the path of a line, like 
OB, Fig. 8, one end of which, 0, remains at the same point, while the 
other end, B, moves around it in the plane of the paper. OB is the radius^ 
and the path described by the point B is the cireumferenee. AB is a diam- 
eter. In Fig. 9, the curved line ABCDA is the cireumferenee^ is the 
eentre^ and the surface within the circumference is the eirde. Any part of 
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a circomference, as AB, or aoj one of the corred lioes BB, Fig. 8, is an 
ore. 80 b1b(> AM and EF, Fif;. 10, are arci. EF is an arc drawn from 0' 
as a Goitre, with the radina 0*8. 

29. A Chord is a straight lioe joining any two points in a 
circn inference, as BC or AD, Fig. 9. Tbe portion of the circle 
included between the cbonl and its arc, as AmD, is a Segment. 

80. A Tangent to a circle is a straight line which toncfaea 
the ciroumference, but does not intersect it, how far soever the 
line be produced. 

Two circles which touch each other in but one point are said 
to be tangent to each other. A straight-line tangent is called a 
Rectilinear Tangent. 

31. A Secant Ib a straight line which interaecte the circum- 
ference. 



ANGLES. 



38. A Plane Angle, or simply an Angle, is the opening 
between two lines which meet each other. 

The point in which the lines meet is called the Vertex, and 
the lines are called the Sides. 

An angle is deeignated by placing a letter at its vertex, and 
one by each of its sides. In reading, we oame the letter at the 
vertex when there is but one vert^^x at the point, and the three 
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letters when there are two or more verticea at the eama point- 
In tbe I&tter case, the letter at the vertex is put between the 
otbet two. 

Illubtratios. — Inoom- I 
mpa laognage an angle it 
railed a eomier. The open- 
ing betweni ibe tno lines 
AB and AC, in which the ; 
ngure 1 stands, Ib called the 
angle A ; or, if ne choose, 
we may call it tlie angle 
BAG. At L there are two 
Tertices, so tbat were we to 
■ay the angle L, one would 
not know whether we meant 
the. uigle (comer) in which 

4 stands, or that in which 

5 stands. To avoid this 
amUguItf , we say the angle 
HLR for tbe fonner, and 
RLT for tbe latter. The 
angle ZAY is the corner in 
which 11 stands; tbat is, 
tbe opening between the 

two Unea AY and AZ. In designating an angle by three letters, it is 
immaterial which letter stands first, so that the one at the vertex is pat 
t>etween the other two. Thus, PQS and SQP are l)oth derignations of 
the angle in which 6 stands. An angle is also frequently designated by 
putting a letter or figure in it and near the vertex. 



33. Tbe Size of an Angle depends upon the rapidity 
with wliioh its sides separate, and not upon their length. 

IixuBTBATion. — The angles BAC and MON, Fig. 11, are equal, since 
tbe sides separate at tbe same rate, although the sides of tbe latt«r are 
more prolonged than those of the former. The sides OF aud DE separate 
taster than AB and AC, hence the angle EOF is greater than tbe angle 
BAC. 

34. Adjacent Ang:les are angles so situated sa to hare a 
common vertex and one common side lying between them. 
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Iij,U8TBATiOB.— In Pig. 13, angles 4 and 
S are adjaeoit, unce tbe; have the commun 
vertex L, and the onmrnon aide LR. Angle* 
9 and 10 are also a<^acent 

35. Angles are distinguiBheU lu 
Right Angles and OMigus Angles. 
Oblique angles are either Acule or 
Obiuae. 

36. A Bight Ang:le is an angle included between two 
straight lines which meet each other in 8uch~ a manner as to 
make the adjucent angles eqnal. 

37. Ad Acute Angle is nn angle which is less than a 
right angle, i. e., one whose sides separate less rapidly than those 
of a right angle. 

38. An Obtuse Angle is an angle which is greater than ft 
right angle, i. e., one whose sides separate more rapidly than those 
of a right angle. 

89. A Straight Angle is an angle whose sides extend in 
opposite directions, and hence form one and the same straight line. 

iLLnsnuTKon. — ^In comnKW language, a right angle is called a 
tquarean-Tia; and an acute angle a tharp eimter-. 



Angles BAD and BAC, Fig. IS, are right a^lm, PST ia an aeuu an^ 
and HLR ia an dbtute angle. 

If HL were Inmed to the left until it felt in the dotted line, the angle 
HLR wonld increase, and when HL fell in the dotted line, the angle would 
become what ia called a itraight angle. 
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40. The Sum of Two Angles is the angle included 
betveen tiieir non-coincident sides, when the two angles are so 
placed ae to be adjiicent angles, and their sides lie in the same 
plane. 



Fit. M. 
iLLtJiTBATTOir. — Let and M be any two angles. Make EPB = M, 
and APE = 0, thns placing the two angles and M so tbst the; become 
adiocmt angles (34)- Then ia APB the enm of and M, and we write, 

+ M = APB, or APE + EPB = APB. 

That is, the sam of the angles and M, or APE and EPB, is APB. 

41. The Difference between Two Angles is the 

angle included by their non^coincident sides, when the angles 
are so placed as to have a common vertex and side, the second 
dde of the less angle lying between the sides ul the greater. 



lixrsTRATioii.— To find the difference between the two angles and 
8, we place the Tertices and S at a common point, as at P, making 
APB = R8T, and APC = DOE. Then is CPB the difference between 
RST and DOE ; that is, 

BST - DOE = CPB. 
So also APB - APC = CPB. 
and APB - CPB = APC. 
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48. OOBOLLABT 1.— (a) 3%e sum of two right angles, 
(6) Or, t?te sum of the two adjacent angles fanned by 
one straight line meeting another, 

(c) Or, the sum of aU the consecutive angles included 
by several lines lying on the same side of a given line and 
meeting Uwia common poiM, is a straight angle. 



ThuB, ABP + PBO, or DEQ + QEP, or HIL + LIM + MFN + NIK, 



43, CoBOLLABT 2. — The sum of the four angles formed 
by two intersecting lines, or the sum of aXl the consecutive 
angles formed by any number of lines meeting in a com- 
moTb point is two straight angles, or four right angles. 

ThoB, the Bum of the four anglea ADC, COB, BDE, and EDA is four 
light angles, as also is the sum of AOB, BOC, COD, DOE, EOF, FOQ, 
and OOA. 
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44. A Solid is a limited portion of space. 

Illustkatiok. — Suppose you bAvc a block of wood like that repre- 
seuted in Fig. 17. Hold it stall in 
your Sogers a momeat, and fix jour 
mind upon it. Now talce the block 
awayandtbinkofthe space (place) 
wbere it was. This gpaoe is an ex- 
ample of what we caTl a Soiid in 
Geometry. In fact, the solids of 
Geometry are not solids at all, in 
the common sense of tbe word f,^ j7^ 

solid; they are only jiZeicm o/' iwrtmn sAopM. 

Again, hold your ball still a moment in your fingers, then let it drop, 
and tbink of tbe place it filled when you bad it in your flngen. It is 
Qaaplaee, shaped just like your ball, that we think about aad talk about 
as a Ktid in Geometry. 



GENERATION OF LINES, SURFACES, 
AND ANGLES. 

45. When one geometrical concept ia conceived to move so 
that its path is some other concept, the former is said to generate 
the latter, and the latter is called the locut of the former. 

The Locus of a Point is the line (either straight or 
curved) generated by the motion of the point according to some 
given law. 

In the same manner, a surFace is conceived as the locus of a 
line moving in some determinate manner. 



46. A Line is generated bj a moving point (15-18). Hence, 
the loons of a point is a line. 



TSB GSOMSTRICAL COUCSPTS. %t 

(a) The came straight line may be conceiTed as genentted b; a point 
moving in either of two opposite directioiiB, or part of it may be con- 
cdved as generated b; a point moving in 0Q« direction, and part b; a 
point moving in the opposite direction. Thua, FA, Fig. 18, ma; be con- 
ceived as generated by a point moving from F to A, or from A to F ; or 

. tbe part OA may be conceived as generated by a point moving from to 
A, and th«t part OF by a point moving in the opposite direction, i. e., 

I from to F. 

47. A Suri^ice is geaerated by a moTing line (19-22). 
Hence, the locue of a line is a surface. 

48. An Angle is generated by the revolntion of a straight 
hne abont one of its extiemitieB, the line lying all the time in 
the same plane. 

Illubtbation. — The angle 
Fig. 18, may be conudered a 
eiated by the revolution of ti 
BO from tbe poaition AO to it 
ent poBttioD. The angle CGI 
be considered as generated 1 
revolution of CO from the P' 
BO to its present poaition, etc ^^ ^^ 

4fi. A Right Angle is generated by one-fonrth of an en- 
tire revolution, an Acute Angle by less than one-fonrth of an 
entire revolution, and an Obtuse Angle by more than one- 
foorth. A Straight Angle is generated by one-half of a 
revolution. 

BO. A Solid may be conceived as generated by the motion 
of a plane, and hence may be defined as the path of a plane in 
motion. 

iLLrBrBATiOK.— ThuH the solid. Fig. 17, may be conceived aa gener- 
ated by the movement of the plane ABCD fiwm ite present position to the 
pomtiion QHFE. 

61. A Sphere may be conceived as generated by the revo- 
lution of a semi-circle about its diameter. (See illnetration at 

the bottom of page 18.) 
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QU E RI ES. 



1. If the Bttriace OMNP, Fig. 19, is conceived as rcTolved 
around OP, what is the path through which it moves 't 

Cautioh. — The stndent ehonld di^ngniah betweeo the mafaee gener- 
ated by the Uae MN, and the »did generated bj the mitfaet OMNP. 



%. If the surface repreeented by CAB, Fig. 30, is conceived as 
revolved about ito side CA, what kind of a solid is its path P 

3. As you fill a vessel with water, what is the solid traced by 
the surface of the water? 

Am, The swne as the space within the vessel. 

4. If a circle is conceived as lying horizontally, and then 
moved directly np, what will be the solid described, i. t^ its path ? 
Do not confound the surface described with the solid. What 
describes the surface ? What the solid ? 



EXTENSION AND FORM. 

58. Extension means a stretching, or reaching out. 
Hence, a Point has no extension. It has only position (place). 

A Line stretches or reaches out, hut only in length, as it has 
no width. Hence, a line is said to have One Dimension, viz., 
length. 

A Surface extends not only in length, hut also in breadth ; 
and hence haa Ttoo Dimensions, viz., length and breadth. 
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A Solid has Three Dimeneions, viz., length, breadth, and 
thickness. 

iLLUsntATiOH. — Suppose we think of a point as capable of stretching 
out (extending) in one direction. It would become a line. Now sup- 
pose the line to stretch out (extend) in another direction — to widen. It 
would become a surface. Finally, suppose the surface capable of thick- 
ening, that is, extending in another direction. It would become a solid. 

53. The Limits (extremities) of a line are points. 
The Limits (boundaries) of a surface are lines. 
The Limits (boundaries) of a solid are surfaces. 

54. Magnitude (size) is the result of extension. lines, 
surflaces, and solids are the geometrical magnitudes. A point is 
not a magnitude, since it has no size. The magnitude of a line 
is its length ; of a surface, its area; of a solid, its volume. 

65. Figure or Form (shape) is the resnlt of position of 
points. The form of a line (aa straight or curved) depends upon 
the relative position of the points in the line. The form of a 
surface (as plane or curved) depends upon the relative position of 
the points in it. The form of a solid depends upon the relative 
position of the points in its surface. 



QUERI ES. 



1. Suppose a line to begin to contract in length, and continue 
the operation till it can contract no longer, what does it become ? 
That is, what is the minor limit of a line? 

2. If a surface contracts in one dimension, as width, till it 
reaches its limit, what does it become ? 

3. If a solid contracts to its limit in one dimension, what does 
it pass into ? If in two dimensions ? If in three dimensions ? 

4. What kind of a surface is that, every point in which is 
equally distant from a given point? 
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56. Geometry is that science which treats of magnitude 
and/(?rw as the result of extension and position. 

The Geometrical Concepts are points, lines, surfaces 
(including plane and spherical angles), and solids (including 
solid angles),* 

The Object of the science is the measurement and compari- 
son of these concepts. 

Plans Geonutry treats of figures all of whose parts are confined to one 
plane. Solid Owmetry^ called also Geometry of Space, and G^metrp of 
Three DimmnonSj treats of figures whose parts lie in different planes. 
The division of this treatise into two chapters is founded upon this dis- 
tinction. 
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AXIOMS AND POSTULATES. 

67. There are very many axioms ; but, as they are truths 
which the mind grants on the mere statement, it is not needful 
to enumerate them all. We give a few of the more important, 
with some illustrative remarks. 

58. All demonstration is based upon definitions, axioms, or 
previously demonstrated propositions. 

* A plane angle may be conceived as a portion of a plane, and hence as 
itself a surface, and thus capable of increase or diminution like the other 
magnitudes. The angle thus considered becomes a sort of infinity deter- 
mined relatively by the rate of separation of the lines. It is thus analogous 
to an infinite series the law of which is determined by a few of its first terms. 
|9ee definitions 82, 88, and 48, with their iUastratioDs. 
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69. Axiom I. — A straight line is the shortest line be- 
tween two points. 

Illust&ation. — ^If a cord is stretched across the table, it marks a 
straight line. In this way the carpenter marks a straight line. Having 
nibbed a cord, called a chalk-line, with chalk, he stretches it tighG/y from 
one point to another on the surface npon which he wishes to mark the 
line, and then raising the middle of the cord, lets it snap upon the sur- 
face. So the gardener makes the edges of his paths straight by stretching 
a cord along them. These operations depend upon the principle that 
when the line between the points is the shortest possible, it is straight. 




80. Axiom U.—Two points in a straight line deter- 
mine its position. 

lEJEiUSTRATiON. — ^If the farmer wants a straight fence built, he seta two 
stakes to mark its ends. From these its entire course becomes known. 
This is the principle upon which aligning (or sighting) depends. Two 
points in the required line being given, by looking from one in the direc- 
tion of the other, we look along a straight line, and are thus able to locate 
other points in the 
line. If the points A 
and B are marked, by 
putting the eye at A 
and looking steadily '^' 

towards B, we can tell whether D and E are in the same straight line with 
A and B, or not. So we can observe that C and C" are not in the line ; 
but that C is. This process of discovering other points in a line with two 
given points is called aligning, or sighting. In this way a row of trees is 
made straight, or a line of stakes set. It is the principle upon which the 
surveyor runs his lines, and the hunter aims his gun. In the latter case, 
the two sights are the given points, and the mark, or game, is a third 
point, which the marksman wishes to have in the same straight line as 
the sights. 

81. Axiom in. — Between the same two points there 
is one straight line, and only one. 

IiXTTBTRATiON. —Let any two letters on this page represent the situa- 
tion of two points ; we readily see that there is one, and only one, straight 
path between them. Again, let a comer of the desk riepresent one point 
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and a corner of the ceiling of the room represent another point ; we per- 
ceive at once that, if a point is conceived to pass in a straight line from 
one to the other, it will always trace the same path. In short, as soon as 
two points are mentioned, we think of the distance between them as a 
single straight line, — ^for example, the centre of the earth and the centre 
of the sun. 

Once more, conceive A and B, Fig. 21, to be two points in the path of 
a point moving from A in the direction of B. Now a22 the points in the 
same direction from A that B is, are in this path ; and any point out of this 
line, as C or C", is in a different direction from A. 

In this manner we draw a straight line on paper by laying the straight 
edge of a ruler on two points through which we wish the line to pass, 
and passing a pen or pencil along this edge. 



62. To Intersect is to cross ; and a crossing is called an 
Intersection. 

63. CfoBOLLABY. — Two Straight lines can intersect in hut 
one -point; for, if they had two points common^ they wonld 
coincide and not intersect. 

Ex. 1. A railroad is to be mn from t|he town A to town B. 
If it is made straight^ throngh what points will it pass ? Oan it 
pass through any points not in the same direction from A that 
B is? 

Ex. 2. If I live on the south side of a straight railroad^ and 
my friend on the north side^ but five miles farther east and two 
miles farther north, and the road from my house to his is 
straight, how many times does it cross the railroad? 

Ex. 3. Oan you always draw a straight line which shall cnt a 
curve (whatever curre it may be) in two points at least ? Try it. 



64. Axiom IV. — The whole is greater than any of its 
parts, 

66. Axiom V. — The whole is equal to the sum of all 
its parts. 
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66. Axiom VI. — Things which are equal to the same 
thing are eqaal to each other, 

' 67. Axiom YJl.—If equals he increased or dimin- 
ished equally, the results mill he equ^al. 

68. Axiom VIII. — // unequals he increased or di- 
minished equally, the greater iviU give the greater result, 
i. e., the inequality will exist in the same sense. 



POSTULATES. 



69. Postulates^ like axioms, are very numerous, and it would 
be useless to attempt to enumerate them all. We give a few 
simply as opecimens. 

70. Postulate I. — A line can he produced to any 
length/* 

71. Postulate H. — From any point a straight line 
can he drawn to any other point. 

72. Postulate m. — Oeom^trical magnitudes can he 
O/dded, subtracted, multiplied, or divided. 

73. Postulate IV. — A geom^etrical figure can he con- 
ceived as moved at pleasure, udthout changing its size or 
the relation of its parts (shape). 

74. Postulate V. — ^dny numher of lines can he drawn 
making equal angles with a given line. 

76. Postulate YI. — With any point as a centre, a 
circumference can be drawn with any radius. 



V ' 
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MEASUREMENT OF RIGHT UNES. 

76. The Measure of a line is another line which is cod- 
tfuaed in it an exact number of times. 

77. A Common Measure of two or more lines is a line 
which measures each of them, 

78. Commensiirable Lines are lines which hare a 
finite common measnre. 

79. The Sum of Two Lines is the line fonaed by uniting 
them so that one shall be the prolongation of the other. 

80. The Difference between Two Lines is the line 

which remains after the length of the less has been taken from 
the greater. 

81. Problem. — To jneasure a straight line with Hhe 
dividers and scale, 

SoLDTioK.— Let AB, Fig. 2i, be the Une to be measured. Take the 
dividers, Fig. % (ftontis- 
piece), and placing the 
sharp point A firml; 
npon the end A of the 
line AB, open the di- 
viders till the other point 
B (the pencil point) just 
reaches the other end of 

the line, B. Then letting Fg. XL 

the dividers remain open just this amount, place the point A on the 
lower end of the left-hand scale, as at o. Fig. 1 (frontispiece), and notice 
where the point B reaches. In tbb case, it reaches 8 spaces bejond the 
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flgue 1. How, as tbis scale is inches and (m(A« at iDcbes,* the line AB is 
1.3 inches long. 

Ex. 1. What is the length of CO ? Am. .15 of a foot 

Ex. 3. What IB the length of EF ? Ans. .75 of an inch. 

Ex. 3. What is the length of QH ? Ans, \\ inches. 

Ex.4. What is the length of rK ? Aw. .ISofafoot. 

Ex. 5. Drav a line 3 ioches long. 

Ex. 6. Draw a line 3.15 inches long. 

Ex. 7. Draw a line 1.35 inches long. 

Ex. 8. Draw a line .85 of an inch long. 

[NoTK.— Si]ppose a fine elastic cord were attached b; each of its ends 
to the points A and B of the dividers; when thej were opened so as to 
reach from C to D, Fig. 22, the cord would represent the line CD. Now 
applying the divideia to the scale is the same as laying this cord on the 
scale. Without the cord, we can im^ne the distance between the points 
of the dividers to be a line of the same length as CO.] 

Ex. 9. Find in the same way as above the leogth and width 
of this page. Also the distance irom one comer (angle) to the 
opposite one (the diagonal). 



,82. Problem. — To find the sam of two lines. 
SoLcnon.— To find the snm of AB and CO, If first draw the indefi- 
nite line EX. With the di- 
viders I obt^n the length I 
of ABibypladngonepoint I 
on A and extending the I 
otlier to B. Tbb length I | 
now lay ofi'on the indefinite ^t- 2^ 

line EX, by putting one point of the dividers st E and vdth the othei 
marking the point F. EF is thus made equal to AB. In the same man- 

* The next scale to the right is divided into lOths and lOOtbs of a foot. 
Thns, from p to 10 is 1 tenth of a foot, and the smaller diviglonfl ue hun- 
dred tba. 

. t These elemeatatj solutions are sometimes put in the siognlar, as the 
more ainiple style. 
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ner, taking the length of CD 
with the diTiders, I lay it ttJ^^A. - 
off ftom F on the line FX. ^^?*^'*.'S' 
Thus I obtain 

EG = EF + FQ 




Hence, tiie sum of AB and CD is EG. 

Ex. I. Find the eiun of AB and EF, Fig. 33. 
Ex. 3. Find the sum of EF, CD, and OH, Fig. 23. 
Ex. 3. Malce a line twice as long aa CD, Fi^- 33. Three 
timee as long, 

83. Problem. — To find the difference of two lilies. 

SOLtmoH.— To find the difibrence of AB and CD,I take the length of 
the less line AB with the dividers; ■^■^^^^^^^^hj^^^^^^h 

placing one point the dividers K^^^^^^^^^^HI^^^^^^B 

one extremity as C, make ^^^^^^^^^^^|^^^^^^^9 

CE = AB. Then is ED the differ- ^^^^^^^^^^ 
ence of AB and CD, since 

ED = CD - CE = CD - AB. 

Ex. 1. Find the difference of IK and EF, Fig. 33. 

Ex. 3. Find the difference of QH and CD, Fig. 33. 

Ex. 3. Find how much longer IK, Fig. 33, is than the som 
of EF, Fig. 33, and CD, Fig. 33. 

Ex. 4. Find the difference of the enm of AB and GH, and 
the earn of CD and EF, Fig. 23. 



Fig-H. 



84. Problem. — To find the ratio of two eommeibsaTahle 



BOLtmoH. — Let AB and CD (Fig. SS) be tbe two lines whose ratio we 
seek. 

Appt; the shorter (AB) to the longer (CD) as man; times as the latter 
will contain tbe fonner. If AB is contained an integral number of timca 
(sa; 8, or m) in CD, then AB is a common measure of AB and CD, and we 
. AB I 
*"^« CD = S' "'"• 
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But if tbeibuler ienot contmined in the longer an integral namber of 
times, apply tt h many times as it is contained, uid Dot^ the remainder; 
tbna, AB is CMttained in CD once, with a remainder aD. 

Ifow applj this remainder, aO, to AB as uaoy times as AB will con- 
tain it, which, in this case, is onet with a lenuunder (B. 



rig.3S. 

Agun, apply this remainder, AB, to oD, the former remainder. Id 
this case, it is cont^ned ante with a remainder dO. 

Agun, ^ply eD to (B. It is contained Utice, with a remainder 4^. 

Finally, applying dB to 0D, we find it contained 8 times, without any 
remainder. 

Hence, <iB is the common measure of AB and CD. 

Oiling dB the unit of measure, 1, we have, 



A = 8(2B = S; 

M = 2eD = 6; 

<Hi = M = M-4-(fB = 7; 
oD = oc + «D = 10 ; 
AB = kh + lB = aD + ae = 17 ; 
CD = Co + sD = AB + aD = Vt. 

Hence the lines AB and CO are tn each other as the numbers 17 and 
97 ; AB is 1^ of CD ; or, expressed in the form of a proportion, 
AB _17« 
CD~a7 ■ 
[NOTB.— This process will be seen to be the same as that devdoped 
in Arithmetic and Algebra fbr finding the great«Bt or bigheet Commou 
Heosure of two nambera. See Pbacttcal Abithhetic, p. 3S3, and 

COHPLBTX AlOKBKA, (187).] 

* Hiis method will not always obtain the exact ratio, both because ol 
ttte Imperfection of the messnrement, and becanse some lines are inc 
•arable \tj any finite unit, aa will appear hereafter. 
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FIfl. M. 

Ex. 1. Find, as above, the approximate ratio of A8 to CD. 

Ex. 2. Find, aa aboTe, the approzimate ratio of CD and IK. 

Satio, g. 
Ex. 3. Find, ae above, the approximate ratio of EF to OH. ■ 

Batio, 5* 
Ex. 4. Find, as above, the approximate ratio of EF to CD. 



CONTINUOUS VARIATION. 

86. A magnitude is said to vary continnouBly when in 
passing from one value to another it passes through all interme- 
diate values. 

iLLUBTitATiON. — Let the line EF, Fig. 26, be prodnced bj placing a 
pencil at F and tracing tbe line to the right, until it becomes equal to IK. 
EF bos thus been made to be successively of all intennediate lengths be- 
tween its present length and the length of IK ; i. c, it has varied oonhnu- 

Tn like manner, an angle may be conceived to vary continnonsly lh>m 
one magnitude to another. Thus, in Fig. 27, the angle CPB maybe made 
greater or less by revolving CP about P. By such a revolution of OP the 
angle CPB may be conceived to rary, or grow, ootUmwnaljf till it becomes 
CPB. 



4- CHAPtfeft i. 

PLANE GEOMETRY. 



OF PERPENDICULAR STRAIGHT LINES. 

86. A Perpendicular to a giren line ia a line wliiob 
makes a right angle (36.) wiUi the given line. 

87. An Oblique line is a line vhich makes an obliqae angle 
with a given line. 



PROPOSITION I. 

88. Theorem. — ^t any point in a straight line, on» 
perpendicular can he erected to the line, and only one, 
which shall lie on the same side of the line. 

Demonsteation. 

Let AB reprewnt my line, and P be any point therein. 

We an to prove that, on the same Bide 
of AB, there can be oae, and only one, 
perpendicular erected \ft AB at P. 

From P draw any obliqae line, aa PC, 
forming with AB the two angles CPB and 
CPA. 

Now, while the extremity P, of PC, 
remains at P, conceive the line PC to re- ' fig. 27. 

volve BO as to inciease the less of the two 
angles, as CPB, continaonsly. Since the sura of CPB and CPA 
conetant, CPA will d'"''"'''^ continaooel;. 
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Hence, for a certain poation of CP, as 
CTi these angles will become equal, 
tbie poaitioD, tbe line ia perpendicular to I 
AB (36, 86)- Therefore, there con be one 
perpendicular, C'P, erected to AB at p. 

Again, if the line C'P rcTolve from the 
positiot) in nbich the angles areeqnal, one 
angle will increase and the otber diminish ; ' 
hence there b ordj/ one position of tbe line '^'"' '" 

on this ude of AB in which the adjacent angles are equal. 

Therefore there can be only one perpendicular erected to AB at P, 
which shall lie on the same side of AB. it. b. a 

89. CoBOLLART 1. — On the other aide of the line a second 
perpendicular, and only one, can be erected from the same 
point in the line. 

90. CoHOLLAET 3. — If One straight line meets another 
so as to make the angle on one side of it a right angle, the 
angle on the other side is also a right angle. 



PBOPOSITION II. 

91. Theorem. — // two straight lines intersect so as to 
make one of the four angles formed a right angle, the 
other three are right angles, and the lines arc mutitaUy 
perpendicular to each other. 

DSHONSTBATIOH. 
Let CD interseot AB, making CEB a 
right angle. 

We are to prove that CEA, AED, and 
DEB are also right angles, and that CD is 
perpendicular to AB, and AB to CO. 

B; (80), siuce CEB is a right angle, 
CEA ia also a right angle. 

In like manner, aa BE meets CD, 
making CEB aright angle, BED is a right 
angle, by (90). 

Again, since DEB is right, DE meets 
AB, making one angle right; hence the f,- 2t. 

oHier, AED, is tight also (90). <^ k. d. 
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ITinally, since CD meets AB, making AEC a right angle, CD is perpen- 
dicalar to AB (86) ; and, since AB meets CD, making AEC a rigbt angle, 
AB is perpendicular to CD. q. B. d. 



FKOFOSITION III. 

83. Theorem. — When two straight lines intersect at 
right angles, if the portion of the plane of the lines on one 
side of either line be conceived to revolve on that line as 
an axis until it coincides with the portion of the plane on 
ffie other side, the parts of the second line wiU coincide,* 

Demonstbation. 

Let the two llns> AB and CD iirterieot at right anglea at E; and let 
the portion of the plane of the line* on the tide of CD on whioh B lies 
be oonoalved to revolve on the line CD at an ixla, until H fill* In tho 
portion of the plane on the other tide of CD.f 

We are to prove that EB wiU &11 in 
and coindde with EA. 

The point E being in CO, does not 
change postion in the revolntion; and, 
w EB remains perpendicular to CD, it 
must coincide with EA after the revolu- 
tioD, or there would be two peqiendica- 
lars to CD on the aame dde and from the 
same point, E, wliicb is impossible (88)> 

Hence, EB coincides with EA. Q. b. d. 

Fig. 21. 



PROPOSITION IV. 

&3. Theorem. —JVoni any point without a straight 
line, one perpendicuZar can he lei: fall upon that line, and 
only one. ^ 

* ThJe has nothing to do with the kngtks of EB and EA ; indeed, lines 
are geuendlj supposed indefinite In length, unless limited by the data. 

t This reTolution may be UlnstTsted by conceiTing the paper folded In 
the line CD until EB ia brought into EA. 
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DEMONBTRATIOir. 
L«t AB be any rhe and P any pohlt without the line. 

We are to prove that one per- 
pendicular, and onl; one, can be 
let fall from P upon AB. 

Let A'B' be an euxilUrf line; 

and at an; point in it, as D', let a 

perpendicular PD' be erected (88). 

Now place A'B', bearing P'D' 

with it, in AB, and move it to the 

right or left till P'D'passes through 

P, and when in this position let 

D be the point in AB in whioh 

"»»■ D'Wli 

Connect P and D. 

Then, since angle PDB coincides with the right angle P'O'B', PDB v. a 
right angle, and PD is a perpendicnlar from P to the line AB (86)- «.«.». 
We are now to prove that PD is the only perpendicular ftom P to Um 
line AB. 

Suppose that there can be another, and let it be PD". 
Produce PD to P*", and take DP"=DP, and draw P"D". 
Now let the portion of the plane above AB be revolved upon AB as 
an axis until it falls in the plane on the opposite side of AB from ita first 
position. Then will DP' fall in DP'" (92), and since DP" is by conatroc- 
tion equal to OP, P will fiiU in P". 

Then, since PDB is a right angle BDP" is also a right angle, and RP" 
is a straight line (42, a)- 

For a like reason PD" P" is a strught line, and we have two straight 
lines from P to P", which is impossible. 

Hence there can be but one perpendicalar, as PO, from P upon AB. 

4.B.D. 



PEOPOSITION V. 

94. Theorem. — From a point without a straight ling, 
the perpendicular is the shortest distance to the line. 

Demonstration. 
Let AB be any straight line, P any point without it, PD a perpen- 
dloular, and PC any oblique llne- 

We are to prove that PO is shorter Gaa amy obli<|ae line, as PC, 
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1st. Bince tiie shorteat dlBUnce from P to 
any point in the line AB is a itnight line 
(S8)i we Kre to examine only straigbt lines. 

M. Produce PD, making W = PD, and 
draw P'C. 

Now let the poitioo of the plane of tbelinea 
aboye AB be revolved upon AB u an axlBontil 
it coincides with the porti<m below AB. 

Since PP' and AB iDtenect at rigbt 
angles, PD will tail in DP* (92); and, nnce 
PD=DP', P wm fall in P', and PC=P'C, 
Bince they coincide when applied. 

Finally, PP' beingaBtraightline, ia shorter than PCP' which isabroken 
line, since a straight line is the shortest distance between two points (69)- 

NawPD,thelialf of PP', is leas than PC, the half of the broken line PCP . 

Therefore, the perpendicnlar, PD, is tile shortest distance from P to 
the line AB. q. e. d. 

96. The Distance between two points is the gtraight line 
which joins them, and the Distance from a point to a line is 
the perpendicnlar from the point to the line. 



PROPOSITION VI. 
98. Theorem. — If a perpendicular is erected at the 
middle point of a straight line, 

let. Any point in the perpendicnlar is equ-atty distant 
from, the extremities of the line. 

2d. Any point without the perpendicular is nearer the 
extremity of the line on its own side of the perpendicular. 
Dbmonstbatioh. 

Let PO be a perpendloular to AB at 
tt* middle point, 0, any point In this 
perpendicular, and (V any point without 
the perpendicular. 

Draw OA, OB, O'A, and 0*8. 

We are to prore, let, that OA=OB ; 
and 3d, that O'B < O'A. 

iBt. Rerolye ODB on PD as an axis, 
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till B falls in the plane on the opposite 
dde of PO. 

Tbeo, nnce PD is perpendicular to AB, 
D8 will fiill in DA (98)- And since DB 
= DA by hypothecs, B will &11 in A, and 
OB will coincide with QA (61). 

Hence OA = OB. «. b. d. 

9d. 0' being on the opposite ude of PD 
from A, O'A will cat PD at some point, as 0- 

Draw CB. ^'^- "' 

Now, dnce C ia a point in the perpendicular, CA = CB by the for- 
mer part of the demonBtration. 

And, unce O'B is a straight line and O'C + CB is a broken line, 

O'B < O'C + CB (59). 
Whence, substituting CA for its equal CB, we have 
CB < O'C + CA, 
or O'B < O'A. II. K. D. 

97. OoROLLABT. — Oonversoly, The Iooils of a point equi- 
distant from the extreinvties of a given line is a perpen- 
dicular to that line at its middle point, since any point in 
such perpendicular is eqaidistant from the extremities of the line, 
and any point not in the perpendicular is unequally distant from 
thee 



FBOFOSITION VII. 

88. Theorem. — // each of two points in one line is 
eqaallif distant from the extremities of another line, the 
former line is perpendicular to the latter at its middle 
point. 

De«0N8TBATI0N. 

Every point equally distant from the extremities of a straight line lies 
in a perpendicular to that line at its middle point, by (97). But two 
points determine the position of a straight line. Hence, two points, each 
equally distant from the extremities of a straight line, determine the 
position oftheperpendicnlar at the middle point of the line. % k. d. 
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PROPOSITION VIII. 

99. Problem. — To erect a perpendicular to a given 
line at a given point in the line. 

Solution. 

L«t XY be the given line, and A the given point 

We are to erect a perpendicu- 
lar to XY, Ht A. 

Prom A U; off on each nde 
equal distances, as AC =^ AB. 

Prom C and B as centres, with 
a ladiuB sufficiently great to canw 

the arcs to intersect at some point Fig. 13. 

without XY, describe arcs intersecting at 0. 

Pasa a line through and A, and it will be the perpendicular sought. 

Demonstuation of Solution. 

Since OA has two points, and A, each ecinally distant from B and 
C, OA is a perpendicular to BC at A, its middle point (98). 

Bat BC coincides with XY ; hence OA is perpendicular to XY at A. 

100. Definition. — To Bisect anythlDg is to divide it ioto 
two equal parts. 



PB0P08ITI0N IX. 
101. Problem.— To bisect a given line. 

Solution, 

Let AB be the given line. 

We are to bisect it, that is, to divide it 
into two eqnal parts. 

From the extremities A and B as cen- 
tres, with any radius suffideotly great to 
cause the arcs to mtersect witbont the line 
AB, describe arcs intersectdng in two points, 
SB fl) and n. 
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PaM a line tbrongh m and n, intenect- 
ing AB at O. 

TLen is the middle point of AB, Uid 
AO = OB. 

Dbmonsteatiok of SoLDTion. 

Since the line mn baa two points, >n and 
», each equally distant from A and B, it is 
perp^dicnlar to AB at its middle point (98)- 



PROPOSITION Z. 

108. Problem. — From a point zvUhout a given line, to 
let fall a perpendicular upon the line. 



Let XY be the given line, and the point without the line. 

We are to let fell a perpendicnlor 
from to XY. 

From as a centre, witb a radiiffi 
Kifficientlj great to caoae the area to in- 
tersect, describe an arc cntting XY in two 
points, as B and C. 

From B and C as centres, witb a ra- 
dius sufficiently great to cause the area to 
intersect without XY, describe arcs in- 
tersecting at some print, as 0. Fig. 3S. 

Pass a line throngb and D, meeting XY in A. Then ia OA tbe 
perpendicular sought. 

Deuonstbatiok of Solution. 

OA twng produced through D has two points, and D, each equally 
distant from B and C, and hence is perpendicular to BC, which coincides 
with XY. Hence, OA passes throjigh and is perpendicular to XY. 
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QUERI ES. 

103. 1. In the solntion of Propositioii IX, is it necessary 
that the arcs which intersect at n should be struck with the same 
radios as those which intersect at m ? Is it necessary that the 
two interaectioDS be on different sides of AB F 

3. In the aolntion of Proposition X, is it necessu-y tliat the 
intersection D should tall on the opposite side of XY from of 
Vhf is it necessary to take the radins with which these arcs are 
struck greater than half of BO ? 



EXE RCISES. 

104. 1. A mason wishes to bnild a wall h-om (Fig. 36), in the 
wall AB, "straight across" (perpendicular) to the wall CD, which 
is 8 feet from AB. He has only his 10-foot pole, which is subdi- 
vided into feet and inches, with which to find the point in the 
opposite wall at which the cross wall must join. How shall he 
find it? What principle ie involved? 



Hg. 3*. 

Fig. »7. 

2. Wishing to erect a Une perpendicular to AB (Pig. 37) at 
its centre, I take a cord or chain somewhat longer than AB, and 
fiistening its ends at A and B, take hold of the middle of the cord 
or chain and carry it as far from AB as I can, first on one side 
and then on the other, sticking pins at the most remote points, 
as at p and p'. TheBepointsdet^rminetheperpendionlarsonght. 
What is the principle involved ? 
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8. Bisect a line by making marks on only one side of it 

4; With a measuring-tape as an instrument^ how would you 

erect on the shore a perpendicular to the straight bank of a lake^ 

at a given point in the bank ? 



-♦-•-♦- 



OF OBLIQUE STRAIGHT LINES. 

105. The Supplement of an angle is the angle which 
remains after it has been taken from a straight angle^ or two 
right angles. 

106. Supplemental Angles are^ therefore^ two angles 
whose sum is a straight angle^ or two right angles (42, 6). 

107. Vertical, or Opposite Angles are the non-adja- 
cent angles formed by the intersection of two straight lines. 



PROPOSITION I. 

108. Theorem. — Vertical, or opposite angles are equal. 

Dbmokstbatiok. 
Let AB and CE intersect at D. 

We are to proye that ADC = BDE, and 
CDB =ADE. 

ADC + CDB = a straight angle (42, b); 
and for the same reason CDB + BDE = a 
straight angle. 

Hence, ADC + CDB = CDB + BDE ; and 
sabtracting CDB from each member, we have 
ADC = BDE. 

In like manner, CDB + BDE =■. BDE + ADE ; whence, COB 
<^B. D. 




Fig. 38. 



= ADE. 
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FBOPOSITION II. 
109. TheoTem* — If two supplemental angles are so 
pUioed as to be cuijaeent to each, o^ier, the two sides not 
common falU in the same sti-aight line. 

DEMONaiBATION. 

Let AOB ind B'O'E' be two lupplemtntsl 
angles, and lei B'O'E' be pleoed lo as to be 
MlJHBiit to AOB, i. «., H BOE. 

We are to prove tbat AE ia e straight line. 

Befbre caosidering B'O'E' m pieced (ujjft- 
cent to AOB, pnidnce AO tu E, (onu'iDg AE. ' 

By («, ft). AOB + BOE = a strwght 

Bn<^te, i. a., two rigbt anglee, wbence BOE la the _. ^ 

supplement of AOB. 

Now, as bj bjpotbena B'O'E' is tbu aupplement <tf AOB, B'O'E' 
= BOE. 

Place B'O'E' «yacent to AOB, 0' in 0, uu) O'B' in OB. Then wit) 
CE' &11 in QE. 

Therefore the two aides not common, i. «., AO and CE', Tall in the 
Bime atr^ht line AE. 4. b. d. 



FBOFOSITION III. 

110. Theorem.— J/ from a point without a line a 
perpendicular is draM)n to the line, and oblique lines are 
drawn from the same point, meeting the line at equal 
distances from the foot of the perpendicular, 

lei. The oblique lines are equal to each other. 

3d. l%e angles which the oblique lines form with the 
perpendicular are equal to each other. 

3d. 3%e angles formed by the oblique lines with the first 
line are equal to each other. 

Dehonbtration. 
Let AB (Fig.40) be any line, P any point without ft.PD a perpemNeulai', 
■nd PC and PE oblique lines meeting AB at C and E. so that CO = DE. 
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We are to prove, lat, that PC = PE ; 

H that CPO = l>PE; aad 8d, that 
PCD =: PEO. 

Bevoke POE on PD as an axis, until 
E falls in the place on the other dde of 
PD. 

Now, since AB i§ perpendicular to 
PD, DB will fell in DA (92). And mnce 
DE = DC by hjrpotheaia, E will foil iu ^^^ ^ 

C. Hence the two flgures POE and PDC 

CMDcide. and we hare, In, PC = PE ; Sd, CPD = DPE; and Sd, PCD 
= PEO. 4- s. D- 

QuRRY. — How woald the equality of PC and PE follow from 

PROPOSITION IV. 

Ill, Theorem. — If from a potMt without a line a 
■perpendicular is tlraivn to the line, and from the same 
point tivo dbliqtte lines are drawn, making equal angles 
with the perpendicular and meeting the first line, 

let. The obUque lines are equal to each other. 

2(1. The oblique lines cut off equal distances from the 
foot of the perpendicular-. 

3d. l%e oblique lines make equal angles with the first 
line." 

DEHOITBTRA.TION. 

Let AB be a ttraight line, P any point without it, aiHl PD a porpM- 
dleular to AB ; and lot PE and PC tM drawn, making CPD = EPIK 

Wc are tu prove, lat, that PC = PE; 
2(1, that DE = DO ; and 8d, that FED 
= PCD. 

Revolve PDE upon PD as an axis, 
natjl E falls in the plane on the opposite 
tide of PD. 

Tlieii, uince EPD = CPD b; hypoth- 
esis, PE n-iil (all in PF, and the point E 
will be fonnd somewhere in PF. p. ^^ 

* This pro posUioD is the eimtterH of the last. The dgQlGtnnoe of lUo 
statement will be more folly developed farther on (188). 



OF OBLIQCS STSAIOHT LIlfES. 01 

Again, OE will f&)l in DA (98), uid E will fall aomewhere in DA. 

Now as E &lla at the same time id DA and PF, it matt Ul at their 
interaectioD C, and tlie %aiw PDE and PDC mtut ooiDcide; whcowe we 
have, 

let, PC = PE ; ad, DE = DC ; and Sd, PCD = PED. 4. i. d. 



FBOFOSXTION V. 

112, Theorem. — If from a point without a line a 
perpendicular is drawn to the line, and from the same 
point two oblique lines are drawn making equal angles 
with the first line, 

Ist. T%e oblique lines out off equal distances frojn the 
foot of the perpendicular. 

a. The oblique lines are equal to each other. 

3d. 7%e oblique lines make equal angles with the per- 
pendieuXar. 

Dbmoksteation. 

Let P be any point without the liiw AB, and PD a perpendicular from 
P upon AB, end let PE and PC be drawn making the angle DEP = angit 
DCP. 

We are to proTfl, iRt, that DE = OC; 
Sd, that PE = PC; and Sd, that angle 
DPE = angle DPC. 

Conceive a perpendicular erected at 
the middle point of CE, and let it intersect 
CP^or CP prodni«d, in some point as X. 
ConceiTe X joined with E. 

By (110, 8AX XED=XCD, (t. «., PCD). Fig. *a. 

Bnt b; hypothesis PEOl=s PCD. Hence, XE foils in PE, and PD is the 
perpendicular to CE at its middle point. 

Therefore, DE = DC; and by (HO) PE = PC, and DPE = DPC. 

4. E. Dw 
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PROPOSITION VI. 

113. Theorem. — If from, a point without a line a per- 
pendicttlar is let fall on the line, and from the same point 
two oblique lines are drawn, tlte oblique line which cuts o^ 
the greater distance from the foot of the perpendicular is 
the greater. 

Demonstration. 

Let AB bs any straight line, P any point without It, and PC and PF 
two oblique linei of which PF cuts off the greater distance teom the foot 
of the perpendicular PD ; that Is, DF > DC. 

We are to prove that PF > PC. 

If the two oblique lines do not lie c 
the same side of the perpendicnlar, as i 
the case of PF and PE, take DC =: DE, 
and OD the side in which PF lies, 
draw PC. Tlien PC will be equal to PE, 
b; (110, Ist). Hence, if we show the 
proposition true when both oblique lines 
lie on the same side of the perpendicalar, 
it will be true in general. ^'■' *'■ 

Produce PD, niakinjr DP' = PD, and draw P'F and P'C, producing 
the latter until it meete PF in H. 

ReTolve the figure FPD upon AB as an axis, until it hMa in the plane 
on the opposite aide of AB. 

Since PP' is perpendicular to AB, PD will fall in P'D; and, since 
PD = P'D, P will fall at P'. Then P'C = PC and P'F = PF. 

Now the broken line PCP' < than the broken line PHP', since the 
stmif^ht line PC < the broken line PHO. 

For a like reason, the broken line PHP' < PFP'. since HP' < HFP'. 

Hence PCP' < PFP', and PC (the half of PCP'J < PF (the half ot 
PFPO. Q. B. D. 

114. OoROLLABT. — From, a given point imthout a line, 
there can he two, and only two, equal oblique lines drawn 
to the line, and these will lie on opposite, sides of the per- 
pend.icular drawn from i3\s given point to the given Une. 



\ 
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PE0P08ITI0N VII. 

116. Theorem. — // two eqnnl oblique lines are di-awn 
from the same point in a perpendicular to a given line, 
they cut off equal distances on that line from the foot 
of the perpendicular. 

Let PD be pfli^endioular to AB, and 
PE = PC. 

We are to prove that DE = DC. 

It DE were greater tbao DC, PE would 
be greater than PC, and if DE were lea* than 
DC, PE would be less tban PC (113) ; bvt 
both of tbew conciueioDs are coDtrary to 
tbe hypothecs PE = PC. '''• **■ 

Hence, as DE can neither be greater nor lew than DC it most be 
cqoal h» DC. <i. E. D. 



EXERC I S ES. 

116. 1. Having an angle given, how can yoa construct its 
supplement ? Draw on the blackboard any angle, and then con- 
stnict its supplement. What is the supplement of a right 
angle ? 



Fig. 4S. 

3. The several angles in Fig. 45 are such parts of a right 
angle as are indicated by the fractions placed in them. If these 
angles are added together by bringing the verticeatogetherand 
causing the adjacent sides of the angles to ooincide, how will the 
two sides not common lie ? Why ? 
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3. If two times A, B (Pig. 45), two times D, three times E, 
three times C, three. times Q, and two times F, are added in order, 
how will AM and GN lie with reference to each other ? Why ? 

Ans* They will coincide. 

4 If you place the vertices of any two equal angles together 
so that two of the sides shall extend in opposite directions and 
form one and the same straight line, the other two sides lying on 
opposite sides thereof, how will the latter sides lie? By what 
principle ? 

5. If two lines intersect, show that the line which bisects one 
of the angles will, if produced, bisect tlie opposite angle. 

6. If one line meet another, show that the two lines bisecting 
these supplemental angles are perpendicular to each other. 

7. If two lines intersect, show that two lines bisecting the 
two pairs of opposite angles are perpendicular to each other. 
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OF PARALLELS. 

117. The Direetion of a straight line la defined or deter- 
mined b; the plane in which it lies sod the augle which it mokes 
with some fixed Hue, this angle being gencmt«d (48) from the 
Iked line aroond in the same direction,* in the same argument 

IIB. The assumed fixed line is called the Direction Idne^ 
and the angle which the line makes with the direction line is 
called the Direction Angle. 

Illustration. — Thne the directions 
or the aereral liaes AB, CD, and EF mtj 
be defined by referring them to some as- 
samed fixed line, as XY. 

The direction of AB is defined by say- 
iag tfast its direction angle is YOA, or its 
equal XOB, tbia aagle beiag conceived as 
generateil/rrwn the direction line, as indi- 
c«ted by tUe anowa. 

So also tlie direction of CD is defined 
by tbe angle YMC, or its equal XMD ; and 
die direction of EF is in like manner do- 
fined by YNE, or XNF. Fig. U. 

119. With reference to its ^neratlon, the same 
Ub6 may be conceived as having either of two opposite directions, 
or various parts of it may be conceived aa having opposite direc- 
tions. 

Illiibtbation.— Thus, the line AB (Fig. 47) may be considered as 
generated by a point moving from A to B, whence its direction would 

* Berolotton nronnd a fixed point Is often designated as from l^ to 
right, or from right to Itft. To oompTehend these terms, one may conceive 
himself in tbe centre of motion, and fadng the moving point, Ttius «ll the 
motiou nqtreeented by arrows in Rg. 46 will be seen XohefrvnTighttoleft. 
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be from A towards B ; or, it may be considered 
as geneiated by a point monng from B to A^ 
whence its direction woald be from B towards A. 
In like manner, part of the line, as PB, may 
be considered as having the direction from P 
towards B, while the other part is conoeiyed as 
haying the opposite direction, i. 0., from P towards A. ^^ ^' 

ISO. Lines have the Same Direction when they lie in 
the same plane and make equal direction angles with the same 
line. 

Any line may be assumed at pleasure as the direction line, 
provided that in comparing the directions of different lines they 
all be referred to the same direction line. 

Ml. Parallel lines are lines which haye the same or 
opposite directions. 

122. A Transversal is a line cutting a system of lines. 

123. When two lines are cut by a transversal^ the angles 
formed are named as follows : . 

Exterior Angles are those without 
the two lines, as 1, 2, 7, and 8. 

Interior Angles are those within 
the two lines, as 3, 4, 5, and 6. 

Alternate Exterior Angles are 

those without the two lines and on differ- 
ent sides of the transversal, but not adja- 
cent, as 2 and ?, 1 and 8. 

Alternate Interior Angles are those within the two 
lines and on different sides of the transversal, but not adjacent, 
as 3 and 6, 4 and 5. 

Corresponding Angles are one without and one within 
the two lines, and on the same side of the transversaly but not 
adjacent, as 2 and 6, 4 and 8, 1 and 5, 3 and 7. 




PARALLELS. 



PBOFOSITION I. 

184. Theorem. — Through a £iven point one line can be 
drawn parallel to a given line, and but one. 

Dbmonsteation. 

Let AB be Hh given line, and P the sivon point 

We arc to prove tU&t one line can 
be drawn throogli P parallel to AB, 
and but one. 

ThroQgti P draw XY aa the direc- 
tion line, interaecting AB In E. 

AIbo through P pass a line C'O', 
making XPD' greater than XCB. 

Then revolving CD' aboat P aa a 
centre, XPO' ma; be made to diniin- 
iah Gontinuouslj, and in aome poai- Fig. 49. 

tiun, as CD, XPD will equal XEB. In ibis position, CD is pandlel to AB 
(120, 121). 

Hence there can be one line drawn tbroogb P parallel to AB. <). b. d. 

Again, there can be but one ; since, if CD be revolved in either direc- 
tion about P, Uie angle XPO will become unequal to XEB, and hence the 
line OD will not be parallel to AB. Q. x. d. 



PBOFOSITION II. 

128. Theorem. — If a transversal cuts two parallels, 

Ist Any two corresponding angles are equal. 

3d. Any two alternate interior, or any tivo alternate 
exterior angles are equal. 

3d. The sum of any two interior angles on the same 
side of the transversal, or the sum of any two exterior 
angles on the same side, is two right angles, or a straight 
angle. 

Dbmonbteation. 

Let AB and CD (Fig. SO) be any two paralleli, and EF any tranavorsal. 
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We are to prore, lat. Of the cor- 
rogpODtling angles, b = d, a s= e, 
.=.,,rind/=S. 

2d. Of tbe alternate interior an- 
gles, i =/, and c = g; of the alter- 
nate exterior aDgles, d = h, and 

Sd. Of tbe interior angles on the 
same ude of the transversal, 

b + e = 2 right angles, 
and ff + / 1= i right uigles ; 
of the exterior angles on tbe same aide, 

a + d = 2 right angles, and e + h = !i right angles. 

Let EF he tahen as the direction line, the direction angles being eati- 
mated firom right to left (180, 121, and fitot-note, p. 56), Then, 

lat Of the correeponding angles, h = d, these being the direction 
angles, and AB and CO being pardlel. 

a = e, ^ce the; are supplements of the eqaal angles, h vaA d; and 
« = p, for the same reason. 

Al8u,/= h, since the; are oppodte angles to the equal angles, i 
andd 

id. Ofthe alternate interior angles, ik =/,Bince/= d (108); e = g, 
rince they are supplenumta of A and d. 

Of the alternate ext«rior angles, d = h, since h = b (lOS); and 
« = a, nnce the; are snpplementa of A and d. 

3d. Of the interior angles on the same side, 

i + e= i right angles (or a straight angle), 
since d + e = 9 right angles (or a straight angle), (42, 6), and b = d; 
and g +f=9 rif^ht angles, 

since g + b = n straight angle, and b =/. 

Of the ezteiioT angles on tbe same side, 

a + d=i i right angles, 
since a + 6 = a straight angle, and ( = 41; 

also « + A = 3 right angles. 

ranee g + h = a straight angle, and t = g. 4. b. d. 
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8ITI0N III. 



Tersely to Proposition II, When 
•anaversal, the two lines are par- 

vnding angles are equal.. 

ate interior, or any two alternate 

3d. // the sum of any two interior angles on the same 
side, or the sum of any two exterior angles on the same 
, side is two right angles, 

Dehokstbation. 

Lst AB and CD ba two Miibi out by fte lran>ven>l EF, making any 
piir of oorreiponding inglei equal, ■• b = tl, a = c, g = i; h = f; 
or any two alternate Interior angles, or any two alternate exterior 
angles equal, as b = f, g = c, a = e, or h = il; or the sum of any 
two Interior angles on flie same side, or of any two exterior angles on 
the same side, equal to 2 right angles, as ft + c,g + f,a t dfh + 9, 
equal to 2 right angles. 

Wu are to prove tlist AB and CD 
are parallel. 

Let EF t>e the dire(i:ion line, ami ( 
and d the directJon angles. If, then, 
tfaeae are gniDted or proved equal, the 
lines are parallel (121)- 

Now, let, orthecnireapooding &D- 
glea, if b = d, AB and CD are parallel 
by definition; bnt, it a = r, b = d, 
ance i and d are snpplemeotB of a and 
e; oi, if g = e, b = d, since A and d 
are sopplements of g and « ; or, if A = /, 6 = 
<109>- Hence, in every case, b = d, and AB and CD are parallel. 

M. Of alternate interior angles, if & =/, 6 = d, rince f = d; or, if 
g = e, h = d, Mnce b and d are supplements of g and e. Hence, in either 
cue, h = d, and AB and CD are parallel. 
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Of altenutte exterior angles, if 
ft = i, S = rf, aince B = A (108) ; or, 
if a = e, i = d, since b and d are 
eai^letnents of a and «. Hence, in 
eittier cftse, b = d and, AB and CD 
are parallel. 

3d. Of interior anglea on the 
some side, if h + e = ^ right angles,' 
b = d, since d + e =: % right angles 
(42) : or, if ff + / = 3 right anglcB, 
b Si d, aince Pj-, ji, 

ff + / + h + e = i right angles ; 
hence, b + e = i right angles, and aa d + e = 3 right angloi, d = h. 
Hence, in either case, b = d, tuid AB and CO are parallel. 

Of exterior angles on the same dde, if a + d = i right tuigles, b = i, 
■incen + ( = aright angles; or, if A + e = 2 right uigles, b = if, sincQ 
h + e + a + d = i right angles ; hence, a + d = i right angles, and, aa 
a + b = Z right angles, d = b. Hence, in either case, b = d, and AB and 
CD are parallel. 4.8,0. 

127. Corollary. — Two li/iea which are perpendicular 
to a third are parallel to each other. 

For, in such a case, all the e^ht angles formed aie equal ; hence, an; 
of the conditions of the proposition are met 

12B. SoHOLTUH. — The last two propositions are the converee 
of each other; i.&, thehypotheaeBand conclDSions are exchanged. 
Thns, in Prop. II, the hypothesis is that the two lines are parallel, 
and the conclnsion is certain relations between tho angles; while 
in Prop, m the hypotheses are certain relations amoDg the angles, 
and the conclnsion is that the lines are parallel. 

The learner ma; think that, if a proposition is true, its converse ia 
necessarily true ; and hence, that when a proportion has been proved, ita 
converse may be assumed as also proved. Now this is hy no means the 
case. Althongh in a great number of mathematical proportions, it hap- 
pens that the proposition and its converse are both true, we never assume 
one irom having proved the other ; and we shall occauonally find apn^ 
owtion whose converse is not true. 
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FBOPOSITION IV. 

**». Theorem. - when two straight lines are cat by a 
^fy^^everaal. if the aumofthe two interior angles on either 
««*»i« legs than, two right angles, the two lines will meet 
"^^it-sideofthe transversal, if saffieiently extended. 

Dbhonsikatioit. 
Let AB tod CO be two line* out by the trensverMi XY, makind 
■EP + EPD<2riahtanglea. 



We are to prove tb at A B and CD will meetoo tberideof XVon wbicb 
tbeee va^w lie. 

Tbrnngb P draw FQ psnllel to AB. 

Take EH = EP and draw PH, and also ET perpendicular to PH- By 
aW). TH = TP. whence EHT = EPT (UO) 

But EHT = QPH rl36). Hence GPH = JGPE 

Again, take HI = PH and draw p|, and it may be sbown in the same 
manner tbat GPI --^ ^QPH = JGPE. 

In tbia manner we may continue to draw obliqae linea tbroagli P oul> 
vAf^ AB ftirtiier and fttrther from E, and may tbus diminish at pleaBore 
the ai^tle inclnded by the oblique line and PQ. Hence this angle may be 
made leai than GPO, the difference between DPE and the sapptement 
of PEB, when the oblique line will fall between PD and PG. Call thin 
line PR. Now as PR and PE cut AB, and pD liea between them, it muEt 
cot AB between E and R. q. a. d. 
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130. GoBOLLART 1. — If a transversal oitta one of two 
parallels, it oats the other also, 

131. CoBOLLABY 'i. — JVon-ptiToUel straight lines meet, 
if suff^iently proditced. 

13S. CoBOLLARY 3, — Tivo straight lines in the same 
plane which do not meet, however far they are extended, 
are paraltel. 

For, let AB and CD be two BQch lines, and P any point in CD. Now 
all lines througb P which ore not pHmllel to AS meet AB (131)' Hence 
as there can be one parallel to AB tlirongh P (124), it ia the line wbich 
does not meet AB. 



PBOPOSITION V. 

133. Theorem.— .4 line which is perpendicular to one 
of two parallels ia perpendicular to the other also. 

Demonstration. 

Ul AB ami CD be two parallel*, and let EF be perpendhnitar to AB. 

We are to proTe that EF ia also 
perpendicalar to CD. 

Knee EF is a traoaTereat cat- 
ting AB and CD, angle EOB = angle 
EMD (126, 1). 

Now EOB is a right angte by 
hypothesis (86), 

Hence EMD ia a right angle, 
and EF ia perpendicular to CD. 

Q-K. D. 

Fig. S3. 

134. OoBOLLABT. — S%e shortest dista.nce between two 
parallels is the perpendicular which Joins them. 

For, OM being a perpendicular from to CD, ia shorter than any 
other line from to CD (94). 
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135. The Distanee between two pardlels is the perpen- 

dicnUr whieh joina them. 



PROPOSITION TI. 

136. Theorem. — 7W paraUelB are everywhere egnaUy 
distant from each other, and hence never meet. 

Deuonstration. 

Let E and r b« any tw« point* In the rtne CD, and EQ and FH par- 
pendiourart maaaurfng tha dUtinoat between the parallel* CD and AB at 
thete point). 

We are to prove EQ = FH. 

Let P be the middle point between I 
E and F, and PO a peq>e&dicnl«r at | 
this point. 

Revuive the portion of the figure | 
on the right of PO, npOD PO as an uie, F<«' ^■ 

until it fiilla upon the phme of the paper at the left. 

TheD, dnce FRO and EPO are right angles, PD will fall in PO ; and, 
as PF = PE, F will fell oo E. As F and E are rigtt angles, FH will 
take the directum EG, and H will lie in EG or EG produced. Also, 
aa POH Dod POG are right angles, OB will fall in OA, and H, foiling at the 
same lime in EG and OA. is at their inUrsection G. 

H^nce, FH coincides with and is equal to EG. 4. b. d. 

Hence, also, CD cannot meet AB, BJncc the distance {torn aiqr point 
in CO to AB ia EG. Q. s- d. 



PROPOSITION Til. 

137. Theorem. —Conversely to Proposition VI., // tivo 
points in one straight line are equally distant from a 
second straight line, and on the same side of it, the lines 
are paratiel to each other. 

DEHONSTB.ilTOir. 

Let AB aiid CD (Fig. SS) ba two line* having the pointa P and S In CD 
equally distant from AB, and on the aime side of It 
We are to prove that OD and AB are paralld.. 
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Vnaa P and S dnw PE and SF purpoidicnlar to AB. Then is PE = 
SF, b; hypolhesu. 

Through 0, the middle p<niit of PE, 
dnw GH parallel to AB. 

ffince PE is parallel to SF, QH cnta 
SF in Bome point as I (130)' 

By (186), OE = IF ; and tdnce SF = 
PE and OE ia )PE, IF is )SF, Uut is, 
IF = 18. "t. M. 

Now, aa PE and SF are perpendicn'u' to QH (133)> if we reTolve tlie 
figure OAEFBt on QH, E will bll in P, and F in 8 (98), ud AB will have 
two points in common with CD, and hence will coincide with it. 

Hence, DPO =. BEO, and as the lutter is a right angle bj conetrac- 
tion, AB and CO are perpendiealar to PE, and hence parallel (127). 

<i,K.D. 



PBOPOSITION Till. 

138.' Theorem.— if pair of pardU^el transversals inter- 
cept equal portions of two parallels. 

DEMONBTRAnOH. 

Let ST ■nd RL b* two pirillel trantvsraslt, cutting tin two parallets 
AB and CO. 

We are to prove that GE = HF. 
From E and F let fall theper- 
pendicnlan EM and FK. Then 

EM = FK (186). 

Now apply the fl<;ni« GEM to 
HFK, placing EM in its equal FK. 
Bince M and K are right angles, MQ 
will foil in KH. 

With the figures in this position, 
FH and EG are lines drawn from the 
same point in the perpendicular to 
ST and making equal angles with it "■ 

(12fi), and are hence equal (1 12). q. b. D. 
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FBOPOSITION IZ. 

138. Theorem.— 2W straight lines which are parailel 
to a third are parallel to each other. 

Dbuonstsation. 

Ml M Md CD b« MOh ptnUel to EF- 

Ve ue b) prove tbat AB and CD an 
parallel to eacb other. 

Draw HI perpendicular to EF; then will 
it be perpendtcnlar to CO (133). 

For a like ivaaon, HI is perpendicular 
toM. 

Hence, CD end AB are both perpendic- — 3. — 

nlar to HI, and GonaequeDtlf parallel (127)- q-b-d. 



FBOPOSITION X. 

140. Theorem.^//" to each of two parallels perpendic- 
ulars are drawn, then are the perpendiculars parallel. 



Dehohstbation. 

Let A and B be parallel tinea, P be perpendicular to A, and Q to B. 

We are to prore that P and Q are paT> 
allel to each other. 

Q, which is perpendicular tu B, one of 
the two parallels, is perpendicular to A, 
the other parallel, also (133>- 

Hence, P and Q are both perpendicu- 
lar to A, and hence are parallel (1)7)- Q. z. o. 

Flg.s 
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PBOPOSITION XI. 
141. Theorem. — // to each of two n-on-paraUel lin«a 
a perpendicular is drawn, the perpendiculars are non- 
parallel. 

Dkmonstbation. 
Let A Md B be non-panllal, cihI P a perpandloKlMr to A, and Q to B. 
We are to prove that P and Q are ~ 
Don-paralkl. 

If P aod Q were parsllet, then, by the 
preceding propoBitioa, Aand B would be 
panllel, which is contrarf to the hy- 
pothecs. Hence, P and Q are non-par- 
allel. <l. B. D. 

Fif. sa. 



PROPOSITION XII. 

148. VTohXera,— Through a given point to draw a 
parallel to a given line. 

SoLunou. 
Let AS be the given line, and P the given point. 



Fi|. ». 
We are to draw through P a parallel to AB. 
Let fall PF,.a perpendicular from P to AB (102)- 
At P erect CD, a perpendicular to PF (99). 
Then ia OD parallel to AB (127). {Pupil give proot] 
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EXERCISES. 

143. 1. How cau a &rmer tell whether the opposite sides 
of hie farm are parallel P 

3. If we wish to oroaa over from one of two parallel roads to 
the other, is it of any nse to travel farther io the hope that the 
distance across will be less? Why? 

3. If a straight line intersects two parallel lines, bow many 
angles are formed ? How many angles of the same size? May 
they all be of the same size? When? When will they not be 
all of the same size ? 

4. Are the two opposite walls of a building which are carried 
np by the plamb line exactly parallel? Why? 

5. A hetA (Fig, 61) is an instni- 
ment mneh tued b; caipoitet^ and 
conusts of a main limb AB, in 
which a tongne CD is placed, bo as 
to open and abut like tbe blade of 
a knife. This tongue turns on the 
pivot O, whicb is a screw, and can 
be tightened so as to bold the 
tongue finul; at any angle with the 
limb. Tbe tongue can also be ad- 
justed so as to ftUow a greater or 
less portion to extend on a given 
side, aa OB, of the limb. Now, 

suppose the tongne fixed in potri- ^ 

tiou, ns represented in the flguic, and the «de m of the limb to l>e placed 
against the stiught edge of a board, and slid up and down, while lines 
are drowD along the aide n of the tongne. What will be the relative 
position of these lines I Upon what proposition does tbeir relative por- 
tion depend? How can the carpenter adjust tbe bevel to a right angle 
upon tbe principle in Prop. I, Sec. I ) At what angle is the bevel set, 
when, drawing two lines from the same point in the edge of the board, 
ime with one edge m of the bevel agunst the edge of the board, and the 
other with the other edge m', these lines are at right angles to each other } 
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OF THE RELATIVE POSITIONS OF STRAIGHT LINES AND 
CIRCUMFERENCES. 



PKOFOSITION I. 

144. Theorem. — Any diameter divides a eirde, cbnd 
also its eireumferenoe, irUo two equal parts. 

Dehonstratiok. 

Lot AB bo Hn ditimtar of the cirolo AmBn. 

We are to prove that an; AtnB = arc 
AnB, and that segment AmB = BegmentAnB. 

ReTolve AnB upon AB ae an axis, until 
itIitllBin theplsnenn tbeoppodteBideof AB. 

Then, since crcry point in AnB is at tbe 
Bame distanra from the centre C as every 
point of AniB (24), the arc AnB falls in AntB, 
and both arcs and segments coincide ; 
whence, nrc AnB = arc AmB, and Hegment 
AnB = B^ment AmB. 4- >■ °- Fig. lO. 



PBOPOSITION II. 

146. Theorem, — IJie diameter of a cird^ is greater 
than any other chord of the same circle. 

DBHONSmATION. 
Lot AB (Fig. 63) bo a chord meotfns tho olroumhroiMO in A tmit^ 
tnd not pMiing through the centro ; and let AC be the df 
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We ar« ta prove that AB is teas than any 
diameter, as AC (88). 

Now as AB is not a {liaoieter, it does not 
pass throngb O, nr lie in AC. Hence B ii a 
different point frnm C- 

Draw OB. 

Nnn AB being a atraight line, it leea than 
AO+OB, which Jsabroken lint' (59); bettc^ 
as AO+OB = AC, AB < AC. 4. s. D. 



146. An arc is said to be Subtended by the chord which 
joius its extremities, and the arc is said to snbtend the anglq in- 
cluded by the radii drawn to its extremities. 



PBOFOSITION III. 

147. Theorem. — A radius which is perpendicular to 
a efiord bisects tite chord, the aubtended arc, and tlie sub- 
tended angle.* 

Demonstration. 

Let AB be a chord tubtendins the sni AB, which arc tubtendi the 
angle A06. Let the radiu* ED be perpendicular to AB, culling it in D. 

We are to prove that DA = DB, arc AE 
= arc EB, and angle AGE = uigle BOE. 

Produce EO, forming the diameter EC. 

Revolve the semidrcle EBC on EC as an 
axis, till it Talis in the plftoe on the other aide 
of EC. 

The semicircles will crancide (144)> and ■ 

since AB is perpendicular to EO, DB will fall 
in DA. 

Moreover, hS OA = OB, and there cannot fiq. t*. 

* Such etatementa in Plane Oooraetry are generall; limfted to the cod- 
stderstlon of arcs leag than a semi Circiinif«rence, jet all the . propoaitiasa 
in this aectloo, except Prop. Vlll, are equally true whatever the area 
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be two equal oblique lines ftom a point to n Mat oit tbe game tide of a 
perpendicnlu (114), OB falls in OA, and B fklla ift A. 

Hence, DB coinddea with OA, EB witli EA. and msgte BOE with angle 
AGE, aud we have OA = DS, arc AE = aic EB. and Mgle AOE = ai^le 
BOE. 4.B. D. 



FBOPOSITION IV. 

148. Theorem.— Cunverselj to Proposition III, A radius 
which bisects an are bisects the chord which subteTids the 
.orq, is perpendicular to the chord, and also bisects the 
subtended angle. 

Dbmohstratiok. 

Let ira AB be bheoted by the radiu* OE at E. Lat the ttralght lino 
AB'be the chord of this arc, and AOB the subtended angle. 

We are tci prove that OE bisects the chord 
AB and is perpendiculHT to it, and also bisect* 
the angle AOB. 

Produce EC, forming tbe diameter EC. 

Revolve the semi-ciccnniference EBC npon 
EC as an axis, till it falls In the plane at the 
left of EC. 

Thra will semi circumference EBC coincide 
witli EAC. and since arc BE = arc AE b; by- 
pottwds, B will fall in A, and BO = AD. Fig. H. 

Haice, the line OE has two pmnla, and D. each equally distant 
ftom A and B, and is therefore perpendicular to AB (98). 

Furthermore, angle BOO coincides with AGO, and BOD = AOD. 
4. E. D, 



PROPOSITION V. 

149. Theoi*ein.—C«i Tersely to Propositions III and IV, 
A radius which bisects the angle included by two other 
radii bisects the are subtending the angle, and the i^rd 
of the arc, and is perpendicular to the chord. 

[Let the student give the demonstratJon.] 
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psoposiTioir VI. 

ISO. Theorem. — In the aanhe circle, or in eqaal cir- 
cles, equal chords are equally distant from the centre. 

Dehonbtration. 
Lot EFind GH ba equal ehordi hi llMunaolralaorhiequaloinlat; 
■fld OL and ON ba the perpandiaulirt from tha eanlra upon the 
ohords, and thut be the dfatanoa* of the obords flrom tke oenlra {96). 



Fi|. as. 

We are to prore OL = ON. 

Since OL luid ON ue perpendicaUrs fmm the centre apon tbe eqwl 
cboidB EF and OH, HN = FL (147). 

NAwappIytbefigDreHNO to FLO, placing HN in itaeqimlFL. "niMi 
will NO coincide witli LO (88)- 

In tbia position, HO and FO are equal lines drawn from tbe same 
point in the perpendicular FL to tbe line LO. Hence, LO = NO (116)- 
q-B-D. 

[Let the student state and prove other converses to Propoaitaons III. 

IV and vr,] 



PEOPOSITION VII. 

161. Theoreni.~/n' t>he same circle, or in equal cir- 
des, if two arcs are equal, the chords which subtend them 
are equal; and. eottversely, if two chords are equal, the 
subtended area are equal. 
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Dekoitbtbatiok. 
Let AmB ind CnD b« tqul mm in tlw imio oirde or in mhuI 



Fif. M. 

We are to prove, Snt, tfast the cbonls AB and CD are equal. 

Apply tbe figure CnOO to AmSO, placing the radius 00 in its equal 
AO, and let tbe arc CD extend in the directioo or arc AB. 

Then, siace each point in arc CO is at the same distance Irom the cen- 
tre as each point in arc AB, arc CO &lls in arc AB, and nnce arc CO = 
aic AB by hypothesis. D falls in (I. 

Hence, chord AB = chord CO (61)- <}• K. D. 

Convenely, if ohord AB = ohord CO, are AB = are CD. 

Draw the peipen<UcularB OL and ON. Then, since tbe dwnls an 
equal, OL = ON (ISO). 

Now apply the flgnrc CnOO to AmBO, placing ON in ita equal OL 
EUoce CD is perpendicular to ON, and AB to OL, CD will &II in AB; and, 
aince tlie chords are eqnal by hypothesis, and are bueoted at N and L 
(147), D falls in B and C in A. 

Hence, urc CnD coincides witb arc AtnB, and arc CnD = arc AmB. 
Q. E.D. 



PBOFOSITION VIII. 

152. Theorem.— Jn the same cirde, or in equal cir- 
cles, if two arcs are unequal, the less arc ha^ the less chord ; 
and, conversely, if ttvo chords are unequal, ihe less chord 
subtends the less arc. 
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Dbkonstkatiom. 
In the time tircle, or in equil circlet, let Bre AmB < are CaD 



We are to piove, fint, that chord AB < chord CD. 
Draw OA, OB, OD, and OC. 

Apply the flgare CnDO to AimBO, placing OC in ita equal OA, and the 
aiG « in the arc m. 

ffince arc CnD > arc AmB, D trill fall beyond B, as at D', Draw 00'- 
AO* will evidently cat OB. Let N be the punt of iDUrsectioii. 

Now AB < AN + NB (60), 

tnd BO = D'O < NO' + ON (69)- 

Adding, AS + BO < AN -I- NO' + ON -t- NB, 

or AB -I- BO < AD' + BO. 

Subtracting BO fhim each member, we have 
A8 < AD', q. B. D. 

Conrersely, if chord AB < chord CD. 

We are to prove that arc AmB is leas than ate CnD. 

For, if arc AmB = arc CnD, chord AB = chord OD (ISl)- And, if 
arc AmB > are CnD, chord AB > chord CD, by the funuer part of this 
demonatration. But both of these conclusions are contrary to the liy- 
pothesis. 

Hence, as arc AmB can neither be equal to nor greater than arc CnD, 
it must be less. q. x. d. 
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PROPOSITION IX. 



163, Theorem, — In the same circle, or in, equal cir- 
cles, of two unequal chords, tfbc less is at the greater dis- 
tance from the centre; and, conversely, of two efiords 
which are nnequaily distant from the centre, that which 
is at the greater distance is the less. 

Dehonstbation. 
In th« MiRO oircle, or in equal otrotM, let ohAnf CE < ehord AB, 
•nd OD and 00' th«ir reapsotive distances from the oentre. 



We are to prove, first, that OD > 00'. 

From A, one extremity of the greater chord, laj off towards B, AE' = 
CE. Since AE' < AB, arc AE' < arc AB (162)i and E' &1Ib somewhere 
on the arc AB between A and B. 

Draw OD" perpendicDlar hi AE', and 00" = 00, since the eqnal 
chords are equally distant from tlie centre (ISO)- 

Now 00" is a different line from 00', unce 00" produced wonld 
bisect arc AE', and OD' wonld bisect arc AB. Hence, as 00' Is perpen- 
dicular to AB, 00" most be oblique (93)- 

A^in, 00" cuts the line AB in some point as H, ranee the chord AE' 
Ues on the opposite rade of AB from the centre 0. 

Hence, OH > 00' (94), and ranch more ia OH + HO" <= 00") > 00'. 
4- X. D. 

Conversely, let 00 > OD'. 

We are to prove that CE < AB. 

If CE = AB, 00 = 00' (ISO), Mid if CE > AB, 00 < OD', botb 
of which conclusiona are contrary to the hjpotbeaii 00 > OO'. 

Hence, as CE can neither be equal to ner greater than AB, it mnat be 
leea. q. x. d. 
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PBOPOSITION X. 

164, Theorem. — ^ straight line which, intersects a 
circumference in one point intersects it also in a second 
point, and can intersect ii in but two points. 

• Dehonbtbation. 

Lat LM (Fig. 69) inteneot tha olroumfBranoe in A. 

We are to proTe ^at it iDtenecta in aootfaer point, ae B, and in only 
tbeae two pointe. 

Bince LM intersects the drcnmferenc 
it paaaes vitbin it, and bence bas points 
the centre than A. OA is, therefo 
obliqne line, and not the perpentlicalu I 
upon LM (94). 

Now two equal oblique lines can be 
bi a line from a point without (114)- 3 
be the other obliqne line equal to OA. 
OA is a radius, OB = OA must also be a : 
and B is in the drcumference. i^. k. n. '' 

Again, LM cannot have another point common with the circumfer- 
ence, since if it bad there could be more than two eqoal straight lines 
drawn &om to LM, which is impossible, q. x. d. 

155. CoBOLliABT. — ^ny line which is oblique to a radius 
tU its extremity is a secant line, since any snch line has pointe 
nearer the centre than the extremity of the radius, and hence 
pasees within the circamference. 



PROPOSITION XI. 

156. Theorem. — -^ straight lijie which is perpendiou- 
lar to a radium at its outer extremity is tangent to the 
circumference ; and, conversely, a tangent to a circumfer- 
ence is perpendiciUar to a radius drawn to the point of 
contact. 

Demonstration, 

A line perpendicular to a radius at its eztremlt; touches the dicnm' 
ference becansp the extremity of the radiua is in the circuraferaice. 
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Horeorer, it does not intenect the circamfeTence, sinee, if it did, it would 
ban points nnrer the centre than the extremity of the radios; bat tlwae 
it cuiDOt have, as the perpendicvlaris the ahorteet distance tVom a point 
to a line. Hence, aa a line which is perpendicalar to a ntdias at its ex- 
tremitj tvnchea the ciTcamfereoce bat does not intersect it, it is a tan- 
gent (30). <».«.i>. 

Conrersely, sa a tangent to a dnsnmference does not pass within, the 
point «r contact is the nearest i>ouit to the centre, and bence is the font 
of a perpendicnlar front the centre. 4- r. d. 

157, CoBOLLART. — A perpendicular from the centre of 
a clrrXe to a tangent meets the tangent in the point of tan- 
gency (93). 



FBOPOSITION XII. 

158. Theorem. — ITie arcs of a circumference znter- 
cepted by two parallels are equal. 

Dbhonstbatiox. 

There may bs three oaaas, 1st. When one parallel Is a tangent ind 
the other a seoant, as AB and CD ; 

2d. When both parallel* are leoants, as CD and EF ; and 

3d. When both parallels are tangents, at AB and 6H. 

Li the first case we are to prove 
Ml = MK; in the second, IL = KR; 
and in the third, MmN = MnN. 

Throngb draw MN perpendicular 
to one of the parallels, in any case, and 
it will be perpendicalar to the other 
also (133); and as a perpendicular 
from the centre npon a tangent meets 
the tangent at the point of tangency 
(157), M and N are points of tangency, 
and MN is a diameter. 

Now, since the parallels are perpendicular to MN, and the chords IK 
and LR are bisected by it, if we ibid the right-hand portion of the fignra 
on MN as an axis nntil it foils in the plane on the left of MN, K will M 
in I, and R in L. 

Hence, Ml = MK, IL = KR, and MmN = MnN. q. B. D. 
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FBOFOSITION ZIII. 

159. Problenii — To bisect a given arc 
Solution. 

Let ACB be the given arc. 

We are to bisect it; tbat is, find its mid- 
dle point 

Draw the chord AB joining the extiemi- 
ties of the arc; SDd bisect this chord by the 
peipeadJcultir 00' (101)- Then will 00' bi- 
sect the tuc, SB at C. 

HS.JL 

Dbmonbtbation of SoLunoK. 

00' tieing ft perpendicnlar to ihe chord AB at ita middle point, any 
point in it is equally distant from the extremities. Heoce chord BC = 
diord AC, and arc BC = arc AC (161). q. e. d. 



FAOPOSITION XIV. 

180. Problem. — To find the centre of a eirde whose 
circumference is known, or of any arc of it. 



Let ACB be an tpo of a olroumhrence. 
We are to find the centre of the 

Draw ouy two chords of the arc, as 
AC sad BC. not paralle), and bisect each 
by a perpendicalar. Then will the in- 
tenection of these perpendicnlars, as 0, 
be the centre of the circle. 



OL being perpendicalar to the chord AC at its centre, passes throogh 
the centre of the circle, since if the centre were oat of OL it would 
be unequally diataot from A and C (96)- And tor a Bimilar reason, OM 
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bring perpendicular to the chord 8C at its centre, paEses through the 
centre of the circ1& 

Hence, as the centre ofthe circle lies at the Boine time in LO aad MOt 
it is their iutersectian 0. % ■. d. 



PEOPOSITION XV. 

161. Problem. — To pass a circumference tfiraugh 
three given points not in the same straight line. 

SoLunoH. 
Let A, B, md C be Uie threa given potnlt not in the aame etreight 

line. 

Join AB and BC. 

Bisect AB by the perpendicnlar 
(101), an<l BC by the perpmdicnlar RS 
With 0, the interaection of MN anr 
aa a centre, and any one of the distancea 
OS, OC, say OA, as a radius, describe t 
camfereuce. 

Then will this circumference 
through the three points A, B, and C. 

r\%.n. 
Dehonbtbation of Solution. 

Since AB and BC are non-parallel by bypotheda, MN and RS are non- 
parallel (141), and hence meet in some point, as (131)- 

Now as every point in MN is equally distant fhtm the extremitiea ol 
AB (98), OA = OB. 

In like manner, every point in RS is equally dietaat from B and C. 
Beoce, 08 = OC. 

Hence. OA = OB = OC, and a circumference struck rmm O as a 
centre, witb a ntdina OA, will pass through A, B, and C- Q- e. d. 



PKOPOSITION XVI. 

162, Problem.— 70 draw a tangent to a cirde at c 
given point in its circumference. 
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Lat H tw raqulred to draw • tang 
Uia ofrale whoM o«ntr« i* 0, at tha p 
in it* oircumfbrenM. 

Draw tbe mdiua Op, and prodaci 
BOf cwavenient distance beyond the 
Thraugh P dnw MT perpandicolu 
Then ia MT a tangent to tbe cirale at t 

Dehokstbation of Solution. 
MT being a perpendicular to the ndina at ita extremUy , is a tangent 
to Ob citcle b; (U6)- 4. ■■ D. 



EXERCISES. 

ISS. 1. Dntv a circle snd divide it into two equal parta. 
What propositioii is involved F 

2. Given a point in a circninference, to find where a eemi- 
circnmference reckoned from this point terminates. What 
proposition is involved ? 

3. In a circle whose radios is 11 there are drawn two chorda, 
one at 6 from tbe centre, and one at 4. Which chord is the 
greater ? By what proposition ? 

4. In a certun circle there are two chords, each IS inches in 
length. What are their relative distances from the centre? 
Qnote the principle. 

6. There is a ciroular plat of gronnd whose diiuneter is 30 
rods. A straight path in passing runs within 7 rods of the oen- 
tre. What is the position of the path with reference to the platP 
What is the posidon of a straight path whose nearest point ia 
10 rods from the centre ? One whose nearest point is 11 rods 
from the centre f 

6. Pass a lUie throngh a given point, and parallel to a given 
line, hj the principles oontainedin (151), (147), (148), and (187). 
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OF THE REUTtVE POSITIONS OF CIRCUMFERENCES 



AXIOMS. 



164, Two circles may occupy any one of fire poutions with 
reference to each other: 

1st. One circle may be wholly exterior to the other. 

3d. One circle may be tangent to the, other extcnially, the 
circles being exterior to each other. 

3d. One circnmferenoe ma; intersect the other. 

4tb. One circle may be tangent to the other iutemaUy. 

6th. One circle may be wholly interior to the other. 



fBOFOSITION I. 

166. Theorem. — When one circle is wholly ej^riar to 
another, the distance between iheir centres is greater than 
the sum' of their radii. 



Dehonstbahox. 



Ut M Hd N ba two oinlM 
whota centre* are and V* 
and whOM radii are OA = B, 
and VB = r, retpectively; and 
lei N be wholly exterior to M. 

. We are to prove that OV 
> R + r. 

Dnw 00', and let it intei^ 
sect ciiGimifereDce HI in A, and 
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Bincfl N ie wbolly exterior to M. OB > OA. 

Adding 60' to each memlMir of this ineqasUty, we bare 
OB -I- BO' > OA + BO', 
or 00' > fi + r, 

nnce OB + BO' = 00', OA = i^ end 0*8 = r. q. a. d. 



PKOPOSITION II. 

166. Theorem.— W%Gn two circles are tangent to each 
other externally, 

lat- The distance between their centres is the sum of 
their radii. 

2d. I%ey have a common rectilinear tangent at their 
point of tangency. 

3d. 7%e point of tangency is in the straight line Join- 
ing their centres. 

D&HONSTBATION. 

Let M and N be two circle* tangent to each other externatly ; let 
and O* be their respective centre*, B and >■ tiieir radii, the point of 
tanoency, and TR a tangent lo M at D. 

We are to piore, 1st That 
00' = £ + r ; Sd. That TR is 
tandfent to N ; 8d. That D is in 
00'. 

lat. Draw the radii CD = R, 
and 0*0 = r. 

If we ahow that OD + O'D = 
R + r is the shorteat path from O 

to 0', we show that it is a straight H». 70. 

line (fi9), and hence is the distance 
from to 0' (9&)- 

Gonridei any other patli from to 0', crossing circomference M in 
tome other point than D, say in P. 

Kow the shortest path ttom to P is the straight line OP (69) ; and 
tiie shortest path from P to O' is the straight line PO'. Hence the 
Bhortest path trom to 0' pasung through P is OP + PO'. 
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Bot OP > fi (7)*, and PO' = r, whence OP -(- PO' > £ + r. 

Hence, as P is the point where 
any other path Irom to 0' croesea 
circamference N, OD 4- D'O = A 
+ r ie the distance from O to 0'. 
4. B.D. 

2d. As TR is tangent to M at D, 
by hypotheaia, and as ODO' has 
been ahown tu be a strught line, TR 
is perpendicular to DO' (!) and 
hence tangent to N (156). * k. d. '''' "• 

8d. As D ia tlie point of tangoicy, and ODO' is 00', D is in 



PBOPOSITION III. 

167. Theorem. —JVo circumfere/ices which inierseeb 
in one point intersect also in a second point, and hence 
have a eonimon chord, 

Dbmonstbatiow. 
Let M aiid N be two oiroumfcrenoea Intantotiiis bi P. 
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We are to prore that the; int«n<ect in another point, ss P', and hence 
have a common chord PP'. 

As M intersects N, it has points both without and within N. 

Now consider the drcumference M as generated bj a point moving 
ftom left to right, and let Y be a point vrithin N. The generating point, 

* Hereafter, minor references to prindplee on which a statement de- 
pends will be omitted, and the inteirogatioii mark anhstitnted. This indi- 
cates that the stndent Is to give the principle. Id this case. P Is wllhoat M 
since by hfpotlieeiB N is external to M. 
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io pushig from Y, ■ point within N, to X, snj point in the ciicnitiferetice 
M wUhont N, mast ctom oircvmfereiice N at some point, as P*, since this 
ii ■ closed cnrre. 

Horeorer, Ibis second point, P', is s diflerent point from P, rince a 
circnrafereDce of a circle does not cat itaelf, or become tangent to itself. 

Hence, if circnmfbrence M cols drcumfecence N in P, it cuts it also in 
a aeconii point, as P*. 4. B. D. 

ilnall;, since P «nd P* are common tn both ciicnmferenccB, the 
cirdca M and N have a common chord PP'. 4, k. d. 



PBOPOSITION IV. 

188. Theorem. — When, two eireibmfereTtcea intersect, 
Ist. ITie line joining their centres is perpendicular to 

their oomnwn chord at its middle point. 

3d. The distance between their centres is less than the 

tarn of their radii and greater than their difference. 

DSHONSTBATIOX. 

Ltt M and N be two olroumfBronoes Interaeoting at P and P' ; let 
and (f be their centre*, and B ami r thoir radii raapMtively, R bahig 
aqyai to or grsater than r. 

We are to prove, 1st That 
OCf is perpendicniar to PP' at 
its middle point ; snddd. That 
OV < B + r, and 00' > 
B-r. 

Draw OP and O^. 

Ist. Since O is equally ilis- 
tant from P and P*, and 0' is 
also eqnallj distant from P and 
P* (?) , 00' is perpendicular to 
PP- at its middle point (98). "»•"■ 

4. K. D. 

Sd. As p is not in 00*, 00' < OP + PO' (T). <» 00' < A -(- r. 

Agatn, 00 + O'P > OP, 

or 00' + r > B; 

whence, sabtracting r from each member, 

OO" > B — r. q. B. D. 
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PBOPOSITION V. 



169. Theorem. — When the lets of tivo ctrdes is tat^wi 
to the other internally, 

let Tliey have a common rectilinear tangent at the 
point of tangency. 

3d. Iheir centres and the point of tangeney lie in the 
same straight line. 

3d. The distance between the centres is equal to the dif- 
ference of their radii. 

Dehonbtbation. 

L<t M Md N be two olpola* whose oentrei are and O' nipeotlvrir, 
N being leu than M and tangent to it internally ; M it and r b* their 
radii, and the point of tangeney. 

We are to prove, Ist. That they have 
a cmomoii rectilinear tangent at D; 9d. 
"niat 0, 0', and D are in the same Btraigtit 
line; and 8d. That 00' = S — r. 

let. Draw TR tangent to M at D. 
Draw Also O'D, and any other line tmm O" 
to TR, aa O'E. 

Now, rince E is withnnt the circle M 
{(), and M is without N (?), O'E > O'D,' 
and O'D is perpendicular to TR (94). 

Hence, TR is tangent to N (106), and p, ^ 

is tburefore a common tangent q. b. d. 

2d. Since both OD and O'D are perpendicular to TR at O <1), 00 
and O'D coincide (88)i and and 0' lie in the ume strught line with 0. 

Q.R.D. 

8d. Since 00' and D are in the same straight line, and 0' la between 
OandD, 00' = 00 — O'D; that is, 00' = S~r. 4. x. d. 
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PBOPOSITION VI. 

ITR Theorem.— When the less of two circles is wholly 
interior to the other, the distance between the centres is 
less thftn the difference of their radii. 

Dekokstbahon. 

L»t M ind N be two drolM whoiB oentm an and 0', and whoM 
ndji ara A and r retpaotively, and Ist N ba wholly within M. 

We are bi prore that 00' < jB — r. 

Produce 00' till it meeta both cirBumfemicea 
on tbe mne mde of that C b; and let the iote^ 
aectJooe with N and M nqMctivel; be D and E. 

Tbm, as O, 0', D, and E lie in order in tbe i 

same straight line, 

00 < OE; f^^_ — 

and Bubtractjng O'D from each, and notidng that 00 — O'D = 00', 
tbst OE = B, and O'D = r, we have 

00" < JB — r. q. «. D. 



171. Qkhkbai. ScHOLiru. — The convene of each of Props. I, n, IV, 
V, and VI is alsi) true. Thus, if the distance between tbe centres i« 
greater tiian the snm of the radii, the circles are whollj exterior the one 
to the other; nnce if they occupied anj one of tbe other four poaaible 
pomtions, the distance between the centres wonld be equal to the grnn of 
the radii, less than their sum, eqnal to their difference, or less than their 
difibrettce; any one of which conclusions would be contrary to the h;- 
potbeos. 

In like manner, tbe converse of any one of the five propositions may 
be proved. 

This method of proof is called The Rkductio ad AsanBDuii, and 
connsts in showing that any conclusion other than the one stated would 
lead tu an absurdity. 
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PROPOSITION VIZ. 

172, Theorem. — SI the oireumferencea which, oom be 

passed through three points not in, the same straight Une 
coincide, and are one and the same. 

Dkkohstratiok. 
Let A, B, and be threa potnte not In th« una tlralght Hiw. 

We are to prore that all the d 
which can be passed thTongh them > 
are one and the sanie circumference. 

0^(161) acircamference can be pa 
A, 8, and C. 

How every point eqnBll; distant ( 
lies in FD, a peipendicnlar to AB ■ 

point (?)- And, in like manner, every ;. , j 

distant &ou B and C is in HE, a perpeodicnlar to 
BC at its middle point. 

Bat the two straight lines FD and HE can inteisect in only one point. 

Heace all circumferences which can pass tbmagh A, B, and C hare 
their centre in O, and th«r radins OA, and therefore tbey constitnts one 
and the same circumference. ^ b. d. 



rif-w. 



173. Cob. 1. — Through any three points not in the same 
straight line a eircumferenoe can be passed, and btU one, 

171. DSPINITIOK. — A circle is said to be determined when 
the position of its centre and the length of its radina ore known. 

175. Gob. Z. — Three points not in the same straight line 
determine a eirde. 

176. OoB. 3. — Two drcwmferenees can intersect in only 
two points. 

For, if they have three points common, they coincide, and form one 
and the same circumference. 
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EXERCISES. 

177. 1. The centres of two circles vhoae radii are 10 and 1, 
are at 4 from each other. Wh&t is the relative position of the 
circnrnfeiences ? What if the distance between the centres is 1? F 
Whatifao? Whatifa? WhatifO? Whatif3? 

S. Oiven two circles and 0' (Fig. 83), to draw two otheia, 
one of which shall be tangent to these externally, and to the 
other of which the two given circles shall be tangent internally. 
Gire oil the prinoiplea involved io the oonstruotioD. Qive other 
methods. 



Pig. to. Fff . u. 

3. Given two circles whose radii are 6 and 10, and the dis- 
tance between their centres 20. To draw a third circle whose 
radios shall be 8, and which shall be tangent to the two given 
circles. Oan a third circle whose radios is 3 be drawn tangent to 
the two given circles P How will it be situated? Can one be 
drawn tangent to the given circles, whose radins shall be 1 ? 
Why? 

4. With a given radias, draw a circamference (Fig. 83) which 
shall pass through a given point and be tangent to a given line. 
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OF THE MEASUREMENT OF ANGLES. 



178. Two angles are Commensurable when there is a 
common finite angle which measures each. When they haye no 
such common measure^ tbey are Iiicommeiisurable. 

179. An Angle at the Centre is an angle included be- 
tween two radii. 

180. An Inscribed Angle is an angle whose vertex is in 
a circumference^ and whose sides are chords of that circumfer- 
ence. 

181. Angles are said to be measured by arcs^ according to the 
principles developed in the following [iropositions. 



PROPOSITION I. 

182. Theorem* — In the same circle, or in equal circle Sy 
two angles at the centre are in the same ratio as the arcs 
intercepted between their sides. 

Dehoi^siratiok. 
There are three cases : 

CASE I. 

When the angles are equal. 

Let angle AOB = angle DOE (Fig. 84) In the tame olrole or In equal 
oirolet. 
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AOB ^ arcAB ♦ 
DOE aicDE' 
Apply the angle DOE 
to the angle AOB, placing 
Ibe ndioB CD in its equal 
OA. By reason of the 
eqnalitj of tbe angtes 

DOE and AOB, OE will '' 

&1I in OB, and E in B (1). 

Hence DE ctnnddes with AB, aod 

arcAB _ , 
aioDE ~ 

But, by hypotheris, ^g| = t 

CASE II. 
When tlie atigle» are cotntnengurable. 
Let AOB and DOE be two ooinmenaurable anglM at the Mnire in H 
MHie oirdt, or in equal oirales. 



Fig. as. 

" This metliod of writing a praportion la adoined in tbia boolt as the 
more elegant, and ae U kppeare to tie coming into exclnaiTe aae. The above 
is tbe same ae 

AOB : DOE :: arc AB : arcDE 
and is to be reed in tlio same manner, 
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^. . .1. , AOB we AB 

mwtopiovethat ^q^= i^^^- 

As tbe onglai w« oHMMMMinble by hyputbeae. let m be tfaeir com- 
moD measnre, and let it "be rMhHMl StbMBin AOB and 8 times in DOE. 
BO that 

AOB 5 
DOE ~8' 
Cooceire the angle AOB dirided into S partial angles, each eqnal to 
m, and the angle DOE divided into H such ptutial angles. 

Now ax these partial angles kk equal, their intercepted arcs are eqnal 
(?), and as AB contains fi of thein, and DE 8 




CASE HI. 
When the angUn are tneomtHettsitr^Ie. 
L«t AOB and DOE (Fig. 86) ba two inoommenauraMa angln at the 
centra, in the same circle, or in equal circlet. 



We are to prove that ggs 



AOB_ 
DOE 



AOB . 

"doe' 



is not eqnal to the ratio - 



AOB 

DOE ~ 
in which OL is less than OE- 
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Fig. U. 

Dnvr OL, and divide AOB into eqnal parts, each leaa tbui LOE. 
Apptj this tneasare to DOE, beginning at DO. At leaat one line of di- 
vidon will fall between OL and OE. Let this be OK. 

Now AOB and DOK are commeiunrable ; benc«, 67 Cue II, 

AOB _ arcAe 
DOK ~ are OK ' 

bnt by hypothMB g^ = ^^^^^ ■ 

AOB . AOB 
* DOK ' DOE' 

DOE _ arc M. 
DOK ~ arc DK' 

Bnt this concltuion is absurd, since 

TtauB we sbow tbat the ratio jr^ cannot be greater than tlie ntio 
^-fT^; Bill in a similar manner we maj sbow tbat p== cannot be less 



Aoe . 

Hence, as ^^ " 

arcAB , . AOB 

— =r= , and we bave a^rz^ 
aicOE' DOE 



is neitber greater n 



[For other niethoda of demonstratiiig this important theorem, 1 
Appendix] 



9i ELEMENTARY GEOMETRY, 

188. Out of tbe truth developed in this propofiition grows the 
method of representiDg angles by degrees, minutes, and seconds, as given 
in Trigonometry (Part lY, 3-6)* It will be observed, that in all cases, if 
arcs be struck with the aame radiuM, from the vertices of angles as centres, 
the angles bear the same ratio to each other as the arcs intercepted by 
their sides. Henoe the are u mM to meamre the angle. Though this lan- 
guage is convenient, it is not quite natural ; for we naturally measure a 
quantity by another of like kind. Thus, dUtanee (length) we measure by 
diitance^ as when we say a line is 10 inches long. The line is lenffth ; and 
its measure, an inch, is length also. So, likewise, we say the area of a 
field is 4 acres: the quantity measured is a tvrfaee; and the measure, an 
acre, is a mrface also. Tet, notwithstanding the artificiality of the 
method of measuring angles by arcs, instead of directly by angles, it is 
not only convenient but universally used ; and the student should know 
just what is meant by it. 

189. A Degree is ^ part of the drcumference of a circle; a 
Minute is ^ of a degree, and a Se<M>nil is ^ of a minute. This is the 
primary signification of these terms. But as any angle at the centre sus- 
tains the same ratio to any other angle at the centre as do their subtended 
arcs, we speak of an angle as an angle of so many degrees, minutes, 
tmd seconds. Thus, an angle of 45 degrees (written 45"") means an angle 
at the centre 45 times as lai^ as one which subtends tH ^^ ^^ circumfer- 
ence, or half as large as one which subtends W* of the circumference. 

This idea, as well as the notation ^, ', ", for degrees, minutes, and 
seconds, has already been made familiar in Arithmetic. 

190. As the vertex of any angle may be conceived as the centre of a 
circle, the intercepted arc of whose circumference measures the angle, we 
speak of all angles in the same manner as of angles at the centre. Thus, 
a right angle is called an angle of 90^. one-half a right angle is an angle 
of 45°, a straight angle is an angle of 19^^ and the sum of four right 
angles, being measured by the entire circumference, is an aog^e of 880'', etc. 



PSOPOSITION II. 

191. Theorem. — An inscribed angle is measured by 
half the arc intercepted between its sides. 

m 

D£MONSTBATION. 

Let APB be an angle insoribed in a cirole whose centre is 0. 
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We ue to prove that the kngle APB u raeuured by ooe-hair the 
BTC AB. 

There are three cues : Ist, When the centre is in one side; Zd. Wfaeo 
tbe centie is within the angle ; and 8d. When it is without 

CASE I. 
When the rentre, 0, ta in one side, aa PB> 
Draw the diameter DC parallel to AP. 
B; reason of the parallels AP and CD, 
arcAC = arcPDa58); 
and, since COB = POO (t), 

aro CB ^ arc PD (I)- 
Hence, arc AC = arc CB, 
and arc CS = ^ arc AB. ^ 

Again, dnce tbe parallels AP and DC are cut bj the tnuuversal PB, 
the angles APB and COB are equal (125)- 

But COB is measured by arc CB (I). Hence, APB is measured by 
arc C8 = } arc AB. Q. B. D. 

CASE II. 
When the centre in wllhin the angle. 

Draw the diameter PC. 

Now by Case I. APC is measured by ^ arc AC, 
and CPB by ^ arc OB. Hence the anni of tbeae 
angles, or. APB, is measured by ^ arc AC + } arc 
CB, i» ^ arc AB. 4. s. d. 

FiB- M. 
CASE III. 
When the centre U without the angle. 

Draw the diainet«r PC. 

By Ga«e I, APC is measured by i^ arc AC, and 
BPC by i arc BC. Hence, APB, which is APC — 
BPC, is measured by 

t are AC - i arc BC 
or J arc AB. *k.d. p. „ 



94 BLEMESTAar QBOMETRT. 

192. OoBOUABT. — In the same circle or in equal cirdea, 
all angles inscribed in (he same seginent or in equal seg- 
ments intercept equal arcs,' and are consequently equal. 
If the segment is less than a semicircle, the angles are 
cbtuge; if a semicircle, right; if greater than a semi- 
circle, acute. 



IixuBTBATiox.— In each separate flgnre tbe angles P we equal to 
each other, fur thej are each measuied b; half the ume arc 

In 0, each angle P is acute, bdng measuKd by }ni, nliicfa is less than 
a quarter of a circUDiference. 

In 0', each angle P is a right angle, being meaanrad by ^m', whieb is 
a quadrant (quarter of a circumference). 

In O", each angle P is obtuse, h«ng measured bj }m", which is 
greater tban a quadrant. 



PROPOSITION III. 

103. Theorem.— -^n^ angle formed by (wo chords in- 
tersecting in a circle is measured by one-half the sum of 
, (he arcs intercepted between its sides and the sides of its 
vertical, or opposite, angle. 

Deuohstbation. 

Lst tha ohords AB and CD (Ftg. 91) intersect in P. 

We are to prove that angle APD (= angle CPB ?) ia measured by 

i (arc AD + arc CB) ; 

Mtd Out angle BPD (= angle CPA !) is measured by 

i (arc BD + arc CA). 
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Draw OE pwitua to AB. 
Arc AE = Brc CB (t); whence, arc ED = 
•re AD + aic CB. 

Now tbe intcribed angle ECD is meunied I 

by i arc ED = ^ (am AD -f arc CB). 

Bat ECD = APD (0: bence, APD (= CPB) 
h iDeasared b; ^ (arc AD + arc CB). q. k. d. 

Finallj, that APC, or ita equal BPD, ia 
measnied bj i (AC + BD), appean from tbe . ^'B- S<- 

fact that the aam of the four angles about P 

being equal to four right angles, is measured by a whole drcumferenoe 
(190). 

But APD + CPB 13 measured b; AD + CB : whence APC + BPD, or 
SAPC, ia measured by the whole circumference minus (AD + CB); tbat 
is, by AC + BD. Boice APC ia measured bj ^ (AC -t- SD). 4. k. d. 

194. ScHOLicM.— The case of the angle incladed between twocbordi 
possee into that of tbe inscribed angle in the preceding proportion, by 
conceirini; AB to move parallel to its present position nntil P arrivea at 
C and BA c^iincides with CE. Tbe angle APD is all the time measnreil 
by half the sum of the intercepted arcs ; but, when P has reached C, CB 
becomes 0, and APD becomes an inscribed angle measured by half its in- 
tercepted arc 

In a nrailar manner we may pass to tbe case of an angle at the centre, 
by suppiising P to move toward the ceotre All the lime APD is meaa- 
nied by ^(AD + CB); but, when P reaches tbe centre, AD=CB, and 
I (AD + CB) = I (3AD) = AD ; i. «., an an^e at tbe centre is measured 
1^ ita intercepted arc. 



PEOPOSITION IV. 

196. Theorem. — -^n angle indiuied between two se- 
cants meeting luithout the circle is meaaured by one-Juilf 
the difference of the intercepted ares, 

Dbhokbteatiok. 

Let APB (Fig. 92) ba an angle inoludsd between flie aeeanta PA 
ud PB ; and let the interssotions with the oiroumfsreiwa be C and D. 



96 
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We are to prove that APB Ib measured by 
\ (arc AB — arc CD). 

Draw CE parallel to PB. 

Now arc CD = arc EB (?). Hence, arc AE 
= arc AB — arc CD. 

Again, ACE = APB (?). 

But ACE is measured by |^ arc AE (?). 
Hence APB is measured by 

j arc AE =5 ^ (arc AB — arc CD). <j. e. d. 

196. Scholium. 'TLis case passes into that 
of an inscribed angle, by conceiving P to move 
toward C, thus diminishing the arc CD. When 
P reaches C, the angle becomes inscribed ; and, as CD is then 0, ^ (AB — 
CD) = ^ AB. Also, by conceiving P to continue to move along PA, CD 
will reappear m the other $ide of PA, hence will change its sign ♦ and 
i (AE — CD) will become ^ (AE + CD), as it should, since the angle is 
then formed by two chords intersecting within the circumference. 




Fig. S2. 



PROPOSITION V. 

197. Theorem, — Ml equal angles whose sides inter- 
cept a given line, and whose vertices lie on the same side 
of that line, are inscribed in the same segment of which 
the intercepted line is the chord. 

Demokstration. 

Let APB, AP'B, AP'^B, etc., be any number of 
equal angles whose sides intercept the given line AB. 

We are to prove that the vertices P, P', P", ete., 
all lie in the same arc of which AB is the chord. 

Through one of the vertices, as P, and A and B 
describe a circumference. 

Kow the angle APB is measured by ^ the arc 
kmBy and as the other angles are equal to this, they 
must have the same measure. 




Fig. 93. 



* In accordance with the law of positive and negative quantities as used 
in mathematics, whenever a continuously varying quantity is conceived as 
diminishing till it reaches 0, and then as reappearing by the same law of 
change, it must change its sign. 
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Bat mppoae aoy (me of them, u P', bad its Tert«z witbin the 
Begment. It wonid then be an angle Incladed between two chords 
drawn fWim A ftnd B, and hence wonid be measDred by ^AmB plut Kinie 
arc (193). 

I^ on the other band, the vertex P' was witboat the aegmeut, the 
angle would be an angle inclnded between two aecanta, and would be 
meaanred bj |AmB Un some arc (195). 

Hence, as P can tie ndtber without nor within the arc APB, U lies m 
it 4- X. D. 

198. CoBOLLABT. — Ml right angles whose sides inter- 
cept a given line are inscribed in a semidrde whose 
diameter is the given line. 



PBOPOSITION VI. 

199. Theorem. — ^n angle included between a tan- 
gent ajid a chord drawn from the point of tangeney is 
nteasured by one-half the intercepted arc. 

DEKONSrSATION. 

Let TPA be an angle inoluded be- 
tween the tangent TM and the chord 
PA. 

We ue to prore tbat TPA is mea- 
anred b J ^ arc PrA. < 

Through A dnw the chord AD 
parallel to TM. 
/■TfaeniiPAD = TPA(T>. 

Now PAD is measured by |PniD (I). 

Wbtnee TPA is mtesured t^ 
}PriD. But PmD eqnals PnA (f). 

Hence TPA is measured by }pnA. Fig. •*• 

4.B.i>- 



—Show thiU APM ts measured b; ^ arc AmP. 
Also, otMwn bow the case nf two secants (195)i paasea into this. 
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FBOFOSITION VII. 

200. Theorem.— ^re angle included between two tan- 
gents is measured by one-half the difference of the inter- 
cepted arcs, 

DBJtOSBTBATrOK. 

Let APB bt in ingle Incljded between 
the two tangents PA end PB, tingent nt 
and 0. 

We are to prove that APS is meaeored 
by 

J (arc CmD — are CnD). 

Draw the cliord CE parallel to PB. 

Now are CnD = arc EmD (?). 

Whence arc CE = arc CmD — are C»D. 

Again, ACE = APB(!). p. ^ 

But ACE is nteoBured b; ^ arc CE = ) 
(arc CmO — aic CnD). Hence APB is measured by ^ (arc CraD — an: 
CnO). 4. B. D. 

201. ScHOUCK.— The case of two aecants (195) becomes this by rap- 
poung the secants to move parallel to their first position till they botl) 
become tangenta. 



PKOPOSITION VIII. 

20S. Theorem. —.^n angle 
included between a secant and a 
tangent is measured by one-half 
the difference of the intercepted 
ares. 

[Let the stadent write out the detoon- 
Btraliou in form,] 
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PEOPOSITION IX. 



SOS. Problem. — From a given point in a given line to 
draw a line which shall make with the given line a given 
angle. 

SoLtmoiT. 

Let A b0 the given point In the given line AB, and the given angle. 

We are to draw from A a 
liDB which iholl make with 
AB an angle equal to 0. 

From O as a centre, wiHi 
any conveiuent radius, de- 
scribe an arc, aa oft, measoring 
the angle 0. 

From A as a centre, with 
the aame raditu, describe an 

arc en cutHng AB and extend ^ ^ 

ing on that aide of AB on - 

which the angle ii to lie. Let this arc intersect AB in f. 

From e as a centre, with a radina equal to the chord ab, describe qn 
arc cattiDg en, as at d 

FroDi A draw a line throngh d, as AC. 

Then will CAB be the angle requiied. 

Demokstration op SoLcnov. 
Are ab measnreB angle (t). 
Are erf = are oft (t). 
Hence, angle CAB = angle (?). 



PROPOSITION X. 

204. Problem. — Through a given point to draw a par- 
allel to a given line, 

SOLOTION. 
Let P (Fig. 91) be the given point, and AB the given line. 
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VTeue todnwalinetliroiigh ■ 
P wbich sball be parallel to AB. I 

From P aa a centre, with any I 
radius sufficiently great, strike an I 
arc catting AB, aa at a, and ex- I 
tending on the sanie side of AB ' 
tfa&t the pnrallel is to lie. Let the arc be a«. 

From a aa a centre, with the asme radios, paas an arc thnmgfa P, cut- 
ting AB in aome point, a» i. 

With the chord AP as a radius and a as a centre, strike an arc catting 
oe, as in 0. 

Draw ft line through and P, and it «^U be the pantllel required. 

Dbuonstratioit of Solution. 

The arcs Oa and PA are arcs of circles with eqoal radii, and have 
. e<inal chorda, and are hence ec|UBl arcs (7). 

The angler OPo and Pab are equal, aince they are measured by the 
equal arcs Oa and P6 (i). 

Hence the tranaveraal Pa cuta the two lines MN and AB, making the 
alternate angles MP" and BoP equal. Wherefore MN is parallel to AB, 
and as it paasea tlinragh the given point P, it is the parallel required. 

4. K-D. 



PROPOSITION ZI. 

206. 'Problexn.— Fivm a point without a eirela to draw 
a tangent to the circle. 

Sohxrtion. 

Let be the centre and OT the radius 
of tha given olrcle, and P the given point. 

We are to draw fhim P a tangent to 
the circle. 

Join P with the centre by a stnught 
line. 

On tlie line OP describe a circle inter- 
secting the given circle in T and T'. 

Through the polnto P and T, P and T' "■■ *•■ 

draw the atrai|^t linea PM and PM'. Theae will be the required taagenla 



MBAaUXMMSITF Ot AXOliXB. 101 

DbcotfaiKAiioN OF Solxjtioit. 

% OT, the angle OTP is % right ugle, riDoe it ii ioBcribed in m 

jSaboePM batangent to tlie circle, aa it IB a perpendicular to ■ radiiu 
■t M sKtrendty, aiuJ as it pataea through P it rQIfills the conditioiu of tba 

In lika manner, PM' ie seen to be a tangent paaung throogU P, and 
the problem has two solntioiu. 4. K. D, 

806. GoBOLLABT. — Throitgh any point taithout a circle 
two tan£6tvts may be drawn to the circle^ 



PBOPOSITION ZII. 

207. Problem. — On a given line to construct a segment 
whieh shall contain a given inscribed angle. 

SoLunoiT. 

Let AB be the given line and the given angt*. 

We are to construct a i^^ent 
on AB which ahalt contain the as 
an inscribed angle. 

At one extremi^ of AB, as B, 
oonatmct an angle ABC equal to 0, 
and on the nde of AB apposite to 
that on which the segment is to lie. 

Erect a perpendicniar to CB at 
B, and one to AB at ita middle point 
E. Let F be the inteisection of these Fig. 100. 

perpendiculara. 

With FB (or FA) as a radiiw, describe a circle. Then will An»'m"B be 
the segment required ; and an; angle inscribed in thb segment, as AHB, 
will be equal to 0. 

Dbxonstbation of Solution. 

Since CB and AB are non-parallel lines, perpendiculars erected to 
Hum will meet in same point as F (141, 131)l 



F bdng a point in the perpeDdicn- 
lu to A8 at its middle point FA = 
FB (M), and a circle itruck wilii FB 
as a nditu and F aa a centre will 
pasa throogfa A. Moreover CB will 
be a tangent to this drcle, rince H ii 
p«rpendicalar to a ndins at its ex- 
tremity (166). 

Now = ABC by conatrnction, 
and ABC being an angle inclnded 
between "a tangent and a chord, is ^''^- ""•■ 

measured by half the intercepted ate AmB (T). 

Bat any angle inscribed in the segment AmWB is measured by } an 
AmB (?), and hence equals ABC = Q. 4. k. d. 



PK0P03ITI0N XIII. 
208. Problem.— 7b bisect a given angle. 

gOLDTIOH. 
Let BOA be the ghaii ugli. 

We are to draw a line dividing BOA 
into two equal aoglea. 

With any convenient radius and O as 
a centre, describe an arc cutting the sides 
OB and OA at I and a. 

From a and S as centres, with equal 
radii, strike arcs cutting in some point, 
as P. ■■ ■ 

Through and P draw a straight line. 

Then is the angle BOA bisected by OP, and BOP = POA. 

Demonstration op Solution. 

OP being perpendicular to the chord of arc tA (t) bisects the arc 
(147)- Hence arc W = arc aO. 



MEABnBEKSSr OF ANOLXS. 



EXERCISES. 



HBk !• To find a point in a plane having given iU dietances 
ftDBt'twe knovn pointe. 

Vken are there tvo BolationaP 
When bat one solution ? 
When no Bolution? 

%. In Fig. 102 there are 4 pairs of equal angles. Which are 
they, and why P 

Show that COB = ABD + COB. 
Show that DOB = ABC + OAB. 



Fl|. W). Fig. lOL 

210. Concentric Circles an circles which have a com- 
mon centre. 

3. Draw two concentric circles (Fig. 103), Bnch that the 
chords of the onter circle which are tangent to the inner shall 
be equal to the diameter of die inner. 

4. From a point oat of a given stmight line to draw a line 
making a given angle with the first lini?. 

5. Prove that if two circles are concentric, any chord of the 
onter which is tangent to the inner is bisected at the point of 
contact. 

6. Prove that if and B (Fig. 104) ar« right angles, A and 
are anpplementary. 
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7. Prore tiitt if, in the adjoining 
figure, the opporite eidee AB and D0> 
and AD and BO be prodaced till thej 
meet, the tinea which biseot the in- 
clnded angles will be perpendioolar to 
each other. 

& Draw a triangle, and then draw 
a circle abont it ao that all its angles 
•hall be inscribed ; i. A, oironmscribe 
« oiide aboat a triugle. (See 161.) 



OF THE ANGLES OF POLYGONS, AND THE REUTION 
BETWEEN THE ANGLES AND SIDES. 



OF TRIANGLES. 

811. A Plane Triangle^ or simply a Triatyle, ie a plane 
figure bonnded by three straight lioes. 

21S. With respect to their sides, triangles are distin- 
guished as Scalene, Isotceles, 
and Equilateral. 

A Scalene Triangle ia 

a triangle which has no two Fig. los. 

sides equal, as (1) or (2). ^^^_^^ 

An lAosceleo Triangle is a triangle ^^^^^H 
which has two of its sides eqnal to each other, ^^^^^H 
as (3). Fif. iiN. 



TBtAlfOLXB. 

An f^ollateral Triangrle ia a triuigle 
whioli has all tliree of its sides equal eaoh to eadi, 

88(4). 

S13. With respect to their angles, triangles f't lo^- 

are distinguished as acute angled, right angled, and ohtuae 
angled. 

Ad Acute An8:led Triangrle is a triangle all of whose 
angles are acnte, as (4). 

A Rigrht Angled Triangle is a triangle one of whose 
angles is right, as (i). 

An Obtuse Angled Triangle is a triangle one of whose 
angles is obtuse, as (I). 

814. A circle Circumscribes a figore when all the angles 
of the latter are inscribed. 



PROPOSITION I. 

216. Theorem. — The sum, of the three angles of a tri- 
angle is two right angles. 

Dehonstbation. 
Let ABC be sny trlingl*. 

We are to prove (hat 

A + B + C = 8 right aaglea. 

CircQinscribe a drcle abont the triangle (161). 

Then the angle A is roeunred by ^ the aro I 
BaO (!), the angle 8 by } the arc C&A, and the 
an^e C by ^ the arc AcB. I 

Hence the sum of the three angles, otA+B+ '■■■ '"■■ 

C, is measnred by ^ the aum of BaC + CM -t AeB, or ^ the circamtbreDce. 

But a aeBU-circumterence is the measure of two right angles (190)- 
Hence A + B + C = 2 right angles, q. e. □. 
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816. GoBOLLABT 1. — A triangle can have only one right 
angle, or one cMuse angle. Why? 

217. ConoLLABY 2. — Two angles of a triangle, or their 
sum, being given, the third may be found by subtracting 
this sum from, two right angles, i. e., any angle is the 
supplement of the sum of the other two, 

218. Corollary 3. — The sum of the two acute angles of 
a right-angled triangle is equal to one right angle ; i. e., 
they are complements of each other. 

219. Corollary 4. — If the angles of a triangle are 
equal each to each, any one is one-third of two right an- 
gles, or two-thirds of one right angle. 



PROPOSITION II. 

220. Theovem.-— The sides of a triangle sustain the 
same general relation to each other as their opposite an- 
gles; that is, the greatest sids is opposite the greatest 
angle, the second greatest side opposite the second greatest 
angle, and the least side opposite the least angle. 

Demonstration. 

Let ABC be any triangle having tlie angle C greater than B, and B 
greater than A. 

We are to prove that AB opposite C is the 
greatest side, AC opposite B the next greatest, 
and BC opposite A the least. 

Circumscribe a circle about the triangle (161). 

If the triangle is acute-angled, the are meas- 
uring any angle is less than a quarter of a circum- 
ference (191). 

Now the angle C being greater than B, the 
arc c is greater than arc b (?). Hence, the chord Fig. loa. 

AB is greater than the chord AC 
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In lika maimer, the angle B bdng greater than the angle A, the are 
i U greater than arc a (t). Benee the chord AC is greater than the 
chord BC. 

If the triangle haa one right angle, as C, Fig. 110, thia angle ia 
meaanred by J the aemi-ci renin lerence AeB, and inicribed in the aenii- 
dreom&nDce AOB. Hence the order of magnitude of the area is itiU 
e > » > a (?>, and of the aidea AB > AC > BC. 



If any angle or the triangle, aa C, is obtuse, Pig, 111, this an^aia in- 
scribed in a B^ment leea than a semidrcle (192), whence this arc ACB is 
leas than a aemi-circtunibrence, and greater than eitlier o or A, aa it is their 

Hence the chord AB ia greater than either AC or BC (t). 
Thus we have shown that in all caaes, the order of magnitude of the 
angles bdng C > B > A, the order of m^oitode nf the aidea ia 
AB > AC > BC. 4. B. D. 

221. COBOLLAHT 1. — ConTersely, The order of the mag- 
aitades of the sides being AB > AC > BC, ihe order of the 
mainUudes of the angles is C > B > A. 

[Iret the atudent give the demnnatration in 

822, COKOLLART 2. — ^n equiangu- 
lar triangle is also equilateral ; and, 
conversely, an equilateral triangle is 
equiangular. 

Thtis, if A = B = C, area =arcJ = arce, p. „j^" 



lOS EhMMEmA^BT GSOMBTRT. 

■nd, oonieqaently, chord BO = cliord AG = chord AB. Converael;, if 
the cborda mre eqnsl, the am ve, ud hence the uglei mbtended by 
these uca. 

583. OoBOLLAAT 3.— /» on jMteeU* triangle the angle* 
opposite the equal aides are eipuU ; and, 
conversely, if two angles of a triangle 
are equal, the sides opposite are equal, 
ai%d the trian^ is isoeeeles. 

Thus, if AB = BC, arc a = arc « ; ud bence, 
angle A, meaanred bj ^ a. = angle C, meanued 

OonTenely, if A = C, arc • = aiC e; and 

hence chord BC = chord AB. Fl|. 111. 

584. BcBouoM.— It should be obeerred that the propoaitiMi girw 
only the general relation between the angles and udea of a triangle. It i> 
not meant that the sides are tit ihe §am« ratio 

as their opposite angles : this is not trtw. 
Thns, in Fig. 114, angle C is twice as great as 
angle A ; bnt side e is not laiM as great as side 
a, althoogh it m ffrraler. Trigononietrj dia- 
cnrera the taaet relation whicli exists between 
the sides and angles. ' ^ , ,,4 



f 



PBOFOSITION III. 

226. Theorem. — If from any point within a triangle 
lines are drawn to the extremities of any side, the included 
angle is greater than the angl-e of the 
triangle opposite this side. 

DBHONEITItATION. 

Let ACB be any triangle, any point with- 
in, »n4 OB and OA lines drawn from this point 
to the extremities of AB. 

We are to prove that angle AOB > angle 
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(STcnmieribe a drcle tbmt the triangle (181)i uid prodnce AO tad 
BO till they meet the clrCDmfeience. 

Now ACB is meMtued bj }AiiB (191); but AOB is meamired bj 
)(AnB + E«0) (193). Hence, AOB > A08. «. ■■ d. 



S26. An Exterior Angle of a triangle is nn angle formed 
by uiy aide with its adjacent side produced, as CBD| Fig. 116. 



PROPOSITION IV. 

587. Theorem.— ^»^ exterior angle of a triangle is 
ecptal to the sum of the two interior non-adjaeent angles. 

DBMOKaTBATION. 

Let ABO be ■ triangle, and C8D be an ex* 
tarior angle. 

We are to proYe that CBO = A + C, 

ABC + CBD = a straight angle (1). 

But ABC + A -I- C = a stnight angle (!). 

Heoce, ABC -f- CBO = ABC + A + C (?). 

Hence, snbtractiDg ABC from each member, ^. 

CBD = A -I- C. q. ■. D. 

588. OoBOLLART. — ^tker angle (>f a triangle not odfo- 
cent to a gpeeified Exterior angle, is eqicnl to the differ- 
ence between tfUa exterior angle and the other non- 
adjaeeni angle, 

Thtu, riBoa OBD = A + 0, 

by traaqxtrition, CBD — A = O, 

and CBD - = A. 
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OF QUADRILATERALS. 

829. A QnadrUaA«ral ia s plane rarface incloeed by/twr 
right lines. 

S30. There are three CUutea of qaiidrilatentls, viz., TVopt- 
tittnu, l^apezoida, and Parallelograms. 

231. A Trapezium ie a quadrilateral which has no two 
of its Bides parallel to each other. 

232. A Trapezoid ia a quadrilateral which has bat two of 
its aides parallel to each other. 

233. A Parallelogram is a quadrilateral which has its 
opposite udes parallel 

234. A Beetang:le is a parallelogram whose angles are 
right angles. 

235. A Square ia an equilateral rectangle. 

236. A Rhombus is an eqailateral parallelogram whose 
angles are oblique. 

237. A Rhom- 
boid is an oblique- 
angled parallelogram 
two of whose sides 
are greater than the 
other two. 

III. —The flgares in 
the mar^n on; all qoad- 
rilaterala. A is a trnpe- 
zinm. (Wb;?) Biaa 
tnpeadd. (Wby!) C, 
D, E, and F are paral- 
lelograms. (Why?) O 
and E are rectangles, 
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■Itbongh D is tlie Tonn uBiiall; referred to by the term rectangle. So C 
ii the form Bsually referred to when ■ puvllelogrtm is Bpokeri of, without 
sajing what kind of a parallelogram. C is also a rhomboid, (Why t) 
Eisaaqiura. (Why() F i» a rhombuB. (Why!) 

838. A Diagonal ia a line joiiiing the vertices of two non- 
consecatiTe angles of a fignra 

839. The Altitude of a parallelogram is a perpendicalar 
betveen its opposite sides ; of a trapezoid, it is a perpendicular 
between its parallel sides ; of a triangle, it is the perpendicular 
from any vertex to the aide opposite or to that side prodnced. 

840. The Bases of a paralleloftram, or of a trapezoid, are 
the sides between which the altitude is oohceived as taken ; of a 
triangle, the ba» is the side to which the altitude is perpendicular. 



PROPOSITION V. 

841. Theorem. — 2%« sum of the angles of a quadri- 
lateral is four right angles.* 

DXXOKSIBAXIOK. 

Let ABCD bo any quadrilateral. 

We are t^ prove that 
DAB + B + BCD + D = 4 right angles. 

Draw either diagonal, as AC. 

The diagonal divides the quadrilateral 
into two triangles, and the anni of the an- 
^es of the two triangles is the same as the Fig. lis. 

ram of the angles of the qoadrilateral, since 

BOA + ACD = BCD, 
■nd BAC -I- CAD = DAB. 

Bnt the Bnm of the angles of the triangles is four right angles {?). 
Hence the enm of the angles of the qoadrilateral ia four right angles. 



XLEMEXTART QSOMSTBT. 



PB0P08ITI0N VI. 



248. Theorem. — The opposite a»£lea of any quadri' 
lateral which can be inscribed in a circle are eu-pple- 
mentary. 

DKMONBTEATIOir. 

Let ABCD be any InMrfbod quadri I ■toral. 

We are (o prove tliat 

A + = a right angles, 
and also that D -l- B = 3 right angles. 

A ia measured by } the arc DCB, and by f 
the arc BAD. 

Hence, A+C is meaaored bj ^(DCB+BAD), 
that is, by a semi-circumfwence, and is therefore 
2 right angles (190). H, B. D. ^*t- "*■ 

In like manner, B + O is measured by ^(ADC + CBA), and bence is 
2 right angles, q. s. d. 



PEOPOBITION VII, 

adJacervB angles of a paraUelo- 
znd the opposite angles are equal 



ONSTBATION. 
ram. 
We are to prove, 1st. That A + B, or 
B + C, iir C + D , or D + A Is 9 right 
angles; and 2d. That A = C and O = B. 

Ist. ffince, by definition <333), AD is '"'«' ""■ 

parallel to BC, and the tnmsreraat AB cuts them, the sum of the two in- 
terior angles on the same side, that is, A-fB, is 2 right angles (1S5). ' 

In like manner, B+C is two right angles, since the; are the interior 
angles on the same side of the transversal BC which cuts the parallela AB 
and DC. 
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In the flMpeway, C+D, or D+A maybe shown equal to 9 right 
angles. 

Henoe tlie .eam of any two acQacent angles of a parallelogram is 9 
ri|^t angles. ^ b. d. 

2d4 A-fB=B4*C, since each snm is 2 right angles, by the pre- 
oeding pari of this demonstration. 

fience, subtracting B from each member, we have A = C. 

In a similar manner, we may show that B = D. 

Beace, either two opposite angles are equal to each other. %. & n. 

244. GoBOLLABY l.—The two angles 
of a trapezoid a^ncent to either one 
of the two aides not parallel are sup" 
plementaZ. Fig. 121. 

[Let the student show why.] 

S46. GoBOLLABT 2. — If one angle of a paraUdogrant is 
right, the others are also, and the figure is a rectangle. 




PROPOSITION VIII. 

84& Theorem. — Gonyerady to the last, // three consec- 
utive angles of a quadrilateral are such tha^ the first 
a^nd the second, a^nd the second and the third are sup^ 
plefnental, or if the opposite angles are e(jfual, the figure is 
a poitaJlelogram. 

Dbmonsibatiok. 

Lot ABCD be a qiiadrllalerai having D and A, and A and B supple- 
mairtal, or having A = C and D == B« 

We are to prove that, in either case, 
the figure is a parallelogram. 

1st. If we have D and A, and A and B 

supplemental. Fig. 122. 

Since the trsnsvasal AD cuts the lines 
AB and DC, making A 4- D = 2 right angles, the lines AB and DC are 

parallel (136). 




Fig. P2. 
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Agun, for « like reuoD, sbce A -f B = 2 ligbt u^ee, AD ud BO an 
parallel. 

Heace the opposite sides of the quad- 
rilateral are parallel, and the figure is a 
parallel(^;ram (il33>. 4- k. »• 

2d. If A = C, and D = B, adding, ' 
we have 

A + D = C + B. 
Bat A + D + C + B = 4 right angles 

Boiee, Biibatitatiiig, we have 

A-t-D + A + D = 4 right angles (!), 
or 8 (A -1- 0) =4 right aisles, 

ta A + D = A+B(?> = 8 right aDglea, 

and tlK figure is a paralletogmm b; the former port of the demonstratioiL 

4t.S. S. 



PBOPOSITION IX. 

847. Theorem. — If two opposite aides of a quadriloA- 
crtA are equal and parallel, the figure is a parallelogram. 

Deuosstbatioh. 

Lai ABCD, In (a), be a quad- 
rilataral having tht aidts AB and 
DO equal and parallel. 

We are to prove that AD and 
BC are parallel, and hence that 
the figure is ■ pHrallelogram. 

Draw the diagonal AC. 

Th«i, by fcason of the paral- 
lels AB and DC, the angles BAG 
and DCA are equal (I) 

ConeeiTe the qnadrilateral di- 
vided in this diagonal into two 
triangles, as In (^ 

Reverse the triangle ACB and 
place it as in (e). Since AC of Fi|. 123. 

the triangle ADC = CA of the 
triangle ABC, CA may be placed in AC, as in (e). 
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Now revoln Qie triangl« OBA on GA m itn t3\». fflmw, u we hava 
shown, tbe angle BAC = uigle DCA, BA will take the direction CD, and 
bdng equal to It, bj bjpotheBiB, B will All in D, and tbe angle BCA oo- 
inddes with and la equal to DAC. 

But In (a) tbe angles BCA and DAC an alternate tnterinraogkainacle 
by tbe tnuisTenal AC cutting AD and BC. Hence AD and BC are piiral- 
lel, and aa AB and DC are parallel by hjputberia, tbe qnadrUateral is a 
paiallelt^ram (833)' 4.B.D. 



PBOPOSZTiaN X. 

848. Theorem. — // the epponie sides of a quadrilat- 
eral are equal, Uie figure is a parallelogram. . 

Dexonsthattott. 
Let ABCO, (a), be a quadrilateral, haviag AD = BC and AB = DC, 

We an to prore ttiat ABOD 
is a parallelogram, i, e., that 
AB is parallel to DC, and AD to 
BC. 

Draw tbe diagonal AC, and 
cmceive tbe quadrilateral di- 
vided in this dii^nal into two 
trianglea, aa in (&). 

Rererse the triangle ABC, 
and place it as in ie). Since 
AC of the triangle ADC equals 
CA of the triangle ABC, CA 
ma; be placed in AC, as iil (e). 

Draw DB, interwcting CA 
(or CA produced), in O. 

As CD = AB, and AO = Fig. 124. 

CB, by bjipotheris, the line AC 

has two points each equally distant fVom the cstremides of DB, and AC 
and DB are perpendicular to each other (98)- Uoreorer, since AB and 
CD are equal oblique lines drawn ftom the same point in the perpendic- 
alar to tbe line DB, angle BAC = angle DCA (SB, 110, 2d). 

Now in (a), at angles BAC and DCA are the alternate interior angles 
made by the transrenal witb the lines AB and DC, the latter are paraUeV 
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isd u the; ue equal b; hjpotbeais, the qnadril stent is % pamllelogTain 
\s3 Um iast proposittaa. 4. ■. d. 

S49. Corollary. — A diagonal of a parallelogram di- 
vide* it i^tto two equal triangiea. 



PROPOSITION XI. 

260. Theorem. — Convereelj to the last, The opposite 
tid€S of a paraUeioigrami <xre equoL 

DSHONSTRATION. 

L«t ABCD Im ■ parattelogram. 

We ue to pron tbat AD = BC, 
and AB = DC. 

AD and BC b«ng panlld treiHTer- 
Mdfl ntUn;r the parallels AB and DO, ttieir 
latercepted portioiiB, which tre the oppo> ^'■' '"■ 

ilte fidsi of the panllelt^ram, are equal by (136}- 

F(W a Hke reaKMi, AB = DC. 

Hence, AD = BO and AB = DO. Q. CD. ' ' 



PROPOSITION ZII. 

281. Theorem. — I%e diagonals of a parallelogram, 
Haeot each other. 

DEUONSTBA.TIOM. 

Lat ABCD be a parallelognm whota 
diagonal* AC and DB Inteneet in Q. 

We are to prore that AQ = QC, and 
DQ = QB. 

Angle QDC = angle QBA (?), angle 
QCD = angle QAB (t), and DC = AB (?). Fig. lU. 

For dlBtinctneH, let Q' represent the vertex at Q of die triangle DQC. 

Now apply the triangle AQB to DQ'C. placing the side BA inits equal 
DC, irith tiio extremity B in D. aad A in 0, and the TBrt«x Q on the same 
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ride of DC that the rertez Q' u, uid tbe biiingles vill coincide. For, 
mux angle QA8 = angle Q'CD, AQ will take the direction CQ', and the 
Tettex Q williall somewhere in tbe line CQ'. In like manner, bj reaBon 
of tbe eqwtli^ of angles QBA and Q'DC, tbe yeiiex Q will fall in DQ'. 
Hence the vertex Q of the triangle AQB lalliDg at the same time in CQ' 
and DQ*, falls at their intersection. 

Hence, aa these triangles coincide, AQ = Q'C, and DQ' = QB; that is, 
AQ = QC, and DQ = QB. 4. B. D. 



PROPOSITION XIII. 

252. Theorem.— 2%* diagonals of a rhamhits bisect 
e€tch other at right angles. 

DEUOKBTKA.TtOH. 
Let ABCD be a rhombu*, and AC and DB it* diagonal* interMotinfl 
atQ. 

We are to prove that DB and AC are per- 
pendicular to each other. 

Since AB = AD, and CD = CB (}>, the 
line AC has two points, A and C, each eqaally 
distant fhitn tbe extremities of DB. Hence AC 
ia a perpendicalor to OB at its middle point Q 
C98>. «.it.i.. "'■"'• 

In like manner, DB ma; be shown to be peipendicnlar to AC at ita 
middle point. 4. b. d. 

253. G0BOLLA.RT. — The diagonals of a rhombus bisect its 
angles. 

For, rerolve ABC upon AC as an axis, and it will coincide with ADC, 
Hence angles A and C are bisected. In like manner revolTC DAB wpon 
DB, and it wiil coincide with DCB. Hence, D and B are bisected. 



PEOPOSITION XIV. 
254. Theorem.— The diagonals of a rectangle are 
equal. 
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Demokstbation. 

Let AC and DB be the diagonals of the reotangle ABCD. 

We are to prove that AC =s DB. 

Upon AC as a diameter describe a circle. 

Since ADC and ABC are right angles whose 
sides intercept AC, they are inscribed in the cir- 
cumference of which AC is a diameter (198X 

Again, since DCB is a right angle and is in- 
scribed, DB is a diameter (?X 

Hence AC and DB, being diameters of the same p. ^^ 

circle, are equal. ^ e. d« 

266« CoBOLLABT. — Conversely, If the diagonals of a par- 
allelogram are equal, the figure is a rectangle. 

By (351) the parallelogram is circumscriptible ; whence, by (192) the 
angles are right angles. 




OF POLYGONS OF MORE THAN FOUR 



256. A Polygmi is a portion of a plane bounded by straight 
lines. 

The word polygon means many-angled ; so that with strict propriety 
we might limit the definition to plane figures with five or more sides. 
This limitation in the use of the word is fteqnently made. 

257. A polygon of three sides is a triangle ; of fonr, a quad- 
rilateral; of five, a pentagon; of six, a hexagon; of seven, a 
heptagon; of eight, an octagon; at nine, a nonagon; of ten, a 
decagon; of twelve, \3k dodecagon. 

258. The Perimeter of a polygon is the distance around 
it, or the sam of the bounding lines. 

259. A Salient Angle of a polygon is one whose sides, 
when produced, can otAg extend ^oithout the polygon. 



260. A Re-entrant Angle of a 

polygon is one whose taAea, vbeu pro- 
dnced, can extend within the polygon. 

IiXTTBTBATiOK.— Id the polygon ABCOEFQ, 
all the angles are aalioit eiMpt D, which ii 



861. A Convex Polygon is a 

polygon which bae only salient anglet. "■• >*■■ 

A polygon is always supposed to be ccoivez, unless the contrary 

is stated. 

268. A Concave or Re-entrant Polygon is a polygon 

with at least one re-entrant angle. 

863. An Equilateral Polygon is a polygon whose sides 
are equal, each to each ; and an Equiangular Polygon is 
a polygon whose angles are equal, each to each. 



PROPOSITION ZV. 

864. Theorem. — !I%e sum of ihe interior angles of a 
polygon is efjual to twice as many right angles as the poly- 
gon has sides, less four right oji^es. 

Dbhonbtsation. 

Let n bo tha numbar oT •Mm of any polygon. 

We are to prove that the sum of its angles 
is n times 3 right angles less 4 right angltt. 

From an; point within, as 0, draw linca to 
the vertices of the laglta. As attaj triimglin 
will then be formed u the polygon has sides, 
that is, n. 

The sum of the angles of the triangles is n 
times S rigbt togles. 

Bat this Bnm exceeds the snm of the angles 
of the polygon hy the sum of the angles aronnd 
the common vertex O, thai is, h; 4 right angles. 
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(lea of the polygon is 

ogles lees 4 rigbt angles. Q. k. d. 

SQtii of tbe angles of a pentagon is 

B - 4 right angles, or right angles. 

a hexagon is B right anglea; of a heptagon, 

266. ScBOLiuxS.— ThupropoaitJooiBeqaallyapplicabletotrianglvs 
and to quadrilaterals. Thns, thu snm of the angles of a triangle is 

8 times 2 right angles — 4 right angles = 3 right angles. 

So also the snm of the angles of a qnadrilateral is 

4 times 3 right angles — 4 right angles, or 4 right angles. 

867. ScHOLiUH 8.— To find the valne of an angle of an equiangular 
polygon, divide the sun of all the angles b; tbe nnuiber of angles. 



PBOPOSITION ZVI. 

368. Theorem. — // one of the sides of a poly!g<m is 

produced (and only one) at each vertex, the sam of the 
exterior angles thus formed is four ri£ht angles. 

DSUOHSTBATION. 

L«t n b* th« number of the aides sf any 
be produoed al each 

hat the nun of Hie ex- 
aed,ai a + b + e+'d, 

rertices then aie tvo 
tnd an exterior one, 
0, is S right angkft 
the exterior and inle- 
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Now, from this sam Bubtracting the sum of the exterior angles, the 
remainder is the sum of the interior angles. 

Bat, by the preceding propositinn, 4 right angles subtracted from n 
times 2 right angles leaves the sum of the interior angles. 

Therefore the sum of the exterior angles is 4 right angles. 4. b. d. 



OF REGULAR POLYGONS. 

269. A BeKolar Polygion is a polygon which is both 
eqnilateral and equiangular (263). 

270. All Inscribed Polyg:on is a polygon whose angles 
are all inscribed in the same circamference. 

271. A Circumscribed Polygon ia a polygon whose 
aides are all tangent to the same circle. The circamference ia 
said to be inscribed in the polygon. 



PH0P08ITI0N XVII. 

278. Theorem. — The ambles of an inscribed equ-iUUeral 
polygon are equal; and the polygoib is legular. 

DehonbtbatIon. 

Let ABCOEF be an inscribed poly- 
gon, having AB = 8C = CD, eto. 

We ore to prove that angle ABC = 
angle BCD = angle CDE, etc. 

The sides of ^ polygon being equal 
chorda, sabtend equal arcs (ISI). 

How any uigle of the polygon is 
measured by ^ the difference between 
the drcnmference and the sum of two 
of theae equal arcs, as angle ABC meas- 
ured by ^ (circumference — arc ABC) Pig. 131. 
- I arc AFEDC. 

Benceall the angles ore eqnal, and the polygon is regular (269)- q. b. s. 
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PROPOSITION XVIII. 

273. Theorem. — A circumference may be circum- 
scribed about any regular polygon. 



Demonstbatiok. 

Let ABCDEF be a regular polygon. 

We are to prove that a circumference can 
be circumscribed about it. 

Bisecting any two consecutive sides, as FA 
and AB, by perpendiculars, as Oa and 0&, pass 
a drcumference through the vertices F, A, and 

B (161). 

We will now show that this circumference 
passes through all the other vertices. 

Revolve the quadrilateral fObk upon Oh as 
an axis until it falls in the plane of CO&B, (A will fall in its equal &B (?) ; 
and since angle A = angle B, and side AF = side BC, F will fall in C. 

Thus it appears that the circumference described from Oi and pass- 
ing through F, A, and B, also passes through C. 

In a similar manner it can be shown that the same circumference 
passes through all the vertices, and hence is circumscribed. Q. b. b. 




Fig. 133. 



PROPOSITION XIX. 

274u Theorem. — A circumference m^ay be inscribed in 
any regular polygon. 

Demonstration. 

Let ABCDEF be a regular polygon. 

We are to show that a circumterence may 
be inscribed in it. 

Let be the centre of the circumscribed 
circumference (273); then the sides of the 
polygon are equ^l chords of this circle, and 
consequently equally distant from the centre 
(150). ri9 134. 
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Now draw the perpendicalars Oa, 0&, Oe, 0(2, etc. These perpendic- 
ulars are all equal, and a circumference struck from as a centre, with 
any one of them, as Oa, as a radius, will pass through &, c, d, etc. 

Moreover, the sides AB, BC, CD, etc., being perpendicular to the 
radii Oa, 0&, etc., are tangents to this circumference, which is therefore 
an inscribed circumference (271)* Q* b. d. 

, 276. Corollary. — The centres of the inscribed and cir- 
'• eumscribed circles coincide. 



276. The Centre of a regular polygon is the common cen- 
tre of its inscribed and circumscribed circles. 

277. An Angle at the Centre of a regular polygon is 
the angle included by two lines drawn from the centre to the 
extremities of a side, as FOA, AOB (Fig. 133). 

278. The Apothem of a regular polygon is the distance 
from the centre to any side, and is the radius of the inscribed 
circle. 



PROPOSITION XX. 

279. Theorem. — The angles at the centre of a regular 
polygon are equal each to each ; and any one is equal to 
four right angles divided by the number of sides of the 
polygon. 

Demonstration. 

Let P be a polygon of n tides. 

We are to prove, Ist. That the angles at the centre are equal ; and 

2d. That any one of them is ^ "g^^ angles 

n 

Ist. Each angle at the centre intercepts one of the equal sides of the 
polygon. But these sides are chords of equal arcs (?). Hence the sev- 
eral angles at the centre have equal measures, and are therefore equal. 

Q. B. D. 
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2d. The sum of all the angles at the centre is 4 right angles (?), and 
as they are equal and n in number, any one is 

4 right angles 



n 



q. E.D. 



PROPOSITION XXI. 

280. TYkeovem.—Any side of a regular inscribed hex- 
agon is equal to the radius. 

Demokstration. 

Let ABCDEF be a regular hexagon inscribed in a circle whose radius 
is R. 

We are to prove that any one of the equal 
sides, as AB, equals B. 

Let be the centre of the polygon, and draw 
OA, OB, etc. 

Now in the triangle AOB, angle is ^ of 4 
right angles, or ^ of 2 right angles (?). 

Whence the sum of the angles OAB and OBA 
is f of 2 right angles (?). 

But the triangle AOB is isosceles, OA and 
OB being radii of the same circle, Hence, each ^9' *^* 

one of the angles at the base is ^ of f of 2 right angles, or )^ of 2 right 
angles. Therefore the triangle AOB is equiangular and consequently 
equilateral (222), and AB = OA = B. Q. s. d. 




281. A Broken Line is said to be Conveoc when a straight line 
cannot be drawn which shall cut it in more than two points. 



PROPOSITION XXII. 

282. Theorem. — A convex broken line is less than any 
broken line which envelops it and has the same extremities, 
the former lying between tlie latter and a straight line 
Joining its extremities. 



BSGULAS POLTaONa. 



Dbmonstbation. 



Let kbedB ba ■ broken line enveloped by the broken line ACDEFB, 
and hiving the Mme extremiliet A and B. 
We are to prove that 

A2«tt < ACDEFB. 

Prodnce the parts of AAcdS till thej I 

meet the enveloping line, as A6 to «, (e to I 

/, and«itu(7. n^oM. 

Now, Aft + J* < AC< 0), "* "* 

leJrif <he +«0E/(;). 
ed + dg <(f +/Fg, 

dB < 4g 4 gB. 

Hence, adding, and eobtivcting comiuon tenns, 

kb + be + ed + dB < kOe + eDE/ + fYg + g^ 
or ABeiB < ACDEFB. 4. e. d. 



PBOPOSITION XXIII. 

3B8. Problem, — To inscribe a circle in a £tven t 
an£te. 

Solution. 

Let ABC be a triangle. 

We are to inscribe a circle. 

Bisfct anj two angles, as A and B (208). 

Fmm the iat«nectiiin of the bisectors, as 0, 
let fall 8 perpendicalar, as OD, 

Then is the centre of tiie inscribed circle, 
and 00 Ma radios. 

Hence a circle described with as a centre 

and OD as a radius will be inscribed. . 

Ftfl. 137. 

Dehohstbation of Solution, 
From let &1I the perpendiculars OD, OE, and OG on the sides. 
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Mow the triangle AOE = AOG (t), BEO= 
BOD (1). 

Hence OD = OE = OG, and tbe circnm- 
fereuce etruck from O as a centre with a radios 
OD, passes chrongb E and 0. 

Uoreover, AC, AB, and BC are perpendicur 
Ur Ui tbe radii OG, OE, and OD reepeclively, 
and bence are tangents to the circle. 

Tberefore the circle is inscribed in tbe 
triangle. 4. b. p. 



PBOPOSITION ZXIV. 

264. Problem. — In a given eircle to inscribe a sqwan, 
and hence a regular octagon, and then a regular polygon 
of 16 sides, etc. 

'Ijet tbe papil give tbe solntion and demonstration,] 



PROPOSITION XXV. 

286. Problem. — In a given circle to inscribe a regular 
hexagon, /uul hence an eqitUateral triangle and a dodec- 
agon. 

[Let tlw papil give Vbt stintiim.] 



PROPOSITION XXVI. 

2B6. Problem.— To cireu-mscrihe a .«ptare alioai a- 
given circle. 

[Let the pupil give tbe solution.] 
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FEOPOSITION XXVII. 

287. Problem. — To circamscribe an equilateral trU 
angle about a circle. 

[Let the pnpil give the Bolalion.] 



PKOPOSITION XXVIII.. 

288. Problem. — To eireumscribe a regular hexagon 
about a given circle. 

[Let the pnpil give the wlatton.] 



289. QuBKT. — Given any regatar inscribed polygon, how ie 
the regular oircnmsoribed polygon of the same number of sides 
constracted P' 



EXE RC ISES. 

290. 1. Given two angles of a tri- 
angle, to find the third. 

SuGGEsnoNa.— The student shonid draw 
two angles on the blackljoanl, as a and h, and 
then proceed to find the third. The figure 
will sog^^t the method. The third angle 
ia e. 

The solution is effected also b; con- 
stmctjng the two given angles at the extreiu- pig. ija. 

ities of an; line, and producing the sides tilt they meet (?). 

2. What part of a right angle is one of the angles of an equi- 
lateral triangle? From this fact, how can yon obtain an angle 
equal to ^ of a right angle ? 

3, Two an^B of a triangle are respectively | and J of a right 
tn^fk Wlni is t^ third angle P 
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i. The Bngle8 of a tmagle are respectively {, |, and f of a 
right angle. Which ia the greatest aide? Which the least? 
Can you tell the ratio of the sides ? 

5. What is the valae of one of the equal angles of an isosceles 
triangle whose third angle is } of a right angle ? 

6. Two conseontive angles of a quadrilateral are respectiTely 
I and } of a right angle, aDd the other two augles are miitnaU; 
equal to each other. What is the form of the qnadrilatend ? 
What the value of each of the two latter angles ? 

7. One of the angles of a parallelogram is f of a right angle. 
What are the values of the other angles? 

8'. The two opposite angles of a quadrilateral are respectively 
}and I of a right angle. Can a circumference beoiicamscribed? 
If so, do it. 

9. Two of the opposite sides of a quadrilateral are psniillel, 
and each is 15 in length. What is the figure ? Do these facts 
determine the angles F 

10. Two of the opposite sides of a quadrilateral are 12 each, 
aKd-4ihe other two 7 each. What do these facta determine with 
reference to the form of the figure ? 

is the value of an angle of a rt^ar dodecagon ? 
is the sum of the angles of a nonagon ? What is 
one angle of a regular nonagon ? Of one exterior 

is the regular polygon, one of whose angles is 1^ 

? 

is the regnlar polygon, one of whose exterior angles 
it angle ? 

15. Can you cover a plane surface with equilateral triangles 
without overiapping them or leaving vacant spaces ? With 
quadrilaterals? Of what f onn P With pentagons? Why? 
With hexagons? Why? What insect puts the latter fact to 
practical use ? Can yon cover a plane surface thus with regnlar 
polygons of more than 6 sides ? Why P 



BXERCISES. 



THEOREMS FOR ORIGINAL INVESTI- 
GATION. 

[It is quite de«rable thftt stndtmts have eseMlse, early iu their conne, 
In the original demooBttation of theorems. Thnse wliich are given iu this 
and the following lists are not euob bb ore eeeential to the Integritj of an 
elementary couiae, and pupUs may be encoumged to demonstrate more or 
less of them, aa thair time and ability will allow. But all shonld do some 
such work — it Is the true tegt of mathematical ability and attainment.] 

291. 1. Theorem. — The least chord that can be drawn 
through a point within a circle is the chord which is per- 
pendicular to a diameter passing through the same point. 

8. Theorem. — The shtjrtest distance from, a point 
without a circle to the circumference is measured in a 
line which passes through the centre. 

3. Theorem. — The sum of the angles formed hy pro- 
diccing the alternate sides of any pentagon is two right 
angles. 

4 Theorem. — Prove that the sum 
of the angles of a triangle is two right 
angles, by producing two of the sides 
about an angle, and through the vertex 
of this angle drawing a line parallel to 
the third side. 

Prove the same by producing one 
side of the triangle, and drawing a line 
through the vertex of the exterior angle 
parallel to the non-adjaeent side. 

Fig. 139. 

6. Theorem* — rf AB is any chord, AC a tangent at A, 
and CDE a line parall-el to AB and cutting the circumfer- 
ence in D and E, the triangles AGO, CAE, and ADB are 
mutually equiangular. 

6. Theorem. — if from any point in the base of an 
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isosceles triangle lines are drawn parallel to ^Cr-^qual 
sides, a parallelogram is formed whose perimeter is equal 
to the sum/ of the equal sides. 



♦ •» 



^^^irctfoM Y!tt 



OF EQUALITY. 

292. Equality signifies likeness in everj respect. 

293. The equality of magnitudes is usually shown by apply- 
ing one to the other, and observing'that the two coincide. 



OF ANGLES. 



PBOPOSITION I. 

294. Theorem.— 5^o angles whose corresponding 
sides are parallel, and extend in the sam^e or in opposite 
directions from their vertices, are equal. 

Demonstbation. 

First. In (a) and (a')^ let B and E be two 
angles having BA parallel to ED and extending in 
the same direction from the vertices, and also BC 
parallel to EF and extending in the same direction 
from the vertices. 

We are to prove that angles B and E are equal. 

Produce (if necessary) either two non-parallel 
sides, as BC and ED, till they intersect, as in H. 

ABC = DHC (?), 

and DHC = DEF (?). 

Thereibpe^ ABC = DEF. Q. B. d. 




Fig. 140. 



s^BAUTT or ATfaLBS. 

Second. In (A) and (6'), M W and E' have 
B'A' parallel to E'F', but axtending In an oppo- 
■Ite direction from the verlioe* ; and In like man- 
ner B'C parallel to, but extending in an oppoeite 
direction from E'O'. 

We are to prore tbst B' and E' are eqtuJ. 

Produce (if oecesaary) citber two nnu-puallel 
sides, S8 A'B' and E'O', till th^ meet in some 
point, 08 H'- 

D'H'B' = D'E'F p), 
nnd D'H'B' = ABC' (t). 

Therefore D'E'F' = A'B'O' (?). * B. d. 



PROPOSITION II. 

295. Theorem.— TVtfo angles having their eorres- 
pondin^ sides parallel, while two extend in the same 
direction, and the other two in opposite directions from 
the vertices, are supple/nental. 

DBH0N8T&A.TI0K. 

Let ABC and DEF.be two 
angles whoH oorreaponding 
sidei BA and EF are parallel 
and extend in the same direc- 
tion from B and E, while BO 
and ED extend in opposite 
direotfons from the vertioea. 

We are to proTe that ABC 
and DEF are sappletnental. 

Produce one of the two '^'■- '"■ 

sides liBviiig opposite directions, as DE to H, in the same direction from 
the vertex that BC extends. 

Now DEF is Hupplemental to FEH (1). and FEH is equal to ABO (t) 

Therefore, DEF and ABC are snpplemeatal. q. k. D. 
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PBOPOSITION III. 
296. Theorem. — If the sides of one angle are perpeTtf 
^ieuLar respectively to the sides of ajiother, the angles are 
either equal or supjAemental. 

Demonbtbatioh. 

Lat ABC be any angle and DE 
and FH be two line* drawn through 
any point 0, DE being perpendicular 
to BC and FH to AB. 

We are to piaw that of the four 
angles FOO, POH, etc, two are 
equal to ABC, and two are aapple- 

Draw BS bisecting ABC, and 
from any point in this tueector, as L, 
draw LM and LN, reapect^Tely paral- 
lel to DE and FH. 

Now, in the qaadrilateral LNBM, the suni of the four anglee is fonr 
sgbt angles (266) ; and, as LNB and LMB are right angles (!), NLM and 
NBM (or ABC) are supplemental. 

But NLM = FOD (!) = HCE (!). 

Therefore two of the four angles FOD, DOH, etc, namely, FOD and 
HOE, are supplemental to ABC. q. s. D. 

Finally, FOE and DOH are supplements of FOD and HOE (?) and 
hence equal to ABC. (t. K. D. 

897. SoHOLruM.— To determine whether the- angles ate eqnal, or 
whether they are supplemental, we may consider one angle as moved 
(if necessary) till its vertex falls in the bisector, its sides remaining 
parallel to their first portion. Then, if both sides of one angle extend 
towards, or both extend IVom the sides of the other, the angles are sup- 
plemental, otherwise they are equal. 



OF TRIANGLES. 



PB0PO9ITION IV. 

298. Theorem. — 3Vw triangles which have two sides 
and the included angle of one equal to two sides arid the 
included angle of the other, each to each, are equal. 
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Dbhohstration. 

Lot ABO md OEF be 

two trianglu, having AO 
= OF, AB = DE, md angle 
A = angle D. 

We are to prove that 
the triangle! are eqnal. 

Place the triangle ABC 
ID the poBition (6), the aide 
AB in its equal DE, and 

the angle A adjacent to its '*' 

eqoal angle D. 

Then reTolring ABC upon DE, nntil it falls in the plane od the oppo- 
tdte aide of DE, since angle A = angle D. AC will take the direction DF; 
and as AC = DF, C will fall at F. Hence BC will fall in EF, and the 
triangles will coincida Therefore the two triangles are equal. ^ b. D. 

299- ScHOLnm 1. — We may also make the application of ABC *» 
OEF directly. The metliod here giren is used for the purpose of uni- 
formity in this snd the following. We may observe that in tbie, aa in 
the other cases, DB is perpendicalar to FC, and bisects it at O. 

300- Scholium 3.— This proposition signifies that the two triangles 
are egyal in oil retptttt, i. e., that the two remaining sides are equal, aa 
CB ^ FE; that angle = angle F, angle B ~ angle E, and that the 
areas are eqtiitl. 



PEOPOSITION V. 

301. Theorem. — Two triangles which hava two angles 
and the included side of the one equal to two angles and 
the included side of the other, each to each, are equal. 



Demonstbation. 

I two trlanglea, having 
S = side DE. 

:« to prove that the triangles are equsL 



Let ABC and OEF be two triangles, having angle A = angle D, angle 
B = angle E, and aide AB = side DE. 



tSl MLUMSXTAItr asoMBTsr. 

Place ABC in the po- 
rtion (b), the ude AB in 
its equal DE, tbe angle A 
sdjac«nl: to iU equal angle 
D, and B adjaceDt to its 
equal angle E. 

Tten TeTolving ABC 
upon DE till it falls in the 
plane on the same aide as 

DFE, eiifce angle A = Fig. I4S. 

angle D, AC will take the 
direction DF, and will fell somewhere in OF, or DF produced. 

AlAo, »nce angle B = angle E, BO viiW take tiie direction EF, and C 
will fall Bomewhefe in EF, or EF produced. 

Hence, as C falls at the same time in DF and EF, it fiilla at their in- 
tersection F. Therefore the two trianglea coincide, and are conseqaently 
equal, q. B. D. 

308. CoEOLLAKY. — If orie triangle has a side, its oppo- 
site angle, and one adjacent angle, equal to the correspond' 
ing parts in another triangle, the triangles are equal. 

For tbe third angles are equal to each other, since each is the sapple- 
ment of the sum of the ^ven angles. Whence the case is iucladed in the 
proposition. 

303. ScHOLiDv. — A triangle ma; hare a side and one adjacent angle 
equal to a mde and an adjacent angle in another, and the second adjacent 
angle of the first equal to the angle oppo^U the equal rade in the second, 
and the triangles not be equal. Thus, in the figare, AB = C'A', A = A', 



and B = B': but the trianglea are evidently not equal. [Such triangles 
are, however, rinNlor, as will be shown hereafter.] 
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PEOPOBITION VI. 

304. Theorem, — Ttvn triangles which have two sides 
and an angle opposite one of these aides, in the one, equal 
to the corresponding parts in the other, are equal, if of 
tJiese two sides the one opposite the given angle is equal to 
or greater than the one adjacent. 

Demonstration. 

In the Manglet ABC and DEF, let AC =: DF, CB =a FE, A = D, and 
CB {= FE)> AC (= DF). 

We oro to piove tbat 
the triaaglea ere equsl. 

Apply the tiinngle 
ABC to DEF. placiag AC 
in iUeqoal DF, tlie point 
A falliDg at D, and C at 
F. 

Bince A = D, AB 
will take the direction 
DE. 

Let bll the perpen- 
ilicalar FH npon DE, or p. ,^j 

DE produced. 

Now, CB being ~ DF, canaot fait between it and the perptiadienlar, 
but must fall in FD or beyond both (?). 

But CB cannot fall in FD, nnce it is a diGferent line from CA. 

A^in, as CB = FE, and both lie on the same side of FH, the; mnat 
coincide (114)- 

Hence, the two triangles coincide, and are consequently equal. 

(t. B. D. 



PBOPOSITION VII. 

306. Theorem.^ rffo triangles which have the three 
sides of the one equal to the three sides of the other, each 
to each, are equal. 



18« sleuhntarf geomktrr. 

Demonstkahoh. 

L«t ABC and DEF be 

two Irianflles, in whioh AB 
= DE, AC = DF, and BO 
= EF. 

We aie to prove that 
the triatigles are equal. 

Place the triangle ABC 
in the portion (A), with 
the longest side, AB, in its 

equal, DE, bo tliat the Pi ^^^ 

other eqaal side§ shall lie 

a^Bcent, ae AC adjacent to DF, and BC to EF. Draw FC cutting 
DE in 0. 

Now, since AC — DF, and BC = EF, DE is perpendicniar to FC at 
its middle point (?). 

Hence, revoWinj; ABO upon DE, it will coincide with DEF when 
brought into the plane of the latter, since 00 will fall in OF (!) and ia 
equal to it. 

Therefore the two triangles coincide, and hence are equal. <t. b. d. 

306. CoROLlfA-BY, — In two equal triangles, the equal an- 
gles lie opposite the equal sides. 



PROPOSITION VIII. 

307. Theorem.— //iMJo triangles have two sides of the 
one respectively equal to two sides of the other, and the 
included angles unequal, the third sides are unequal, 
and the greater third side belongs to the triangle having 
the greater included angle. 

Desonstbation. 

Let ABC and DEF be two triangles having AC = DF, CB = FE, 

andC> F. 

We are to prove that AB > DE. 
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Hake the angle ACE = DFE, 
take CE = FE, and draw AE. 
Tbea is tbe triangle AOE = DFE, 
and AE = DE. 

Bisect EOB with CR 

Nov mnce angle DFE = AOE 
< ACS bj lijpothesU, CE lUla be- 
tween CA and C8,' and CH will 
meet AB in some point, aa H. 

Draw HE. 

The triangl«e HCB and HCE 
baye two aides and the inclnded 
angle of the one, eqnal to the cor- 
responding parta of the otliei, 
whence HE = HB (t). Fig. I4>. 

Now All + HE > AE 

but AH + HE = AH 4- HB = AB. 

Therefore, AB > AE, or AB > DE. q. B. D. 

308. OoBOLLABT.— Conversely, If two aides of one tri- 
angle are respectively eqital to two sides of another, and 
the third sides are unequal, the angle opposite this third 
side is the greater in the triangle which has the greater 
third side. 

That ia, if AC = DF, OB = FE, and AB > DE, angle > ai^le F. 
For, if C = F, the triangles would be equal, and AB = DE (298) ; and, 
if C were less than F. AB woald be leag than DE, by the propoiritiiHi. 
But both these coDCloBions are contrary to the hypothesis. HoDce, as C 
cannot be equal to F, or le«a than f , it must be greater. 



PROPOSITION IX. 

309. Theorem. — Two right-angled triangles whieh 
have the hypotenuse and one side of the one equal to the 
hypotenuse and one side of the other, each to each, are 
equal. 
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Demonstration. 

In the two triangles ABC end DEF, right-angled at B and E, M AC = 
DF, and BC = EF. 

We are to prove that the 
triangles are equal. 

Place FE in its equal CB, 
with FD on the same ude of 
OB tbat AC is. 

Then, since two equal 
obliqae liuea cannot be drawn 
from C to AB on the same «de 
of CB, FD will coiucide with 
CA, and DE with AB (?) 

Hence the two trianglee Pig. 150, 

are equal, as they coincide 
tbTooghoat when applied (292. 293). q,. a d. 



PROPOSITION X. 
310. Theorem. — Two right-angled triangles having 
any side and one acute angle of the one equMl to the 
corresponding parts of the other are equal. 

DmOKSTBATtON. 

One acute angle in one trlangte being equal to one in the other, the 
other acute aagie*^ are equal, since thej are complements of the same 
tmg^ ^18)- The case then foils under (301). 



EXERCISES. 

ExEBCisB 1. Giren the sides of a triangle, as 16, 8, and 5, to 
conatract the triangle. 

Ex. 3. Given two sides of a triangle, = 20, i = 8, and. the 
angle B opposite the side b equal ^ of a right angle, to coiwtract 
the triangle. 



DETBBMINATION OF TRIAyGLBS. 139 

Ex. 3. Same as in the preceding example, exoept h :=: 12. 
Same, except that & == 25. 

Ex. 4. Construct a triangle with angle A = f of a right 
angle, angle B = ^ of a right angle, and side a opposite angle 
A, 15. 

Ex. 5. Construct an isosceles triangle whose rertical angle 
is 30^. 

Ex. 6. Construct a right-angled triangle whose hypotenuse 
is 12 and one of whose acute angles is 60^. 

Ex. 7. Construct an equilateral triangle, and let fall a per- 
pendicular from one vertex upon the opposite side. How is this 
angle divided ? How many degrees measure the angle between 
the perpendicular and one side ? 



THE DETERMINATION OF POLYGONS. 

311. A triangle, or any polygon, is said to be Determined 
when a sufficient number of parts are known to enable us to 
construct the figure, or to find the unknown parts. If two 
different figures can be constructed, the case is said to be 
Ainblgruous. 

312. Since, in such a case, if several polygons .were to be cx>n» 
strncted with the same given parts all would be equal, the condi- 
tions which determine a polygon are, in general, the same as 
those which insure equality (292). Hence, having shown that 
cejrtain given parts determine a polygon, we may assert that two 

\;pol7gons hftving: these parts respectively equal ace equal, excefrt; 
in the ambigooos cases. 

PBOFOBITIOlf XI- 

313. TbeOTem.— v^ triangle is determined in the fol- 
lowing eases : 

L When two sides and the included angle are known, 
II. WTien two angles and the included side are known. 
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ni. When the three sides are known. 

IV. W%en two sides and an angle opposite one of them 
are known. 

(a.) // the known angle is right or obtuse. 

(6.) // the known angle is aeate and the known side 
opposite it is equal to the perpendicular upon the unJcnown 
side; or equal to or greater than the other known side. 

(c.) But, if the known angle is acute and the known' 
side opposite it is intermediate in length between the other 
known siSe and the perpendicular upon the unknown side, 
the case is 4MBieuous, i e., there are two triangles possiMe. 

Dehonstbation. 

The demonstration of this propoeition is effected in the solution of the 
following problems. 



314. Problem. — Given two sides and the included 
angle, to construct a triangle. 

SOLTJTIOK. 

Let A end B be the given (or known) eideehaml ttie given sngto. 

We are to constract a triangle having 
an angle equal to incladed between aides 
equal to A and B. 

Draw an; line, as O'D, equal to either 
of the given sides, as A. 

Laj off at either extremity of O'D, as 
at a, an angle eqaa.1 to (208), and make 
O'E equal- to B, Mid draw ED. 

Then will EO'D be the triangle re- Fig. ai. 

For, if two triangles (or any number) be constructed with the sane 
^des and ioclnded angle, thej will all be equal to each other (288)- 



316. Problem. — Given two angles and the included 
side, to construct a triangle. 



DETERMIKATIHN OF TRIAIfGLSa. 



Let M and N be the two given 
angle*,' and A the given side. 

We are to conatroct a triangle 
hari:^ a nde equal to A and ia- 
claded between the vertices of two 
si^lee equal respecUvelj to M 
andN. 

Draw DE equal to A. At ooe 
eitremitf, as D, make angle FDE = 
M, and«t E make FED = N. 

Then ia OEF the triangle re- 
qaired (?). Fig- IS2. 

QcKBY. — What is the limit of the sum of the given angles ? 



316. Problem. — Given three sides, to construct a tri- 
angle. 

SoLimoN. 

Let A, B, and C be the three given sides. 

We are to construct a triangle which 
shall hare Its three sides reepeclivel; 
equal to A, B, and C- 

Draw DE = A. 

With D ea a centre and a radius 
equnl to B, strike aa arc inteniecting an 
arc struck from E as a centre, with a 
radios C. 

The triangle DEF is the triingle Fjg_ uj^ 

BOOght p). 

317- ScHOLioM.— If any oneof the three proposed sidea ia greater 
than the sum or less than the difference of the other two, a triangle is 
impossible (?). 



318. Problem. — To eonstritet a triangle, having given 
two sides and the angle opposite one ofthenu. 



ELSME.WTASr BEOatBTRr. 



There arv tliKe CBBes. 



When the given attgte in right or obtuae. 

Lst b» tha angto, and A and B 
the tide*, the angls to be opposite 
the side A. 

Coiistra«t angle NDM =. (203), 
and take FO = B. 

From F as ft centre, with A as a 
radius, strike an arc cntting DM in 
E, and draw FE.. 

Then is FDE the triangle sought. 

For it has FD = B. FE = A 
(unce FE is a rftdiDS of a circle 
strack with A a* n radius), and an^lc pig, 154. 

FDE, opprisite FE, equal to O. 

If tbe giren angle were right, the construction would be the n 



CASE (ft). 
When the given angle i* acute, and. Jut, the aide opptndte 
equal to the per/tendictUar u/>oit the unknown utile, and, Hd, 
irA«n the aide opposite is equal to or greater than the other 
given nlilf, 

let. Let A and B be the given afdea I 

and the given angle opposite B. 

Proceed exactly aa in the preceding 1 

. case, but when tbe arc is struck from F 
as a centre with a radius equal to B, 
instead of intersecting DM it will be 
tangent to it, since B = FE is the per- 
penilicnlar, and. a line which is perpen- 
dicalar to a radios at its extremity is 



tangent to the arc (ld6)> 



f ifl. I5S. 



Hil. If the side opposite the given angle in equal to the other 
given aUU, the arc struck from F wif/t it its a radius tolU cut 
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DM at UH equal distance with FD from the foot of tlte perpeti- 
dictUur {?), anti the triangle formed will be iaoteelea (?). 

If the aide opposite is greater tlian tlie other given side, it 
Witt cut MD but once (?) and there vHU be but one triain/le. 



Wlien the given angle ia acute, and tlie given iHtle opposite 
it in tnterttiediate in length between the otiurr fflven siite and 
the perpendicular to the unknown aide. 

Let A and B bs the given >idaa 
■nd the angle oppoilte B, B 
being Intermediate In length be- 
tween A and the perpendicular 
FH on tiie unknown tide. 

Proceed as in the two preced- 
ing cases, but instead of tangency 
we get tieo inteTsections cf DM 
bj tbe arc strack from F with 
radiua B, as E and E', since two 
eqaal oblique lines can be drawn 

(mm F to DM (114), and B being p-^_ ijg^ 

\tm than FD = A, FE will lie 
between FD and FH, and FE' beyond FH (113)- 

Thus we have two triangtea, DEF and DET, each of which ftjlfilla the 
reqoirecl conditions. 

319. ScHOLiUH. — In order that the triangle should be possible, the 
side oppcwdte the given angle must be equal to or greater than the per- 
pendicular upon the unknown side. 



OF QUADRILATERALS. 

The subject of the conditions which detemine a quadrilateral or 
other polygon is quite an important and practical subject, especially in 
nmeying, and we treat the problem of tbe equality of polygons of more 
than three sides in this way. (Bee 312-> 
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PROPOSITION XII. 

SSO. Theorem. — A quadrilateral is determined when 
there are given in their order : 

I. The four aides and either diagonal. 

II. The fou-r sides and one angle, 

III. l8t. Three sides and two inditded angles. 

2d. When the two angles are not both indv/ded between 
the known sides, the case may be ambiguous. 

IV. Three angles and two sides, the unknown sides 
being jiort-paraXlel. 

Dehonstbation. 
CASE I. 

Let a, b, c, d (Fig. 157), be the sides In order, and « Hie diagonil 
joining the vertex of the angle between a and d with the vertex between 
b and c. 

With LO = a, OM = 6, MN = e, NL = d, end LM = «, constmct, b; 
(316), tbe triangles LOM and MNL, on LM u a common ride. 

Tbei) is LOMN tbe qaadrilateral soagfat 



CASE II. 

Let a, b, e, and il (Fig. 158), be the given eldes in order, and the 
angle Inciuded between a and b. 

With the Bame notation aa before, conatmct the triangle LOM by 
(314)iM><l tlieii LMN by (316), and the quadrilateral ie constructed, i e., 
all the parts are foaod. 



DETBBMnrATioir or quadrilatskals. 



L<t a, b, mi e (Fig. IS9) 
b« tha given sidei in order. 

M. Let both the giveti 
angles and M &« Im- 
elttded between the given 
lidet, O being inriuded by 
by a and b, and H by b 
dndc 

OoDBtntct an angle LOM 
= 0, and take OL = a and 
011 = ft. 

Now lay off tbe angle OMN 
= M, and taking MN = e. 
drawLN. Fi,, iw. 

TUen U LOMN the qaadri- 
lateral songbt 

2d. AMBtfiTJOUB Ciaaa. -^ If three sidea and two angles of 
a quadrilateral are given, and both the given anglen are not 
indnded btltteen gUien sides, tbe ease mag be AxBiaroua. 

There ma; be three casea : Ut. When the two given angles are con- 
secntiTe, and one only is included lietween given ddes; Sd. When tha 
given anglea are conaecntiTe, and the ioclud- 
ed aide is unknown ; 8d. When the ^ven 
angles are oppodte. 

E^. 160 qhowa bow an ambignona roln- 
lion njay arise under Case 1. The ^ven 
paita are a, i, e, and angles L and 0. 

Fig. 161 abowB how aucfa solntiona 
may ariM nnder caaea 2 and 8. 



XLBlfENTARr GBOJfSTBT. 



1st. Ztt the three given attglea be6,Vl,auitH, tind,firM, 
let a OMd b be two consecutive given trtdes, 

6iBCe the earn of the angles of a quadrilateral is 4 right angles, and 
0, M, and N are given, the foarth, L, can he found (241). 
[Let the student make the cunstnirtiiin.] 

2d. Let 0, M, and H be tite given angles, ana a ana c the 
given non-consecuHve siden, a and b being tum-paraUel, 
U €., the angles L ana »«»( being supptem^Ual. 

Find the fourth angle by aubtract- 
ing the sum of the three given angles 
ftom 4 right angles. Whence all the 
angles are known. 

Lay off side a and at its extremities 
make LOX = 0, and OLY = L. 

Then draw anj line, Am, making 
the angle m = M. 

Tftke mA = c, and through A draw 
AS parallel to OX. Let thie interseet 
JLYinN. Through N draw NM parallel 
to Am, ''''' '*^' 

Then ia NM = the given aide e (»), and OMN = the given angle M (I) 
and LNM = the given an^e N (!)• 

Henoe LOMN is the required quadrilateral. 

321. ScHOLiUH.— With agiven set of parts, as above, the posdbilitj 
of oonatructing a quadrilateral can be determined on tbe same principle 
as the poasibility of a triangle. 

1. In Oaae I, if tbe diagonal is le«s tban the sum and greater than the 
diflbience of the sides of either of the two triangles into which it divides 
tbe quadrilateral, the qnadriltteral ia posaible, but not otherwiae. 

3. In Owe II, the two given aides and their inclnded angle always 
make a triuigle posmbte; whence the poBubilit; of the quadrilateral will 
be determined by the relation of the ether two aidee to tbe third ude of 
this triangle, as (Fig. 1S8) when e + d >LH, and « — rf < LM, the 
quadrilateral is possible, but not otherwise. 

8. In Case m, the let problem is always possible. The student will 
be able to determine when the several cases in the Sd are poamble by in- 
specting figs. 160 and Ifll. 

4. In Case lY, the first problem is always possible vhea tbe stim at 



f 
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the given angles is less than 4 right angles. In the second problem, if 
the unknown sides are parallel, the problem is indMermincae^ i. e., there 
may be an; number of solutions, if any. 

NoTB. — ^In problems of this class, it is usually understood that the 
given parts are such as to allow the construction ; i, 0., that they are parts 
of a possible polygon. 

322. CoROLLABY l*--?4 parallelogram is determined 
when tivo sides and their included angle are given. 

Since the opposite sides of' V parallelogram are equal (260)) &11 the 
sides are known when two are given, and the case falls under Case II of 
the proposition. 

323. GoROLLABY 2. — Two rectangles having equal bosses 
aVfd equal altitudes are equal. 

ExEBGiSE 1. Constract a quadrilateral three of whose con- 
secutive sides are 20, 12^ and 15, and the angle included between 
20 and the utiknown side f of a right angle, and that between 
15 and the unknown side ^ a right angle. 

Ex. 2. Construct a quadrilateral three of whose sides shall be 
5, 4.2, and 4, and in which the angle between the unknown side 
and the side 5 shall be ^ of a right angle, and that between the 
unknown side and side 4, 1| right angles. How many solutions 
are there? How many solutions if the second side is made 1.2, 
and the third 2? How many if the second side is made 1, and 
the third L5 ?. 



OF POLYGONS. 



PBOPOSITION XIII. 

824. Theorem. — J. polygon is determined when two 
consecutive sides, the diagonals from the vertex of their 
included angle, and the consecutive angles included be- 
tween these lines are given. 

[Let the student show how the construction is made, and thus demon- 
strate the proposition.] 
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PROPOSITION XIV. 

325. Theorem.— .4 polygon is determined by means 
of its sides and angles, when there are given in order: 
I. All tfie parts except two angles and their included side, 
TI. All the parts except three angles, 
III. All tJie parts except two non-paraUel sides. 

CONSTBUCTIONB. 

CASE I. 

Beginning at one extremity of the unknown side, and constracting 
the giyen sides and angles in order till all are constructed, and joining 
the extremities of the broken line thus drawn, the polygon will be con- 
structed. 

CASE II. 

Ist. When the three atkgles are eofisecutive. 

Suppose the polygon to be ABCDEFO, and the unknown angles A, Q, 
and F. Commencing with side AB, lay off the given sides and angles in 
order till the unknown angle F is reached. Then from F as a centre, 
with a radius equal to the known side FG, strike an arc intersecting an 
arc struck from A as a centre with the side AG as a radios. This inter- 
section determines the remaining yertex of the polygon. 

QuBBT. — When does this caae become impoadble ? 

2d» When two of the unknown angles are caneecuHve and 
the third is separated frotn boUi the others. 

Let A, B, and F be the unknown angles. 
The two partial polygons AIHGF and 
BCDEF can be constructed, and thus the 
sides AF and BF will become known, as 
also the angles AFG, lAF, BFE, and 
FBO. 

Then constructing the triangle ABF, 
whose three sides are now known, the 
angles AFB, ABF, and FAB become known. 
Hence all the parts of the polygon are 
found, for FI9. 163, 

the angle GFE = AFG + AFB -f BFE, etc. 
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3d. When no two of the three unknown angles are con- 



Let A, C, and F be tlie unknown 

Conatmcting tbe broken linea ABC, 
COEF, and FGHIA sepantely, and 
aput from tbe poBition where the 
polygon ia to be cons^racted, the diago- 
. nala which form the aides of the triangle 
ACF can be detennined b; joining the 
estremitiee A and 0, and F, and F 
and A. 

This triangle can then be con- 
Btnicted in the position desired, and ^ig> ■**. 

the broken lines constructed on its sides, aa in tbe figoie 

CASB III. 
Under tbie case we have two problems: 
lat. When the two unknotvn »i4ea are cotumsulive. 
2d> When the two unknown sides are aepamted. 

[llie Btndent will be able tu effect the construction. The first is 
similar to that of Case II, Ist problem. The second is eflBCt«d bj 
obtaining « qoadrilatersl similarly to the 
oooatrnction in Case 11, 8d problem. 

336- In case the unknown parts are 
two parallel sides, as a and b, it is evident 
that these may be varied in length at plea- 
sure wit^Qt changing tbe value of the other 
puts. 

327- It will be a profitable exerrase for '''" '"' 

the Htndent to reduce the determination of polygons to that of qnadri- 
laterals, and botii to that of triangles. 
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PROPOSITIONS FOR ORIGINAL SOLU- 
TION AND DEMONSTRATION. 

8SB. 1. Theorem. — The sam of the exterior angles of 
a polygon ia four right angles. 

Frore by dnwing lines fhim a point and parallel to the udes of the 
polygoD. 

S. Theorem. — The sum of the angles of a polygon is 
twice as many right angles as the polygon has aides, 
less four right angles. 

Having prored the preceding, base tlis proof of this npon that. 

3. Theorem. — If the sum of two opposite sides of a 
quadrilateral is equal to the sum, of the other two op- 
posite sides, show that a circle Han be inscribed in the 
quadrilateral. 

4. Theorem. — // from a 
point without a circle two 
tangents are drawn, and also 
a chord joining the points of 
tangeney, the angle included 
between a radius drawn to 
either point of tangeney and 
the chord is half the angle 
included between the tan- 

^ewt.. "•■"•■ 

5. Theorem. — In an isosceles triangle the line drawn 
from the vertex to the middle of the bttse bisects the 
triangle and also the angle at the vertex. 

6. Problem. — With a given radius draw a circle tan- 
gent to the sides of a given angle. 

7. Prohleta.r—lTirough a given point within a given 
angle draw a line which shall miake equal angles with 
the sides. 
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8. ProMem, — To draw a circumference l^rough two 
given points and having its centre in a given line; or, 
to find in a given line a point equally distant from two 
points out of that line. 

9. Theorem.—// from the 
extremities of a diameter per- 
pendiculars are let fall on any 
secant, the parts intereepted 
between the feet of these per- 
pendiculars and the eiroujn- 

ferenee are equal. ■ p^ ,j,^ 

10. Problem. — To trisect a right angle. 

SuoaxBTioa. — What is the^Taloe of an angle of an equilateral ta- 
angle I 



OF EQUIVALENCY AND AREA. 

329. Equivalent Fljrures are sncb as are equal in mag< 
nitnde. 

330. The Area of a aur&ce is the number of timeB it con- 
tauia some other snrface taken aa a nnit of measure ; or it is the 
ratio of 6ne snr&ce to another assumed aa a standard of measure; 



FBOFOSITION I. 

331. Theorem. — Parallelograms having equal bases 
and equal altitudes are equivalent. 



1S8 SLMXSyTAltT GSOMtlTgT. 

DBtCONSTBAIIOK. 

Lst AICD and EFQH ■>• two piraHtlogranu htving equal baaet, BC 
and FQ, and aqosl altttude*. 

We are to prove M 
that ths parallelo- ■ 
glum* are eqmTalent. I 

Apply EFQH to I 
ABCD, placiDg FQ in I 
its equal 8C; and, I 

unce the altitudes are ^'>- '•"■ 

eqoat, the upper base EH will fall in AD or AD prodnoed, u E'H'. 

Now, the two trianglefl AE'B and DH'C are equal, since tbej have two 
■ides and the inclnded angle of the one equal to two ndes and the in- 
cluded angle of the other; tIx,, AB = DC, being oppoute aides of a 
parallelogram; and for a like reaaoa BE' = CH'. Also, angle ABE' = 
angle DCH', b; reason of the paralldiBni of their sides (394)- 

These triangles being equal, 

the qnadrilateral ABCH' — the triangle AE'B = ABCH' - DHU 
But ABCH' - AE'B = E'BCH' = EFGH; 

and ABCH' - DH'C = ABCD. 

Hence, ABCD ^ EFQH. <). &. a 

332. CoROLLABT. — Any pa^dUelogram, is equivalent to a 
reatangle having the same base and aliitude. 



PBOPOSITION II. 

333. Theorem. — A triangle ia equivalent to one^iaif 
of any parallelogram, having an equal base cauL an 
equal altitude with the triangle. 

Dekonstbatiok. 
Ut ABC (Fig. I«9) be a triangle. 

We are to prove that ABC is eqnivaloit to on»4ialf a parallelogmn 
having an equal base and an equal altitude with the triangle. 
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Cooaider Al u the hue of ttie triangle, _ 
and complete the pamllelograin ABCD by I 
drawing AD parallel to BC, and DC to AB. I 

Now ABCD has tbe same baee. AB, an I 
the triane^e, and tbe same alUtnde, tince I 
the altitude of each is the perpendicular I 
distance between tile paralleU DC and AB. ^ 

But ABC is half of ABCD (249), and as ">' "*- 

any other parallelograin having an e<iDal base and altitude with ABCO is 
equiTalenl to ABCD (331)i ABC is equivalent to one-half of otty parallel- 
<^Tsm baring an equal base and altitude with ABC. q. e. d. 

S34. CoBmAii.«T \.-— A triangle is equiixtlent to one-half 
of a rectangle having an equal base and an equal al- 
titude with the triangle. 

335. OoEOLLAEY %.— Triangles of equcd bases and equcA 
(dtitudes are equivalent, tar they are hslveB of equivalent 
parallelograms. * 



PBOFOSITION III . 

338. Theorem. — The sqiuire described on n times a 
line is n* times the square described on the line, n being 
any integer. 

DE1I0NBTBA.TI0N.- 

Let U b« any Una and A8 ■ line n times as long, n being any Integer, 

We are to prove that the square de- 
scribed on AB is n* timea the square 
on Aa. 

Constroct on AB the square ABCD. 

Knee It ie a measare (76) of AB, by 
bypotbems, divide AB into n equal parta 
by applying v, and at the points of di- 
viuon a, b, e, etc, draw parallels to AD. 

In like manner divide AD, and draw 
through the points of diridon a', V, ^, 
etc., paiallels to AB. 

Then are the mirlaceB 1, 2, 8, 4, 5, 6, f,^ I70 
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eta, azures, Bince thdr oppodl« lidcs 
are p&rellel (138) an<l equal (138)i and 
thdr dDglee are right angles (1S()- 

Now of tbese squares there ore n in 
each of the rectangles a'B, &'E, etc (!), 
and as there sre n divisioiu in AD, there 
are n rectangles. 

Hence there are n times ti, or ti? 
Bqaam in ABOD. n- b. d. 

Fig. 170. 

SS7. CoBOLLABT. — The square described on twice a line 
is fawr times the square described on, the line ; that on 3 
times a line is 9 times the square on the line, etc. 



pb6position IV. 

888. Theorem. — ^ trapezoid is equivalent to two tri~ 
angles having for their bases the upper and lower bases of 
the trapezoid, and, for their common altitude the altitude 
of the trapezoid. 

By constmcting an; trapezoid, and draning either diagonal^ the stu* 
dent can show the troth of this theorem. 



PBOPOSITION V. 

839, Problem. — To reduce any polygon to an equiva- 
lent triangle. 

SOLOTION. 

Let ABCDEF (Fig. 171) be ■ polygon. 

We are to reduce it to an equirnknt triangle. 

Draw any di^i^onal, as EC. between two alternate Tertices, and through 
the intermediate rertez, D, draw DH parallel to EC and meeting BC pro- 
duced in H. Then draw EH. 



XQUlVALENCr AND ABSA. 

Li like manner, dnw 
FH, and thronfi^ E draw El 
parallel thereto, meeting 
BH produced in I. Then 
draw Fl. 

Again, dnw the diag- 
ooal FB, and throngli A 
dnw AG parallel thereto, 
meeting BC piodnced in Q. 
Then draw FQ. Fig. I7i, 

Now FOI is equivalent to ABCDEF. 

DBMOSaTBATlOH OF SOLIITION. 

Consider the poljgon ABCDEF as diminished hj ECD and then in- 
cmsed by ECH. ffince these triangles bare the aame base EC, and the 
same altitude (as t^eir verticea tie in DH parallel to EC, and parallels are 
everywhere eqaidistant). the triangles are equivalent (336)- Hence, 
ABHEF is equivalent to ABCDEF (1). 

In like manner ABIF ia equivalent to ABHEF, and FBI to ABIF. 

Hence FQI is eqaivalent to ABCDEF. !}.■.&. 



MO^ Ab biflnlteslinal iB-aquantt^oonoeirednnderBuch 
a law as to be leas than any aaeignable quantity. 

Illuvtrattoit.— Consider a line of any finite length, as one foot. 
Conceive this line bisected, and one-half taken. Again conceive this half 
Msected, and one-half of it taken. By this process it ia evident that the 
line may be reduced to a line leas than any assignable line. Moreover, if 
the process be considered as repeated inflnitely, the result is an infini- 
tesimal. 

This is the familial conception of the last tenn of a decreasing infinite 
progiession, the last tenn of which is called zero. 

341. pBlNCiPLB I.— In comparison, with finite quanti- 
Hea, an infinitesimal is zero. 
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m, n, and a being finite qnaolilies. Let i rapresent an iDfinitedinal ; then 



i« to be coniiderec) as Btill eqnal to a, for to consider it to differ from a 
by aoj omoUDt ne might name, would be to assign tome valoe to i, 

342. Principle IL — ^ny two geometrical magnitudeB 
of the same kind are to be conceived as commensurable bg 
an ithfithitesimal unit. 

Bj the proceSB for obtumng the common measnie of two lines (84), 
the ramaindeT ma; be made (in conception) less than an; assignable qoan- 
lity, and hence in comparison with the lines should be coniddered zero. 

The siune conception ma; be applied to an; geometrioal nugnitnde^ 



FBOPOSITION VI. 

343. Theorem.- Bectahgles are to each o^ter* as &\0 
products of Gieir respective bases and altitudes. 

First Dbhoitstbaiion. 



Let ABCD and abed ba two reotangia* having their altltudet AO and 
ad equal. 

Suppose rectangle ABCD geit- 
erated b; tbe movement of AD from 
AD to BC, it remaining all the time 
parallel to its first porition, and 
suppose abed generated in like man- 
ner b; the moremeat of ad. 

Let these equal generatrices AD ^'*" ""■ 

and od move with uniform and equal velodties ; then it is eridait that 
the surfoces generated will be as the distances AB and ab. 

Th.tH ^? = ^- 



XQVTVALSircr AJTD ABBA. 

Rnr M M md N b« iny tw« rootm- 
glM, tha bMB of M tMing AB and the 
aRIbida BC, and Uw baaa of N BE aiul 
Hi sitituda BG. 

We ore to prove that 
M _ ABxBC 
ir~BExBQ' 

Hace the rectanglea u that the 
angles ABC and GBE aliall be oppoute^ 
J. «., BO that AG and CE Bball be straight Fig. 

lines (108). 

Cmnpkta tbe iwtangle CBQH, and call it 0. 

Since M and hare eqnal altitudes, 

- = — ■ ai 

O BO ^^' 

In lika maoiw, lince N and have equal allitodea, 
N_BE 
0~BC' 



0) 



DiridiDg the members of (1) b; tbe conespondiog memben of (3), 
wehavB 

M AB X BC 

N = BmQ- *■■"■ 

SbCOKD DtXONFTBATIOir. 
Lai ABCD and EFGH be any two rectangles. 
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■ *8CP _ *B X AD 
EFQH~EF X EH' 

The base* and altUudea of tbe tno rectangles are at least to be con- 
ndeied as commenanrable b; aninflnitenmal unit (342)- 



We are to prove that - 
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Let f be the common measure of AB, AD, EF, and EH, and auppoae it 
coutainedin ABm limes, ih AD Mfimet, ID EFj> times, aod inEHg timea. 

wu AB AD EF _, EH 

Whence, m = —:- , n= -:-^ p = -r-, and q= ~^. 

Now conceive the rectaogles divided into equarea by drawing through 
the points of division bf the bases and altitudes parallels to the altitudes 
and bases, as in (336)> whence the rectangles will be divided into equal 
squares. 

Of these equal squorea, ABCD conttdns m x n, and EFGH j> x {. 
AB AD 
ABCD mxn _ \i ^ i _ ABxAD 
EFBH' j»»«y ~ EF -EH "EFxEH" * "■ "" 



PBOPOSITION VII. 

344. 'nieorem.— J^ area of a rectangle is egital to 
the prodaot of tta base and 
altitude. 

Dehohstkatioh, 
Let ABCD be a rootangls. 

We are to prove that its area 
ia AB X AD. 

Let the square w be the pro- 
posed unit of measure, whose side 

i«l- Fio.175. 
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Ti«/Oiio\ ABCD AB X AD .„ ..^ 

By (848), — — = —1 = AB X AD. 

u 1x1 

Hence, by (830), area ABCD = AB x AB. q. b. d. 

, 845. GoBOLLABY 1. — The area of a square is equal to the 
second, pouter, of one of its sides, as in this case the base and 
altitndci are equal. 

846. GoBOLLART 2. — The area of any parallelogram is 
equal to the product of its base and altitude ; for any paral- 
lelogram is equivalent to a rectangle of the same base and 
altitude (882). 

847. GoBOLLABT.3. — The area of d tri^atigle is eqiwl to 
one-half the product of its base and tUiitude ; for a triangle 
is one-half of a parallelogram of the same base and altitude (888). 

848. GoBOLLABY 4. — Parallelograms or triangles of 
equal ba^es are to each other as their altitudes; of 
equal altitudes, as their bases; and in general they are 
to each other as the prodiLct of their bases by their ai^ 
atudes. 

* » 

849. Scholium. — The arithmetical signification of the theorem, The 
area <jf a rectangle is equal to ^e product of its lose and altitude^ is this : 

Let the base be h and the altitude a ; then we hayCi by the prop* 

osition, 

area = ab. 

Now, in order that ab may represent a surface, one of the factors 
must be conceived as a surface and the other as a number. Thus, we 
may conceive b to represent b superficial units, i. «., the rectangle having 
the base of the rectangle for its l)||se and being 1 linear omt in altitude. 

The entile rectangle is, then, a times the rectangle which contains b 
snperficial units, or ab superficial units. 

In the expression 

area ABCD = AB x AD, 

AB and AD may be given a similar int^:pretation. 
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FBOPOSITIOK VIII. 

SCO- Theorem. — The area of a trapezoid is equal to 
the product of its altitude into one-half the sum of its 
parallel sides, or, what is the same thing, the product 
of its altitude into a line Joining the middle points of 
its inclined sides. 

DSMOSBCOA-TIOS. 

L«t ABCO b« a trap«zoid, whoM parallel >idea are AB and DC, and 
whOH altitude I* IK. 

We are to pior^ let, that 

area ABCD = IK x — 5 — ' 

and, 3d, ttaat area ABCO = IK x 06, f. „g 

a( being a line joining tite middle points of AD and BC. 

Draw either di^^nal, as AC. The trapezoid is tbna divided into two 
triangles, wbose areas are togetber equal to one-half the prodact of their 
common altitude (the altitude of tbe trapezoid) into thdt baaea DC and 
AB, or this altitude into i (AB + 00). 4. B. D. 

At a and b draw tbe perpendiculars om and pn, meeting DC, pro- 
duced, if neceBsar;. 

Now the triangles ooD and kam are equal, rinoe 
Ao = oD, 
angle = angle m, 
both being right, and angle oaO = kam, being opposite. Whence 
Am = oB. 
Li like manner, we msj show that 



Hence, ab = t(<9 + mn) (?) = ^ (AB + DC) ; and area ABCD. which 
ecLoals }(AB + OC)xll^ = a»xlK. 4. s. d. 
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PROPOSITION IZ. 

S61. Theovran* — 2^ area of a reguUiT' polygon, it 
equal to one-iialf the product of Us a^tothem. intaUa 
perimeter. 

Dbhohbtbatioh. 

Let ABCDEFG be ■ regulir polyson, whoH parimeter It AB+BC+ 
CD+DE+EF + FQ + OA, and whoM apotfiem is Oa, 
Wfl aie to prove that 

um ASOOEFa s: iOa(A8 + BC'|-CD+OE + EF4-FQ+GA). 

Dr»w the hiscribed circle. th« radii Oo, Ob, 
etc, to the points of tangency, and the raiUi of 
the circtunBcribed ciicle OA, OB, etc (S73i 
874). 

Ths polygon is thiu divided Into as man; 
equal triangles as it has ridea. 

Now, the apottaem (or radius of the in- 
(oribed circle) is the" cranmon altitude of these 
triangles, and their bases make op the perimeter 
of the polygon. "■■'"• 

Hence, the aiea = iOa(AB+BC+OD + DE-fEF+FG+GA). 4.B.O. 

3S3. OOBOLLABT.— r^e area of any polygon in which 
a eirele oan be inscribed is equal to one-half the 
prodiMt of the radius of the inscribed circle into the 
perimeter. 

The Btodent shonld draw a flgnre and obsMre the ftd It is eape- 
Giallj worthy of note in the case of a triangle. See Fig. 187. 



PBOPOBITION X. 

353. Lemma.—// any polygon is circumscribed 
about a circle and a second polygon is formed by draw- 
ing tangents to the arcs intercepted between the con- 
secutive points of iangenoy, thus forming a polygon of 
double the number of sides, the perimeter of the second 
polygon is less than that of the first. 
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Dehonbtratioii. 
L«t ABCDE bo any ciroumioribed polygon, whoH oonseontiva lidM 
•ra tangent at K', F, G, etc., and let a Mooml polygon bo formed by 
drawing tangent* at /, g, oto. 
We we to prove tbat the 
perimeter ab+ho-\-ed, etc., is leu 
than the perimeter EA + AB +etc 
ObHerving the portions of the 
perimeters from K to F, for the 
first polygon we have 

KA+AF = K<i+(i)A+A()+iF, 
and for the second 

Ka+<i6+iF. 
But <i6<aA+A6(l). 
IBaiaa, 

K«+a6+6F < KA+AF. P'"- "•■ 

Now, aa a umilar redncdoii 
will take place at each vertex, the entire perimeter of the second potjgoa 
will be leM than that of the first .q. b. d. 

364. The Limit of a varying qnaatit; is a ^tsA quantity 
vhioh it. approaches by Buch a law aa to be capable of bein^ 
made to differ from it by leas than any assignable qaantity. 

Such a. varying quantity is o^n spoken of as reaching its 
limit after aninfinite number of steps of approach. 

365. Coroli;art. — As the number of the sides of a cir- 
eumscribed regular polygon is increased the perimetar 
is diminished, and approaches the oircu/mferenee of the 
circle as its limit, since the circle is the limit of such a poly- 
gon. 

PB0P08ITI0N XI. 
866. Theorem.— ^7^« area of a circle is equal to one- 
half the prodiict of its radius into its cireamference. 

DEIC0N8TBA.TI0K. 

Lot Oa (Fig. 179) bo tho radius of the drola. 
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Te are -to piron tlwt llie ansof the dfcle 
ia \0a X lh« eireun^trmee. 

Circumecribe ao; regular polygon. 

Now the &rea of this polygon is one-half 
the prodoct of its apothein and perimeter. 

CoDceife the number of rides of the poly- 
gon indefinitely Increased, the polygon stall 
continoing to be circnm«cribed tmd regular. 

The apothem continues to be the radius of 
the circle, and the perimeter «pproachea the Fig. m. 

dicumference. 

When, therefore, tjie nnmher of sides of the polygon becomes infinite, 
it is to be considered as coinciding with the circle, and its perimeter with 
the ciicumfetence (36ft). 

Hence the area of the circle ia equal to one-balf the product of its 
RuUuB into its dtcnmfereoce. q. b. d. 

367. A Sector is « part of a circle ^adnded between two 
radii and their intercepted arc 

368. GOROLLA.BT 1. — 7%£ area of a sector is equal to 
otbe-half the product of the radiita into the are of the 
sector. 

869. CoBOLtABT 2^— The area of a sector is to the area 
of the circle as the arc of the sector is to the drcumfer- 
enoe, or as the angle of the sector is to four right angles. 



EXE RCISES. 

360. 1. What J8 the area in acres oE a triangle whose base is 
75 rods and idtitade 110 rods t 

2. What is the area of a right-angled triangle whose sides 
about the right angle are 126 feet and 7'i feet? 

3. If two lines are drawn trom the vertex of a triangle to the 
base, dividing the base into parts which are to each other as 2, 3, 
and 5, how is the triangle divided ? How does a line di^vp 
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tPom an angle to the middle 6i the op^knite side divide a tri- 
Mgle? 

4. What is the area of .the largest triangle which can be in- 
scribed in a circle whose radius is 12, the diameter being one 

f 5, What is the area of a cross section of a ditch which is 
6 feet wide at the bottom^ 9 feet at the top^^aud 3 feet deep? 

6. If one of the angles at the base of an isosceles triangle is 
doable the angle at the vertex^ how many degrees in each ? 



-♦-•-♦^ 



' OF SI M fLARITY. 

361. The primary notion of similarity is likeness of form. 
'^wo figures are said to be similar which hare the same shape, 
although they may differ in magnitude. A tiiore scientific defi- 
nition is as follows : 

869. Similar Fig'tirefl^ are sueb as have their angles re- 
spectively equal, and their homologous sides proportional. 

363. Homologous Sides of similar figures are those 
which are included between equal angles in the respective figures. 

364. In similar triangles, the homologous sides are 
those opposite the ^qif^L^ugies^. ,.., ^ . ,_, 

The student should be careiiil, at the outset, to mark the fact that 
uimXaHty involves two things, BQUJJ«nrr of anolxs aild Jp'boportiohalitt 
OF 8IDU8. It will appear that, in the case of triangles, if one of these 
facts exists, the other exists also ; but this is not so in other polygons. 

366. Two figures are said to be Mutually equiangular 
when each angle in one has an equal angle in the other^ and 
Mutually equilateral when each side in the one has an equal 
side in 4Jie other. 



. > t . 1- 
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PBOPOBITION I. 

366. Theorem. — Triangles which are mutually equi- 
an-gvlar are similar. 

DEMOKOTEATtON. 

Let ABC and DEF be two mutually equiangular trianglw, In which 
A = D, B = E, C = F. 

We are to prove that the ddea 
opporate these equal angles are pro- 
portional, and thus that tbe triaogles 
posseas both the requisites of amilai- 
ity, viz., equality of angles and pro- 
portionality of sides. 

Ia; off on CA Clf = FD, and on 
CB CE' = FE, and draw D'E'. 

Triangle CD'E' equals triangle 
FOE (f). 

Draw AE' and BD'. • 

Since angle CEtl' = OBA, D'E' is * 

parallel to AB (1), and as the triangles D'E'B and D'E'A hare a common 
base D'E' and the uine altitudes, thdr vertices b^g in aline parallel 
to their base, the; are equivalent (335)- 

Now the triangles OD'E' and D'E'A, having a common altitude, are to 
each other as their basee {848)- 

„ „ CD'E' CD' 

°^**' _»tA = ffA;.. 



For like reiiBon, 

Wlience, as D'E'B = D'E'A, 



CD'E' _ CE' 
D'E'B ~ E'B" 



f D'A ~CE' -1- E'B' 



FD_FE 

oa~cb' 



or 



And also 



or, by altematioii, 



CE' ~ E'B ' 

CA ""CB ' 

CA _ CP^ _ yA 
CB ~ CE' ■* FB 



PROPOSITION II. 

369. Theorem. — If any two transversals cut a series 
of parallels, their intercepted segments are proportional. 

Demonstration. 

1st. Let OA and CB' (Fig. 181) be any two parallel transvertala 
cutting the series of parallels db, cd, ef^ ghj etc.. 

We are to prove that t^ = ~ = ^, etc. 
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In a similar manner, by laying off EP and EF in BA and BC respec- 
tively, we can show that 

FE_EP 

CB " BA ' 

„ FP FE EP ^ . ^ 

^^"^' CA = CB = BA-^"-^- 

367. CoBOLLABT 1. — If two triangles have two angles of 1 

one respectively equal to two angles of the other, the tri- 
angles are similar (?)• 

36iB. CoBOLiiABY 2. — J. transversal parallel to any side 
€f a triangle divides the other sides proportionally, and 
•8fce sides are in the ratio of either two corresponding 
segments. 

For in the demonstration we have P'E' pacaUel to AB, aad - . 

OA "■ E'B • ^ 



s= 


•• i-' z^- 


Ba^ 




S'|=^-«»- 




«».tD 




2d. LbI OA ind OE 




wml» outtino ab, ot, 
^, ffft, -to. 




We are to prore 






S = |=^. ■ 


Since OA and OB are 


aon-parallel, they 


Then, by (388), we have ^ = ^ 



1. etc. (!) 



od=r 

Whence, by equally of ralaoe, we have 



ce, also, by alternation, and by equality of ratios, 

at bd ae eg , ae id ^ 

- = 3,1 o = ?T ' ""^ - = 31 . etc- Q. B. D. 



PBOPOSITION III. 

870. Theerem. — ConTersely to Prop. I, If two triangle* 
have their corresponding sides proportional, they are sim- 
ilar. 

DEMONBT RATION. 

Lrt ABO and DEF have ^ = ^ = |^- 
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We are to prove that ABO is 
umilar to DEF. 

As one of tbe cbiiracteriatics of 
rimllarity, Til., proportionality of 
ridea, existA b; bTpotbeaU, we have 
out; to prove the other, i. t., that 

A = 0, C = F, and B = E. 

Hake CO' = FD, and draw D'E' 
parmllel ta AB. 



and since b; coostniction 
and by hypothesia 



AguQ the triangles D'E'O and ABC aremntnally eqniangnlar, aince C 
ii coramuD, angle CD'E'= CAB <7}, and angle CE'D' = CBA (t). 

w^ CA AB 

Whence CO' = ffE'- 

Bat by hypothens and constmclJCHi 

OA _CA_AB 
CD'~DF~DE' 

Hence D'E' = OE, and the triangles CD'E' and DEF oie eqoKl (I). 
Therofore ABC and O'E'C are similar; and as D'E'C = DEF, ABC and 
DEF are similar. Q. E. D. 

371' ScHOLiuif.— As we now know ttaatif two triangleaare mntually 
eqniaDgnlar, they are similar ; or, if they have their eoireapcnding aides 
proportional, they are similar, it will be sufficient hereafter, in any ^ven 
casu, to prove eitAa" one of these facts, in order to establish the similarity 
of two trianglea. For, either fact being proved, the other follows MS S 
consequence. 
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PROPOSITION IV. 

372. Theorem. — Two triangles which have the sides 
of the one respectively parallel or perpendicular to the 
odes of the other, are similar. 

Dexonsteatiok. 

L«l ABC snd A'B'C be two triinglM who»e aidei an reapeotively 
psrallal or parpeiilloular to each other. 

We are to prove that tlie tri- 
angles are aiuiilar. 

Anj angle in one triangle ia 
dtber equal or eopplemental to tbe 
angle in the other which ia included 
between the adea which are parallel 
or perpendicalar to its own ndes. 
Thna, A either equals A', or A + A' 
= 2 tight angles (2M, 396, S96). 

Now, if the corresponding angles 

ara all supplemental, that is, if 

A + A' = 8 right angles, 

B 4- B' = 2 right angles, 

and C + C = 3 right angles, 

tbe sum of tbe angles of the two ^^ ^^^ 

triangles is < right angles, which is 
impossible. 

Again, if one angle in one triangle equals tbe corresponding angle in 
the other, as A = A', and the other angles are aupplemeutal, the sum ia 
4 right angles plua twice the equal angle, which is impos^ble. Hence, 
two of the angles of one triaugle must he equal respectively to two 
angles of the other. Therefiire the triangles are nmilai (387)- q. e. d- 



PROPOSITION V. 

378. Tlieoreni.-^J>co triangles having an angle in 
one equal to an'angle in the other, and the sides about the 
equal angles proportional, are similar. ■' 
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Dbuonstbation. 
L«t ABO and DEF liav« the anslfls C and F equal, and \ 
We are to prove that ABC and DEF are similar. 
Hake CD' equal to FD, and draw 
D'E' parallel to AB. Then is 

aogic CO'E' = angle CAB, 
nhenoe the triangles are dmilar (367). 
and by (368), 

AC _ CB 
O'C (= DF) ~ CE' ■ 
But, by liypothesis, 



Hence the triaugle CD'E' is equal to the triangle FDE. Now, CD'E' 
and ABC are mutnally equiangular. Hence DFE and ABC are mutually 
equiangular and consequently siinilar. <). b.d. 



PROPOSITION VI. 

374. Theorem.— /Rr any ri^ht-angled triangle, if a 
line is drawn, from the vertex of the right angle perpen- 
dicular to the hypotenuse : 

let. Jfte perpendicular divides the triangle into two 
triangles, which are similar to the given triangle, and 
consequently similar to each other. 

3d. Either side about the right angle ia a jnean propor- 
Ucnal between the whole hypotenuse and the adjacent 
segment. 

3d. The perpendicular is a mean proportional between 
the segments of the hypotenuse. 

Dbmonstbation. 

Let ACB be a triangle right-ansled at C, and CD a perpendiowlaF 
upon the hypotenuse AB ; then 
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IbL The triangleB Mk ■■d ACB bare tbe i 

ut^e A coninion, and n rif(bt ^^K in eacb; I 

hence the; are similar (367)- For a Nkft to- I 

aoD, COB and ACB are similar, Finallj, as AC& 
and CDB are both similar b> AOB, they are 
dndlar to each other. % b. d. "•■ "*■ 

Sd. By reason of tbe rimilarit; of ACD and ACB, we have 
AO _ AC 
AC ~ AB ' 

and from CDB and ACB, we have qS = To ' <l- ■■ d. 

&d. B; reason of the innnilarity of ACD and CDB, we have 
AD CO 
CD = DB- ^"^^ 

QI7EBIB8. — To which triangle does (he Brat CD belong ? To which 
the seoindt Why is CO made tbe consequent of AD? Whf.iktte 
second ratio, are CD aud DB to be compared I 

875. GOBOLLABT. — If a perperidiculaj- is let fall from 
any point in a eircumference upon a diameter, this per- 
pendicular is a mean, proportional between the segments 
of the diameter. 

Let CD be sach perpendicular, and draw 
AC and CB. Then, since ACB is a right angle 
(192). we have, by Cose 8d, tbe proportion 

« = ^,.or CD' = ADxDB. 



FBOPOBITION VII. 

376. Theorem. — 7%e square described on the hypote- 
itfUae of a right-angled triangle is equivaleTU to the sum 
of the squares described on the other two sides. 

First Demonstration. 
L«t AOB (Fig. 187) ba any right-angl«l triangto. 
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We are to prove that AB* = AC* + 08*. 

Fnr, let full tUe perpendicular CD, and b; 
(374, 2(IJ we have 



DB X AB = CB^. 



Adding, we bave AB (AD + DB) = AC* + CB', 
or ABxAB = AB* = AC* + CB*. h-bld. 

Second Demonstration. 

Let ABC be any right-angled triangle, right-angled at B. 

Describe the squoree AE, AO, and CL on 
the hypotenuse and the other sides respects 
irelj. From the right angle let fall upon 
DE the perpendicular BK intersecting AC in 
I, and draw the diagonals BE, DB, HC, and 
AF. 

Now the triangles BAD and HAC are 
equal, having two sides and the included 
angle of one equal to two sides and the in- 
cluded angle of the other; viz., BA = HA, 
being ddea of the satue square, and for a 
like reason AD = AC ; and the angle HAC 
= BAD, since each is made up of a right Fig. iss. 

angle and the angle BAC. 

Since ABG and ABC are right angles, BQ is the prolongation of BC, 
and th^' triangle HAC has the same base, HA, and the same altitude. AB, 
as the square AG. Hence the triangle HAC is half the square AG. 

Moreover, the triangle BAD has the same base, AO, as the rectangle 
AK, and the same altitude as Al. Hence, 

triangle BAD = |ADKI. 

Therefore, as the rectangle ADKI and the square AO are twicM the 
equal triangles BAD and HAC respectively, they are equivalent. 

In like manner, the square CL may be shown to be equivalent torthe 
rectangle CK. 

Whence we bave ADKr = ABQH, 

and . IK EC = BCFL ; ^ j , _ 

and adding, ADEC = ABGH f BCFL- <l. E. P. 
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877. OoBOLLABY 1. — The hypotenuse of a right-angled 
triangle equals the square root of the sum of the squares 
of the other two sides. 

Also, either side about the right angle equals the square 
root of the square of the hypotenuse minus tlve square of 
the other side. 

878. GoBOLLABY 2. — The diagonal of a square is V^ 
times the side. 

For, let 8 be the side. Drawing the diagonal, w& have a right-angled 
triangle of which the diagonal is the hypotenuse, and the sides about the 
right angle are each S. Hence, by the proposition, 

(diag.)* = S^ + 8' = 28\ 
or diag. = 5^2. 

879. Scholium. — Proposition VI with its corollary, and Prop. VII, 
which is a direct result of Prop. VI, are perhaps the most fruitful in 
direct practical results of any in Geometry. Prop. VII is called the 
Pytliagorean Proposition, its original demonstration being attributed to 
Pythagoras. 



PROPOSITION VIII. 

880. Theorem. — Regidar polygons of the same numr- 
her of sides are similar figures, 

Demonstbatiox. 

Let P and P' be two regular polygon* of the same number of sides, 
a^ bf c, d, etc., being the sides of the former, and a', b',df d', etc., 
the sides of the latter. 

Now, by the definition of regular polygons, the sides a, &, c, d^ etc., 
are equal each to each, and also a', i^', </, d\ etc. Hence, we have 

a _b _ c __d 

Again, the angles are equal, since n being the number of angles of 
each polygon, each angle is equal to 
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» X a right BBglw - 4 right angleB ^g^y. 

Hence the polygona are mntuall; eqniongnlar, and have their coirea- 
ponding aidea proportional ; that ia, they are similar. 4- k. d. 



PROPOSITION IX. 

SSI. Theorem. — The corresponding diagonals of reg- 
ular polygona of the same number of aides ai-e in the same 
ratio as the sid4e of the polygons. 

[Let the student pvo the damonstration.] 



PBOPOSITION X. 

382. Theorem.— 2%« radii of the eircumseribed, and 
also of the inscribed circles, of regidar polygons of the same 
number of sides, are in the same ratio as the sides of the 
polygons. 

Dbmonsteation. 



Let ABCDEF and abcdef be two ragular polygons of the same num* 
ber of sides, and It and i* be the radii of their oiroumaoribed oirolea, 
and S! and r* of their inscribed. 

We are to prove that ^(=^,etc.) =^ = ^. 
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Let and 0' be the centres of the polygons, and draw OA, if¥^ 0% 
and Oy, and also the apotbems 01 and O'i 

OA = ^ and O'a = r (?); 
also 01 ts i7, and O't = /(?). 

Now the triangles AFO and afO^ are equiangular (f), and hence 
similar. 

Therefore, -— ( = ~-,etc.) = 3^3- =:-^. q. k. d. 

Again, the triangles AlO and oiO' an q^toaily equiangular (?), and 
hence 0milar. 

Tberefiwe, 1^=^' 

whence, doubling the terms of the first ratio, we haye 

AF/ P£ , \ 01 It 
qf\/e / 0'» r* 



883. HoiiH>logous Altltades in simihir triangles are 
perpendicnUrs let fall from the vertices of equal angles upon the 
sides oppofiite. 

894. Homologrous Diagonals in similar polygons are 
diagonals joining the vertices of corresponding equal angles. 



PROPOSITION XI. 

885. Theorem. — Homologous altitudea in simUar tfrin 
angles have the same ratio as the homologous sides. 

[Let the student give the demonstration.] 



PROPOSITION ZII. 

886. Theorem. — The bisectors of equal angles of simi- 
lar triangles are to ea^h other as the homologous sides of 
the triangles, hence a^ the homologous perpendiculars, 

[Let the student give the demonstration.] 
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PROPOSITION Xllt. 

387. Theorem. — MomoloSous diagonaiB in simUar 
polygons have the same rath as the ^t^moUigous sides. 

DXHONSTBATION. . 



We are to proTe that 
AC 



, etc. : 



the ratio -^ being the ratio of anj two homologona sidea oT the polygons. 
The tdangles ABC and abc &re eimilar (?), and hence 
AC_ AB 

AIbo, since triangle ABC is nmilar to tAe, 

angle BCA = angle iea, 
and BDbtracting these respectively from the eqnal angles (1) BCD and bed, 

angle ACD = imgie aed. 
Hence the two triangles ACD and aed have an angle In each egnal 
iind the including sides proportional (?), and are conseqnently similar. 

on. f AD AC AB 

Therefore -^ = — = ■^j " 



smiLABirr. 



In like manner, any bomiilogona iliagonale may be shown ta bare tike 
ratiu -r , which is the redo of any two bomolotfouB sides, i}. b. d. 

388. C0KOLLA.BT 1. — Any two similar pc^ygons are di- 
vided by their homologous diagonals into an equal number 
of similar triangles similarly placed. 

389. CoEOLLAET 2. — CoBversely, Tim polygons which can 
be divided by diagonals into the same number of mutually 
sim-ilar triangles, similarly placed, are siTnilar. 



PROPOSITION XIV. 

390. Theorem. — Circles are similar figures. 

DSUONSTBATION. 

Let Oa and OA be the radii of any two olrolea. 

Place the circles so that th^ shall be con- 
centric, as in the figure. Inscribe the regular 
hexagons, as abed^, ABCDEF. 

Conceive the arcs AB, BC, etc, of the onter 
circamference bisected, and the regular do- 
decagon inscribed, and also the corresponding 
T^nlar dodecagon in the inner circumference. 

These are similar figurea by (380). 

Now, as the process of bisecting the arcs ^. .. 

of the exterior circumference can beconceived 

as indefinitely repeated, and the corresponding regular polygons as in- 
scribed in each circle, the circles may be considerecl as regular polvgons 
of the same nnraber of sides, and hence similar, q. e. d. 

391. CoEOLiABT. — Sectors which correspond to equal 
angles at the centre are similar figures. 

Bince a radius is perpendicular to the circumference of its circle, such 
sectors are mutually equiangular; and b; the propontion it is evident 
that the ores are to each other as the radii, 
arc/. _ 0/ 
*■ ' arc FE " or 
ScHOLinii.— The circle is said to be the limit of the inscribed polygon, 
and the circumference the limit of the perimeter, B; this is meant that 



178 



ELEMENTARY GEOMETRY. 



as the number of the sides of the inscribed polygon isjncreased it ap- 
proaches nearer and nearer to equality with the circle. The apothem 
approi^hes equality with the radius, and hence has the radius for its 
limit. 



PROPOSITION XV. 

892. Problem.— To divide a given line into paHs 
which shall be proportional to several given lines, 

SoLunoN.* 

Let it be required to drvide OP into parts pro- 
portional to the lines A, B, 0, and D. 

Draw ON making any convenient angle with 
OP, and on it lay off A, B, 0, and D, in succession, 
terminating at M. 

Join [M with the extremity P, and draw par- 
allels to [MP through the other points of division. 

Then by reason of the parallels we shall have 

A : B : : D :: a \ h : e : d (369). 

Fig. 192. 

393. The notation A : B : C : D : : a : 5 : c : e2 is of such frequent 
occurrence in mathematical writing that we feel constrained to retain it. 
It means that the successive ratios 

ABC 
B' 0* D' 

are equal to the successive ratios 

a h c 
h' c' S* 

We may read the expresdon thus: **The successive ratios A to B, 
B to 0, C to D = the successive ratios a to &. & to c, « to d^ It does not 
mean thai (he ratio A to B = B to 0, etc. 




* Hereafter we shall change somewhat the style of our demonstrations, 
from the elementary form hitherto used to the more common and free form 
used by writers generally. In the " Solution " of a problem we shall here- 
after usually include the " Demonstration of the Solution." 



PB0P08ITI0N XVI. 

5M. VroXAeai.— To find a fourth proportional to three 
^iven lines. 

SOLDTIOS. 

LBtft be required to flnd 0, ■ fourth proportional to the line* A, B, 
and C, eo that we ahell have ^ = § - 

From some point 0, draw two 
indefinite Mnee OX, OY. Ley off on 
OX, Oa = A, and Oe = B. Also, on 
OY la; off Oft s C, and diaw oft. 
Tlirongh « draw ed parallel to ab. 
Then id Od tbe fbnrth proportional, 
0, which was souglit. 

Fur, since ofi and ed are parallel, 
we have, by (368), 

Qg (or A) _ OS ;or C ) 

OeCorB) OJ(orD)" Pi^ ,„, 

Hence D is tbe fourth proportiooal songbt. 

395. So&oiinm. — In speaking of the Ibnrth propnrdonal to three 
given linee, it ia necesaary that tbe order in wbich the three are to occur 
be specified. This order is lunally understood to be that in which the 
lines are named. Thus, a fourth proportionel to A, B, and C, ia D, at 
foand above. But a fourth proportional to B, A, and C is quit« a differ- 
ent line &om D. 



PBOPOSITION XVII. 

30fi. problem. — To find a third proportional to two 
given lines. 

SoLonoN. 
Lot A and B be the two given llnea. 
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We are to find a third pnqKirtioiial, ~~ — ~ 

X, lach that 

A_| 
B "*■ 
The ttsnal solntion is tbe same as tbe 
last, C being equal to B. [Let the atn- 
deat execute it] Fig. IS4. 

Ahothbb Solution. 

Lot A and 8 be Um two line*. 

Dniw an indefliiite line AM,' and take 
AD = A. 

At D eiect a perpendicnlar BO and 
make it equal to B. 

Join A and B, and bisect it b; the per- 
pentlicalar ON. 

NO will iatereect AM ; nnce, as A is less Fig. us. 

tban a right angle {I), the sum of the two angles ONA and OAN is less 
ttian two liftM angles (1S8). 

From as a centre, witb OA as a radios, describe a semi-circam&r- 
ence. It will pate through B (t). 



""" BO (or B) ~ DC (or x) ^^■ 

Hence, CO = z, the required tUrd proportional 



PEOPosiTioN xvm. 

397. Problem. — To find a mean proportional between 
two given lines. 

SotUTIOK. 

Let it be required to find a mean 
proportional, x, between M and N, to 
that 
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. Draw an indefinite line, and oil it lay off AD = M, and DB = N. On 
AB as a dianieter draw a aemi-eiTQiimfennee, ux} erect DC perpendicular 
to AB. Tben CD ~ x, the mean propoftional required. 
[LM Ute student give the pTDo£] 



FBOPOSITION ZIX. 

398. Problem. — To construct a sqitare equivalent to a 
0ven truhngle. 

Find u mean proportional between the altitude and half Ihe base. On 
this conBtruct a square. 

[Let the atudent execute the problem and demonstrate it.] 



EXERC ISES. 

399. I. Draw any line, and diride it into 3, 5, 8, or 10 equal 
parte. 

2. Draw any line and divide it into parta which shall be to 
each other as 3, 3, and 5. 

3. Construct the equare root of 7, 11, 2. 
Fig. 197 will suggest the constrnction 

of -t/n. 

• 4. The diameter of a circle is 30. 
What is the perpendicnlar distance to 
the circumference from a point in 
the diameter 15 from one estremity ? ^''' '"■ 

What are the distances from the point where this perpendicnlar 
meets the circnrnference to the extremities of the diameter? 

5. The sides of one triuigle are ?, 9, and 11. The side of a 
second similar triaugle, homologotis with side 9, is H. What 
are the other sides of the latter? 
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6. DE being parallel to BC, prove that the tri- 
angles DOE and BOG are similar, and hence that 

ODOE 
OC""OB 

Are the following proportions true ? 

OD _ OE OD _ OC 
00 ""OB* DE"BC' 

OD _ OC OB _ OE 

OE BC BC^DE Fig.,M. 

7. Draw any triangle or polygon, and then construct a similar 
one whose homologous sides shall be f as long. 

8. Show that if ABCDEF is a regular 
polygon, kbcdefiB also regular, be, cdy etc., 
being parallel to BO, CD, etc. Show that 
any two similar polygons may be placed 
in similar relative positions, and hence 
show that the corresponding diagonals are 
in the same ratio as the homologous sides. 

Fig. 199. 



' 




PROPOSITIONS FOR ORIGINAL INVES- 
TIGATION. 



400. 1. // two straight lines join 
the aZternate ends of two paraUeLs, 
the line joining their centres is half 
the difference of the parallels. 

We are to prove that 

EF = i (CD - AB). 
|0H = EF = J(CD-AB). 




Fig. 200. 



2. To construct a square equivalent to a given polygon. 

First reduce the polygon to a triangle (339)- Then construct an 
equivalent square (398)- 
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3. The area of a regular ijiaoribed dodecagon is three 
times the sqitare on the radius. 

1. // ihe sides of a quadrilateral be divided into m 
equal parts.and the ii*^ points of division, reckoning fronv 
two opposite vertices, be Joined so as to form a quadri- 
lateral, the guadrilateral wiU be a paraUelogram. 



Rg 301. 

5. The line drawn from the vertex of the right angle 
of a, right-angled triangle to the middle of the hypotenuse 
is half the hypotenuse. 

Prove fhtiD either figure. 

6. In any triangle the rectangle of two sides is equiva- 
lent to the rectangle of the perpendicular 

let faM from their included angle upon the 
third side, into the diameter of the eircum- 
Bcribed circle. 

This proposition ia an immediate conseqaence ol 
the umilaritf of two txiangles in the figure. Fig. 202. 
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APPLICATIONS OF THE DOCTRINE OF SIMILARITY TO 
THE DEVELOPMENT OF GEOMETRICAL PROPERTIES 
OF FIGURES. 

401. The doctrine of similarity, as presented in the preceding 
section, is the chief reliance for the development of the geomet- 
rical properties of figures. This section will be devoted to the 
investigation of a few of the more elementary propesties of plane 
figures, which we are able to discover by means of this doctrine. 



OF THE RELATIONS 

OF THE SEGMENTS OF TWO LINES INTERSECT- 
ING EACH OTHER, AND INTERSECTED BY A 
CIRCUMFERENCE. 



PBOPOSITION I. 

402. Theorem. — If two chords intersect each other in 
a circle, their segments are reciprocally proportional; 
whence the product of the segments of one chord equals 
the product of the segments of the other. 

Demonstration. 
Let the chords AC and BD (Fig. 203) intersect at 0. 

OB 00 

We are to prove that OA ~ OD ' 

whence OB x OD = OA x 00. 
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Draff AD huI BC. 

The two tTMnj^aa AOO ud BDDare'rioii* 

hr(l). 

^^ OA OD' 

wbence OB x OO = OA x 00. 4- >■ !>■ 

I QnBanB.— Why is OB compued with OAI 

Why 00 with ODf Wonld AO : CO :: BO : 00 Fig- 303. 

be true ? Wonld AO : DO : : BO : CO ! What is the force of the word 

" reciprocally," as oaed in the propodlioii I 



PBOPOSITION II. 

403. Theorem. — If from, a point luithout a circle, two 
secants are drawn, (ttrniinating in the concave arc, the wh<Ae 
secants are reciprocally proportional to their external seg- 
ments ; whence the product of one secant into its external 
segment equ-als the product of the other into its external 
se£?nen£. 

Demonstkatioit. 

Let OA and OS be two Moanti interteotlng the otraumfBrenoe in D 
and C retpeotively. 
We are to prove 

qB_oo 

OA ' 00 ' 
whence, OB x OC = OAxOD. 

Draw AC and BD. 

The two triangles AOC and BOD are simi- 
lar (t). 

Hence, 



OB 00 
OA " OC ' 



whence, OB x OC = OA x 00. q. k. d. 

QoEBisa. — Bamc as under preceding demonstration. 
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PBOF08ITION III. 

404. Theorem. — // from a point tffUhout a circle a 
temgent is drawn, and a secant terminating in the con- 
cave arc, the tangent is a mean proportional between the 
whole secant and its external segment ; whence the square 
of tho tangent eqaals the product of the secant into its 
external segment, 

DfiMOHSIBATION. 

Let OA be I tangent and 06 a leoanf fnterteotlng the olroumfareiwe 
In C. 

We aie to piore that 

08_0A 
OA ~ OC ' 
wbenoe, OB x OO = OA*. 

Draw AC and AB. 

The two trianglea AOB and AOC are ami* 
lar, BiDCe angle ie commtiD, and angle OAC = 
angle B (f). 

OB OA f'i-aos. 

°'™'*' 0A = 0C = 

whence, OB x OC = OA*- Q. b. D. 



OF THE BISECTOR OF AN ANGLE OF 

A TRIANGLE. 



PEOPOSITION IV. 

405. Theorem. — ^ line which bisects any angle of a 
triangle divides the opposite side into segments propor- 
tional to the adjacent sides. 

Dehonstbation. 
In the triangle ABC (Fig. 20«) let CD biaaot tha angle ACS. 
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Ap_ AC* 

DB ~ ca ■ 



Draw BE puallel to CD, and pnxluce It 
till it meeU AC piuduced in E. 

By reason of the parollelB CD aod EB, 
an^e ACD = AEB, 
■od DCB = CBE. ^ j^ 

But, by hypotlieHiB, ACD = DCB. 

Thowfiae, AEB (or CEB) = CBE, 

and CE = CB (T). 

Hence, finaUy, BB = CTl^CB) ^^M)- *»-°- 



PBOPOSITIOW V. 

406. Theorem.—//' a line is drawn from any vertex 
of a triangle bisecting the exterior angle and intersecting 
the opposite side produced, the distances from the other 
vertices to this intersection are proportioned, to the adjacent 
sides. 

Demonbthaiion. 

Let CD bisect the exterior angle BCF of the triangle ACB. 



Tben i 



AD_ AC 
BD ~ CB' 



For, draw BE paraliel to AC. 
By reason of these parallels, 
angle FCE = CES, 
and BCE = FCE, by hypotheffli. "9- *"'• 

Hence, CEB = BCE, 

and CB ^ BE. 

Also, by reason of the rimllar triangles ACD and BED, 

A? «-. <tB.D. 

BD ~ BE ( or CB) ^ 

< Bee note at the botMm of p. ITS. 
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FBOFOSITION VI. 

407. Theorem* — If a line is drawn bisecting any 
angle of a triangle and intersecting the opposite side, the 
produbct of the sides about the bisected angle equals the 
product of the segments of the third side, plus the square 
of the bisector. 

Demonstration. 

In the triangle ACB, let CD bisect the angle 
ACB. 

Then AC x CB = AD x DB + CD-. 

For, circumscribe the circle about the trian- 
gle, produce the bisector till it meets the circum- 
ference at E, and draw EB. The triangles ADC 
and CBE are similar, since angle ACD = ECB, by 
hypothesis, and A = E, because each is measured 
by ^ arc CB. 

AC CD 




Fig. 208. 



Theretbre, 



whence, 



CE " CB' 
AC X CB = CE X CD = (DE + CD) CD 
= DE X CD + CD*. 



For DExCD, substituting its equivalent ADxDB (402)) we hove 

AC X CB = AD X DB + CD*. Q. B. D. 



AREAS OF SIMILAR FIGURES. 



PROPOSITION VII. 

408. Theorem. — The areas of similar triangles are to 

each other as the squares described on their homologous 

sides. 

Demonstration. 

Let ABC and EFG be two similar triangles, the homologous sides 
being AB and EF, BQ. and FG, and AC and EG. 



APFLICATIONB 9F DOOTRIKM OF SIMILARITr. 

Thenifl 

*M« ABC ^ Ag ^ AB*^ BC* 

»re» EFG EG* eP FQ*' 

From the gmtteet * angle in eacb tri- 
angle let fall a perpendicular upon the 
oppcwite mde. Let these peipeDdicnlara 
be BD and FH- 

FH EG "■ 



Now cii = cSP>' 



1AC_AC 
iEQ EO 



(^ 



i- Unltiplfing the correspoadiDg ratios 

bother, we have 

jACxB O _ A 
lEGxFH ~ E 



lAC X BD = area ABC, 

iEG > FH ^ area EFG (?). 

a rea ABC _ AC| 
irea EFG " EG' ' 



And, finallj, as ^=5 = ^ = = 



■Tea AB C _ AC^ 
"I* EFG - EG' ' 



PROPOSITION VIII. 

409. Tbeorem. — The cweas of simUar ptAygons are to 
each other as the squares of any two homologous sides of 
the polygons. 



■ The only nbJMt in taking the ltirge*t angles is to mehe tbe perpendic- 
ular fall within tbe triangle. Tlie demiinatralidD is eBBentiallj the same 
wbes the perpendlcnlarB fall upon the optiosite sides produced. 
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Demonsteation. 



Let ABCDEF and abcdef ba two timtlar polygons, the homologoui 
•Idee being AB and ab, BO and be, CD and cd, DE and de, EF and ef 
FA and/M. 

Let area ABCDEF = P, 
and area aledtf = p. 

Then ib 



Fif. 210. 



or aa the squares of any two 
bomologouB sideB. 

Draw the hnmologouB di- 
smals AC. AO, AE, and ae. ail, and as, dividing the polygons into the 
Bimilar triangles M and m, N and n, and o. and S and * (3B8). 



= ^ = -1(0= 



Taking this b; compotdtaon, we have 
M+N+O+S P I 



And aa the ratio ^^s- is the game aa that of the squares of any two 

hotnologons udes, P and p are to each other as the aquares of any two 
homologous ddea. 
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Finally, as this argument can be extended to the case of any two 
similar polygons^ the areas of any two similar polygons are to each other 
as the squares of any two homologous sides of the polygons. <^ b. d. 

410. CoBOLLABY 1. — Similar poly^ons^ are to each other 
as the squares of their corresponding diagonals. 

P M CB' 

In the demonstration we have -:= — =: 



By (388, 408) we have J=g=g = g 

Hence - = ^=^ , etc: 

P a? 

411. GoBOLLABY %.— Regular polygon^ of the same 
number of sides are to ea^h other as the squares of their 
homologous sides. [They are similar figures (?)]. 

412. CoBOLLABY 3. — Regular polygons of the same num- 
ber of sides are to each other as the squares of their 
apothems. 

For their apothems are to each other as their sides. Hence the 
squares of their apothems are to each other as the squares o^ their sides. 

413. COBOLLABY 4. — Cirdes are to eaoh other as the 
squares of their radii (390), and as the squares of their 
diameters. 



OP PERIMETERS AND THE RECTIFI- 
CATION OF THE CIRCUMFERENCE. 

414. The Recliflcatlon of a curve is the process of find- 
ing its length. 

The term reetification signifies making straight, and is applied as 
above,, under the conception that the process consists in finding a straight 
line equal in length to the curve. 

* This is a common elliptical form for '* The area« of, etc." 
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PROPOSITION IX. 

416. Theorem. — TJie perimeters of similar polygons 
are to ea^ch other as their homologous sides, and as their 
coiresportding diagonaZs. 

Demonstration. 

Let a, b, c, d, etc., and A, B, C, D, etc., be the homologous sides of 
two similar polygons whose perimeters are p and P. 

mu p a b c ^ 

^•^ P = A = B = C'*^- 

and r and R being corresponding diagonals, 

S — 1 
P "" r' 

Since tbe polygons are similar, 

By composition, 

g+6-Hc-f d + etc. {orp ) __ a 
A-HB + C + D + etc.(orP) ~ A 

or as any other homologous sides. Also, as the homologous sides sre to 
each other as tbe corresponding diagonals (387)) 

p T 

416. Corollary 1. — The perimeters of regular polygons 
of the sam^e niimfber of side8-a^s^4»-each other as the apo- 
them,8 of the polygons (382)* 

417. Corollary 2. — The circumferences of circles are 
to ea^h other as their rarity and as their diameters (390)* 



PBOPOSITION X. 

418. Problem. — To find the relation between i^ 
chord of an arc and the chord of half the arc in a circle 
whose radius is r. 
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Solution. 

Lat ba ths cwntra of the oirclo, AB any chord, and CB tha chord 
of Kalf thaaro AB. 

L«t AB = C, and CB = c. 

We are to find the reladim between and e. 

Draw the radii CO and BO, and call each r. 

CO ia perpendicular to AB (?). 

In the right-angled triangle BDO, 

00 = Vbo' — JC (I), 
ai DO = V*-' -i<^- '''■ "•• 

HwMO, CD = r - v'r' - JC. 

Again, In the right-angled triangle COB, 



CB = VcD* + BD* 



=♦/(.- 


■V? 


-^o=)N 


-io- 


= y »r*- 


-arv 


/r'-JO- 




= A- 


-v 


i^-o: 





1, e = y 2r* — rV'4r' — 0* is the relation desired. 
41S. BoHOLicii.— The formula 

e = y 3r'— rv'4r"- 0> 

la the valne of the chord of half the arc in terma of the chord of the 
whole arc and the radina. From this we readily obtain 



which is the nine of the chord in terms of the chord of half the arc and 
the radiuB. 
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PBOPOSITION XI. 

420. Theorem. — The circumference of a circle whose 
radius ial.is 2t, tJie numerical value of it being approxi- 
mately 3.U19. 

Dbmomstaation. 

We will approximate the circamferNice of a 
circle whose radias is 1, by obtaining, lat, the 
perimeter of the regular iiucribed hexagon ; Sd, 
the perimeter of the r^nlar inacribed dodeca- 
gon ; Sd, the perimeter of the regular inscribed 
polygon of 34 sides ; then of 48, etc. 

By varying the polygon in this manner, it is 
evident that the perimeter approaches the cir- 
camference aa its limit (282, 364). "ince at each ^''* "^ 

bisection the snm of two sides of a triangle is snbatitntcd for the third 
tide. Moreover, the perimeter can never pass the circumference, since a 
choni is always less than its arc. 

Now let AB = !■ (f) = 1 be the side of the inacribe<l bexagoo. Then 
b; the furmnla (41B), we have 



=/r 



which is tbeieft»e the side of a regular dodecagon. Hence the perimeter 
of the dodocsgun is 

.91763809x12 = 6.2116ST0B. 

Again, let the nde of the inscribed regular polygon of 34 sides be c', 
and we have 



«■ = V 3 - V* - <^ = V 8 - v'4 - 



v'4 - (.si7e8S09)' = .aeiosaas; 



uid the perimeter, .261052S8 x 24 = 6.26635733. 



Carrying the computation forward i 
lowing: 
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It DOW appears that the first four decimal figures do not change as 
the number of sides is increased, but will remain the same how far soewr 
we proceed. When the foregoing process is continued till 5 decimals be- 
come constant, we have 6. 28318 + . We may therefore consider 6.28318 
as approximatdy the circumference of a circle whose radius is 1, 

Hence, letting 27r stand for the circumference, we have 

27r = 6.28318 +, c 

and IT = 8.1416, nearly, q. b. d. 

421. Scholium. — The symbol n is much used in mathematics, and 
signifies, primarily, ihe aemi-cireumference of a circle whose radius is 1. 
Jtt is therefore a symbol for a quadrant, 90°, or a right angle. Jtt is 
equivalent to 45°, and 2n to a circumference, the radius being always 
supposed 1, unless statement is made to the contrary. The numerical 
value of ir has been sought in a great variety of ways, all of which agree 
in the conclusion that it cannot be exactly eicpressed in decimal numbers, 
but is approximately as given in the proposition. From the time of 
Archimedes (287 b. c.) to the present, much ingenious labor has been 
bestowed upon this problem. The most expeditious and elegant methods 
of approximation are furnished by the Calculus. The following is the 
value of n extended to fifteen places of decimals : 3.141592653589793. 



PROPOSITION XII. 

422. Theorem. — I%e circumference of any circle is 
^nr, r being the radiMs. 



Demokstration. 

The circumferences of circles being to each other as their radii (417), 
and 27r being the circumference of a circle whose radius is 1, we have 

27r 1 



circf. r' 
whence, circf. = 2jrr. <^ b. D. 

423. CofiOLLARY. — The circumference of any circle is 
nD, D being the diameter, 
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AREA OF THE CIRCLE. 



PBOPOSITION XIII. 

424. TheoFem.— 12%^ curea of a circle whose radium 
islfisn. 

Demokstbation. 

The area of a circle is |r x circf. (S5Q). When r = 1, 

circf. = 2n (420) ; 
hence, asea of circle whose radias is 1 = ^ x 2:r = ir. q. e. d. 



PBOPOSITION XIV. 

426. ISieorem. — The area of any cirde is nr^, r being 
the radius. 

Demonstration. 

The areas of circles heii^ to each other as the. squares of their radii 
(41S)t 81^ ^ being the area of a circle whose radius is 1, we have 



area of any circle r* ' 
wheaoe, area of any circle = trr*. Q. b. d. 

426* Scholium 1. — Since the area of a sector is to the area of the 
circle of the same radius as its angle is to 4 right angles (359)) if we 

a TT T* 

represent the angle of the sector by a®, we have for its area • 

427- Scholium 2. — As the yaloe of n cannot be exactly expressed in 
numbers, it follows that the area cannot. Finding the area of a circle has 
long been known as the problem of "Squaring the Circle;" i.e,^ find- 
ing a square equal in area to a circle of given radius. Doubtless many 
hare-brained visionaries or ignoramuses will still continue the chase after 
the phantom, although it has long ago been demonstrated that the diam- 



1S8 ShXUBNTARr QEOMSTST. 

eter of a circle and its drcmnferenct: are incommensonble by an; flnita 
uDit. It is, however, an easy matter to conceive a square of tbe same 
area as any given circle. Thus, let there be a rectaii|;le whose base is 
equal to the circa raference of the circle, and whose oltitade is half tbe 
radios; its area is exactly eqoal to the area of the circle. Non, let tbera 
be a square whose ude is a mean proportional between the altitude and 
base of this rectangle ; the area of the square is exactly equal to the area 
of the circle. 



PAOPOdlTION ZV. 

488. Theorem.— //■ a perpendicular is let fail from 
any angle of a triangle upon the opposite side (or on the 
side produced), the difference of the squares of the segments 
is equivaleni -to iAe difference of the aqitares of the other 
two sides. 

Dehonstba.tion. 

Let ABC be wiy triangle, and CD ^ Mia p « rp — J w l T lrt fall from 
C upon AB (or AB produced). Call the side* opposite the angles 
A, B, and C, a, b, and c, respectively; and let the segment BD = »r, 
AO = n, and CO = p. 

Then Is m'— n' = fl*— 6*. -—- 

For, from the right-angled tri- 



Also, from CDA, 

FiB 

Whence, a' — m' = 6' ~ n', 

r m* — n' = a' — 6'. q. a. 

429. CoBOLLABT. — Since 

«,'-»• = (m + n)(m-«), 
ad ffl«-6' = (o + 6)(o-6), 
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430, doHoiJini. — la cttse tbe perpeodiculaT folia witliunt, the di»- 
tnnces BD aod AD are itill, for simpUctt; of exprenioD, spoken of as 



431. A line is said to be dinded in Extreme aud 
Mean Ratio when it is ea divided that the whole line is to the 
greater segment as the greater s^;meQt is to the less, i. e., when 
the greater s^^ment is a mean proi>ortioDaI between tbe whole 
line uid the lets s^pnenL 



PBOPOSITION ZVI. 

438. Problem. — To divide a line in extreme and 
inetin, ratio. 



Let it be propowd to dlvid« the Una AB in extreme ind mtan ratlOi 
Ue,, C being the point of divitlon, lo that 

AB_ AC 
AC~C8" 

At one extremity of AB, aa B, erect a 
perpendicular BO, and make it equid to 
iAB. 

From as a centre, with OB bb a ra- 
dios, deacribe a drcle. 

Draw AO, cutting the circaniferenoe 
inD. 

Then is AD the greater a^ment, and taking AC = AD, AB is divided 
in extreme and mean ratio at C. 



Fig. 114. 



Dbmonstbation of SoLunoM. 

Prodnce AO to E. 

"'"• « = »<•). 

or, by invernon, j= = ^' 



MO . . ULSMRSTABr QEOKETBT. 

B; dvinon, are b&ve 

AB _ AP 
AE-AB~AB-AD' 

Bnt, as 0E'= AB (I). 

AE - AB = AE - OE = ^O = AO; 

and AB-AO =:jtS— AC = OB. 



Hence, sMbBtitutii^ ic^cS: *■■•>• 



AC ~ CB ■ 



PROPOSITION XVII. 

433. Problem.— To inscribe a regular decagon in a 
circle, and hence a regular pentagon, and regular polygons 
of SO, 40. 80. etc.. sides. 



Let n be required to inioribe a regular decagon in the cirole wh 
centre ia and radius OA. 

Diride the radioB OAia 
extreme and mean ratio, as 
at (a). 

Then is oo, the greater 
segment, the iiide of tlie in- 
scribed decagon, ABODE, 
etc 

To proTe this, draw OA 
and OB, and takbg OM = 
ae = AB, draw BM. ''''■ ^"' 

^"^ nS ~ Sii ' ''y conatruction ; and, as OM = AB, we haTe 



AB ~ MA 

Hence, conmdering the antecedents as belonging to the triangle OAB, 
and the consequents to the triangle BAM. we obserre that the two sidee 
abont the angle A. which is common to both triangles, aie proportional; 
hence the triangles are dniilar 973)- - 
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. \ Tbesfltee, ABM is ifloeceles, since OAB is, and 

angle BMA = A = OBA, 
and MB = BA = OM. 

This makes 0MB also isosceles, and 

the angle = OBM. 
Again, the exterior angle BMA = + OBM = 20; 
hence, A (which equals BMA) = 20. 

Hence, also, OBA (which equals A) = 20. 

Wherefore, is ^ the sum of the angles of the triangle OAB, or \ i^i 
2 right angles, =? -^ of 4 right angles. 

The arc AB is therefore the measure of i>^ of 4 right angles, and is 
consequently -f^ of the circumference. Hence AB is the chord of ^ of 
the circumference, and if applied, as AB, BC, CD, DE, etc., will give an 
equilateral inscribed decagon. 

Moreover this inscribed polygon is equiangular, and hence regular 
by (272). 

To construct the pentagon, join the alternate angles of the decagon. 
To construct the regular polygon of 20 sides, bisect the arcs subtended 
by the sides of the decagon, etc. 



MISCELLANEOUS EXERCISES, 

434. 1. Show that if a chord of a circle is conceived to re- 
volve, varying in length as it revolves, so as to keep its extremities 
in the circumference while it constantly passes through a fixed 
point, the rectangle of its segments remains constant 

2. The two segments 6f a chord intersected by another chord 
are 6 and 4, and one segment of the other chord is 3. What is 
the other segment of the latter chord ? 

3. Show how Propositions I, n, and III may be considered as 
different casefi of one and the same proposition. 

SuGGBSTiONB.— By Stating Propositions I and U thus, The didances 
from the inteniee^n of the lines to their intersections with the eircumferenee, 
whflft foVkm^ In Fig. 204, if the secant AO becomes a tangent, what 
does OD become t 



^2 ELEMENTAKt GEOMETRY. 

4. In a triangle whose sides are 48^ 36^ and 50> where dajhe 
bisectors of the angles intersect the sides ? 

5. In the last example^ find the lengths of the bisectors. 

6. A and B have farms of similar shape, with their homolo- 
goas sides on the same road. A's is 150 rods on the road, and 
B's 200 rods. How does A's farm compare with B's in size ? 

7. Draw two similar triangles with their homqlogous sides in 
the ratio of 3 to 5, and divide them into equal partial triangles, 
showing that their areas are as 3^ to 5^ that is, as 9 to 25. 

8. What are the relative capacities of a 5-inch and a 7-inch 
stove-pipe ? 

9. If a circle whose radius is 24 is divided into 5 equal parts 
by concentric circumferences, what are the diameters of the sev- 
eral circles ? 

Solve geometrically as well as numerically* 

10. The projection of one line upon another in the same plane 
is the distance between the feet of two perpendiculars let fall 
from the extremities of the former upon the latter. Show that 
this projection is equal to the square root of the difference be- 
tween the square of the line and the square of the diffei^nce of 
the perpendiculars. 

11. The three sides of a triangle being 4, 5, and 6, find the 
segments of the last side made by a perpendicular from the op- 
posite angle. An%. 3.75 and 2.25. , 

12. Same as above, when the sides are 10, 4, and 7, and the 
perpendicular is let fall from the angle included by the sides 10 
and 4. Draw the figure. Why is one of the segments negative ? 

13. What is the area of a regular octagon inscribed in a circle 
whose radius is 1 ? What is its perimeter ? What if the radius 
is 10? 

14. What is the side of an equilateral triangle inscribed, in a 
circle whose radius is 1 ? j 
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15. What is the aide of a regnfaur insoribed decagoa in a circle 
whose radios is 4? What the side of the insc^tbed pentagon ? 
What is the area of eaeb ? 

16. Draw two squares, and construct two others^ one e^jualtp 
their snm, and the other to tiieir difference^ 

17. Draw any two polygons, and oonatmet two squares, one 
eqai^alent to their snm, and the other equivalent to their differ- 
ence* 

» 

18. Show that the length of a degree in any circle is ^qt^, 

and hence that the lengths of degrees in different circles are to 
each other as the radii of the circles 

19. What is the length of a minute on a circle whose radius 
is 10 miles ? 

20. Calling the equatorial radius of the earth 3962.8 miles, 
what is the length of a degree on the equator ? 

21. How many degrees in the arc of a circle which is equal in 
length to the radius ? 

22. Compute the area of the triangle whose sides are 20, 30, 
and 40. 

Find the s^mentB of the base (40) by (428)- Hence the perpendic- 
ular. 

23. Given the side of a regular inscribed pentagon, as 16, to 
find the side of the similar circumscribed polygon. 

24. Prove that if a triangle is circumscribed about a given 
triangle by drawing lines through the vertices of the given tri- 
angle and parallel to the opposite sides, the area of the circum- 
scribed triangle is four times that of the given triangle. 

25. Prove that the bisectors of the angles of a triangle pass 
through a common point 

26. Prove that the perpendiculars to the three sides of a tri- 
angle at their middle points pass through a common point 
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37. The three perpendicnlara drawn from the Bibles of a tri- 
ugto npon tabe oiqxnite sidae intersect in a oonunoD point 

Draw thnni^ the vertices of tlie - - 

tri&ngle lines paniUel to tUe <>ppont« 
sides. Tbe propoMtion maj then be 
broDght under the preceding. 

28. The following triangles are 
similar — via., BOE, BOC, AOD, and 
AEC, each to each ; also BOF, BDA, 
DOC, and OFA. Prove it 



435. The Medial Lines in a triangle are the lines drawn 
from the vertices to the middle points of the opposite sides. 

29. The three medial lines of a triangle mntnally trisect each 
other, and hence intersect in a common point. 

To prove thst OE = ^BE (Fig. 317), draw FC parallel to AD outil it 
meets BE produced. Then the tmnglea AEO and FEC are equal (T) ; 
whence 

EF = OE. 

Also, BO = OF (t). 

Having shown that 

OE = IBE, 
b; a similar constmctiiin we can aliow that 
OD = ^AO. 
FiDsIly, we mn; show that the medial line 
from C to AB cuts off j uf BE, and hence cuts BE 
at the same point ss does AD. 

AnoTHBR DBHonBTRATmH.^Lines throngh parallel to the sides 
trisect the sides, etc. 

8x11.1. AnoTnEB. — Without EF and FC, draw ED, and prove by simi- 
lar triangles. 



4- CHAPTER it 



SOLID GEOMETRY.* 




•>H>^ 



$«?CtlOM I. 



OF STRAIGHT LINES AND PLANES. 

436. Solid Geometry is that department of Geometry 
in which the magnitudes treated are not limited to a single 
plane. 

437. A Plane (or a Plane Surface) is a surface such 
that a straight line joining any two points in it lies wholly in the 
surface. 



N. . 



PLANE, HOW DETERMINED. 

. 438. A plane is said to be Determined by given conditions 
which fix its position. 

All planes are considered as indefinite in extent, unless the 
contrary is stated. 

* In some respects, perhaps, " Geometry of Space " is preferable to this 
term ; but, as neither is free from objections, and as this has the advantage 
oimmgl^tY ^^}9!l^ ^¥^« ^^® author prefers to retain it 
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FBOFOSITION I. 

439. Theorem. — TJhree^ points nod in the same straight 
line determine a plane. 

Demokstbateon. 

Let A, B» and C be three pointe not in the same etraight lint. 

Then one plane can be passed through 
them, and only one; t. «., they determine the 
position of a plane. 

For, pass a straight line through any two of 
these points, as A and B. Now, conceiye any 
plane containing these two points ; then will the 
line passing through them lie wholly in the 
plane (437)* Conceive this plane to reyolve on ^'^9* 2i8. 

the line as an axis until the point C falls in the plane. Thus we hare one 
plane passed through the three points. 

That there can be only one is evident, since when C falls in the plane, 
if the plane be revolved either way, C will not be in it. The same may 
be shown by first passmg a plane through B and C, or A and C. There 
is, therefore, only one position of the plane in which it will contain the 
third point, q. s. d. 

440. Corollary 1. — J. line and a point without it c2e- 
termine a plane. 

441. Corollary 2. — Through one line, or two points, an 
infinite nurnber of planes can he passed. 

442. Corollary 3. — The intersection of two planes is a 
straight line. 

For two planes cannot have even three points, not in (he aame straight 
line, common, much less an indefinite number, which would be required 
if we conceived the intersection (that is, the common points) to be in any 
other than a straight line. 



443. The Trace of one plane in another is their intersection. 



STBAIOBT JMfSS AUD PLANBS, 207 



PROPOSITION II. 

• « 

444. Theorem* — Two intersecting lines determine the 
position of a plane. 

DBHON8T&ATI02!r. 

For, the point of intersection may be taken as one of the three points 
requisite to determine the position of a plane, and any two other points, 
one in* each of the lines, as the other two requisite points. Now, the 
plane passing through these points contains both the lines, tor it contains 
two points in each. q. b. d. 



PROPOSITION III. 

445. Theorem. — Two parallel lines determine the po- 
sition of a plane, 

D£M0K8TBATI0N. 

For, pass a plane through one of the parallels, and conceive it revolved 
until it contains some point of the second parallel. Now, if the plane be 
revolved either way fVom this position, the point will be left without it. 
Hence, it is the only plane containing the fifst parallel and this point in 
the second. 

But parallels lie in the same plane (120) 121)) whence the plane of the 
parallels must contain the first line and the specified point in the second. 

Therefore, the plane containing the first line and a point in the second 
IS the plane of the parallels, and is fixed in position. Q. b. d. 

446. Scholium.— -When a plane is determined by two lines, accord- 
ing to either of the last two propositions, it is spoken of as the Plane of 
the Lines, In like manner, we may speak of the Plane of Three Points. 



RELATIVE POSITION OF A LINE AND 

A PLANE. 

447. A line may have one of three positions in relation to a 
plane : (a) It may be perpendicutar^ ( J) oblique, or (c) parallel. 
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OF LINES PERPENDICULAR TO A PLANE. 

. . 44S. A Jine is said to Pierce a plane at the povnt wh«% it 
passes throagh it 

449. The point where « p^'peodicnlar meets, or pierces, a 
plane Ja called its Foot. 

450. A Perpendicular to a Platie is a line which u 
perpendicular to all lines of the plane pa^Qg through its foot, 
and hence to ever; line of the plane. Conversdy, tiie plane is 
perpendicular to the line. 

451. The Distance of a point from a plane is the length 
of the perpendicalar let fall fh)m the point apon the plane. 



PROPOSITION IV. 

462. Theorein> — >^ line which is perpendicular to two 
lines of a plane, at their intersection, is perpendicular to 
the plane. 

Dehosbtbatiok. 

Let PD be perpendioular to AB ind CF at D. 

Then !b it perpeDdicnlar to MN, the 
plane of tbe lines AB and CF. 

Let OQ be any other line of the i 

plane MN, passing through D. Dnw I 

FB intenecting the three tines AB, CF, I 

and OQ in B, E, and F. Produce PO 

to P', making P'D = PD, and draw PF, i 

PE, PB.P'F, P'E. P'B. I 

Then is PF = p'F, i 

and PB = P'B, I 

aince FD and BO an perpendicular to 

PP'.and, '''■■"•■ 

PD = P'D(96) 



STRAWBT LtNXS AND PLANES. 309 

Bence, the tiungkB f FB and P'FB are equal (805) ; anil if PfV be 
nrolTCd lipoB FB tiU P &11b at P', PE will fall in ?*£. 

Therefore, OQ has E equally diBtaot (h)in P and P',aDd as is also 
eqddiBtant from the same points, OQ is perpendicular to PD at D (68)- 

Now, as OQ is any line, PD is perpendicular to any line of the plane 
passing through its foot, and consequently perpendicular to the plane 
(460). I.H.D. 

463. Oo^oiJ^VT,~If(fne of ttvoperjmidicidars revolves 
about the oth&r as an axis, its path is a plane perpendicu- 
lar to the axis, and this plane contains aH the perpendicu- 
lars to the axis atthe common point. 

Thus, if AB rerolres about PP* as on axis, it describes the plane HN, 
and MN contiunsaU the perpendiculars to PP* at D. For, if there could 
be a perpendicular to PP at D which did not lie in the plane M N, there 
would be two perpaidiculars to PP' at D, both Ijing in the same ptane, 
which is impoHdble (88). 



PBOPOSITION V. 

454. Theorem.—^* a,ny point in a plane one perpen- 
dicular can be erected to the plane, and only one. 

Demonstration. 

Lai it be required to show that one perpendicular, and only one, can 
be erected to the plane MN at 0. 

Through D draw two lines of the plane, as 
AB and CE, at right angles to each other. CE 
heing perpen<Ucular to AB, let a line be con- 
craved as starting from the pontion ED to re- 
volve about AB ss an axis. It will remwu per- 
pendicular to AB (463)- Conceive it to have 
pawed to P'D. Now, as it continues to revolve, 
p'DC diminishes continuously, and at the same p.^ ^^ 

rate SB P'DE increases; hence, in one poaition 

of the revolving line, and in only one, as PD, PDE = PDC. and PD is 
perpendicular to CE (86). .. , 

Again, any line which is perpendicular to HN at D » perpendienUr 
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to AB utd CE (450)- Bnt the plane of tbe Waet PD aud DE contains all 
lines perpendicular to AB at D. Henoe, PD ia perpeDdicolar to the.plane 
(162), and ia the on); perpendicular. ^ e. d. 



PBOPOSITION VI. 

456. Theorem — From a paint without a plane one 
perpendiouUiT oan. be drawn to the plane, and only one. 

Dbmonhtbation. 

Lei ft be required to thow thit one perpendicular ean be drawn from 
P to the plane MN, aad only one. 

Take RS as an anz- 
iliar; plane, and at an; 
point as C ereet DC pet^ 
pendicalar to RS. 

Now place the plane 
RS in coincidence with 
MN, and move it in MN 
till the perpendicular DC 
pawes throDgb P. 

ThenDC.whichpaffies Fig. m 

tfarongb P and is perpen- 
dicular to RS, is perpendicular to MN, with which RS is coinddent. 
<t- K. D. 

To prove that there can be bat one perpendicular from P to MN, anp- 
poee that there could be two, as PA and PF. 

Draw FA. 

Then duce FA is a line of the plane, and PF and PA »k perpendio- 
nlan to the plane, PFA and PAF are both right ai^lee (1), and tbe tri- 
angle PFA has two right angles, which ia abaitrd. Hmce there caa be 
but one perpendicular from P to MN. q. x. d. 

456. OoBOLLART.— I^e perpendicular is the shoHesi line 
that can be drawn to a pJ^ne from a point without. 

Thus, let PA be a perpendicular and PF an; ottHqne line. 
PA < PF (7). 
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PBOP08ITIOK VII. 

457. Theorem. — GoDvenel; to the lart, Nirough a^iven 
point Ub a line, one plane eon be jmeaed perpendicular to 
the line, and only one. 

De1(0K8IKA.TI0X. 
Lot D tM the itotnt In tiM lim PG. 
Pise two linee through D, as 
EF and AB, uch perpatdkatar to 
PD ; the plaoe of these lines i&^^ 
IT to PD. 4. B. D. 



To show that bat <Hie plane can 
be puBed tiiroo^ O peipendiciilai 
to PG, awuiqe.that M'N' u another 
plane pasting tlirongh D, and per- 
pendicolar to PG, bat nut contain- 
ing BD. Throogb PD and BD paw 
a plane, and let B'D be its intersec- 
tion with M'M'. Then, on the f. ^22 
bypothcMB that M'N' te perpendio- 

alar to PQ, B'OP is a right angle, and we have two lines in the sunn 
plane with PQ, and perpendicular tu it at the raine point, which is 
abeord. Hence there can be bnt one plane perpendicnltir to PG and pass- 
ing through D. 4. K. D. 



PEOPOSITION VIII. 

468. Theorem. — If from the foot of a perpendicular 
to a plane a line is drawn at right angles to nny line of 
the plane, and their intersection is Joined with any point 
in the perpendicular, the last line is perpendicular to the 
line of the plane. 

Dbmonstkatiok. 

Front the foot of the perpend ioiilar PD (Fig. 223) l«t DE be drawn 
parpen dioul a r to AB, sny line of the plane MN, and E joined wHh 0, any 
point of the perpendloular. 



J23» 
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Then is OE perpendicular to AB* 

Take EF = EC, and draw CD, FD, CO, and 
FO. Now, 

CD == DF (?), 

whence CO = FO (?), 

and OE has equally distant from F and C, and 
also E. Therefore, OE is perpendicular to AB (?). 

Q. B. D. 




Fig. 223. 



4m OoBOLLABT. — The line DE mecMures the shortest 
distanee between PD CMd AB. 

For a line drawn from E to any other point in PD than D, iia Eo, is 
longer than DE (l). 

Again, if from any other point in AB, as C, a line be drawn to O, it is 
longer than DE (?) ; and if drawn from C to a, any ol^er point in PD 
than D, Co is longer than CD (?), and consequently longer tiian DE (f). - 



PROPOSITION IX. 

460. Theorem. — If one of twojparaUels isperpendic- 
lUar to a plane, the other is perpendicular alsa. 



Demonstration. 

Let AB be parallel to CD and perpendicular to the plane MN. 

Then is CD perpendicular to MN. 
For, drawing BD in the -plane MN, it is per- 
pendicular to AB (?), and consequently to CD (?). 
Through D draw EF in the plane and perpendic- 
ular to BD, and join D with any point in AB, as 
A ; then is EF perpendicular to AD (?). 

Now, EF being perpendicular to two lines, AD 
and BD, of the plane ABDC, is perpendicular to F'ig. 224. 

the plane, and hence to any line ef the plane passing through D, as CD. 

Therefore, CD is perpendicular to BP and EF, and consequently to the 
plane MM (!). ^». ». 
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461. CoKOLLABY.— Tiffo lines which are perperi-dieulai- 
to the same plane are petraUti. 

ThoB, AB Uid CO being mrpcndicular to the plane MN are parallel. 
For, if AB is not parallel tu CO, draw a lina thr«ugb B which liiall be,, 
By the PrupodtioD, this line ia perpendicular to MN, and heace most 
coincide with AB (464)- 



PBOPOSXTION Z. 

46S. Theorem. —Two lines parallel to a third not in 
their own plane are parallel to each other. 

Demonstration. 
Let AB and CD be parallel to EF. 

Then are they parallel to each other. 

Fur, through F', an; point in EF, paas a plane 
MN perpendicular to EF. 

Now AB and CD are reapectirel j perpendicn- 
lar to MN (?), and hence are parallel to each oUier 
(^. Q. K. D. 



OF LINES OBLIQUE TO A PLANE. 

. 463. An Oblique Line is a line which pierces the plane 
(if BufBcientlj produced), bat is not perpendicular to the plane. 

464. The Projection of a Point o^ a plane ie the foot 
of the perpendicular from the point to the plane. 

4<&. The Projection of a Line npon a plane is .the 
loons of the projectioa of the point wliii^ generates the lio^ ' . 



SLSltEItTA^Rr OSOXSTBF, 



PROPOSITION XI. 

466. Theorem. — Theprojeotlonofastraightlineupon 
a plane is a straigfH line. 

Beuonsibation. 

Let AB be my line and MN the plane upon which ft It projected. 

Tben Is the projection of AB in MN 
a etnight line. 

Let P be a point in AB, and ita 
prqjeotion in MN. 

Pass a plane, S, through AB and PD 
(414), and let CE be its trace in MN. 

How let P' be an; point in AB 
other tl)&n P, and let 0' be its pngeo- 
tion in MN. 

As PD and PD' are perpaidicular Fig. zie. 

to MN, they are parallel to each other 
(481), and a plane may be passed tliniugli them (445). 

But the plane ol'PD and P'D' is S, since it contains PD and F'(440>. 

Therefore (f liea in S, and aa it lies in MN, H is in the trace of S io 
MN, which trace is a straight line (442). 

Hence, ss P' i^ any point in AB, the prqjection of eyery point of AB is 
in a straight line. q. s. D. 

467. CoROLLAKT.— me projection of a line upon a plane 
is the trttce of a plane containing the line and the projec- 
tion of any point of the line. 



468. The Projecting Plane is the plane of a line and its 
projection tipon another plane. 

469. The Plane of Projection is the plane npon which 
a point or a line ia projected. 

4T0. The Inclination of a Line to a plane is the angle 
inclnded between the line and its projection. 
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PBOPOSITION ZII. 

471. Theorem. — If from, any point in a perpendicular 
io a j^ne, oblique lines are drawn tothe plati^, those which 
pierce the plane at equal distances from the foot of the 
perpendicular are equal ; and of those which pierce the 
plane at unequal distances from, the foot of the perpendic- 
ular, those which pierce at the greater distances are the 
greater. 

Demonbtbatioit. 

Lst PD be a perpendicular to the plane MN, and PE, PE', PE", and 
PE'" be oblique line* piercing the plane at equal dliUnoea ED, E'D, E"0, 
and E"'0 from the foot of the perpendicular. 

Then PE = PE' = PE" = PE'". 

For each of the triangles PDE, PDE', etc., 
has two sides and the included angle equal 
to the corresponding parts in tlie other. 

Again, let FO be longer than E'D. 

Then is PF > PE'. 

For, take EO = E'D ; then PE = PE', by 
the preceding part of the demonstration. Fig. 327. 

Bat PF> PE, by(113). Hence, PF > PE'. (j. K D. 

472. doEOLLART 1. — The angles which oblique lines 
drawn from a common point in a perpendicular to a 
plane, and piercing the plane at equal distances from the 
foot of the perpendicular, make with the perpendtetUar, 
are equal ; and the incli?iations of such lines to the jAane 
are equal. 

Thns, the equality oF the triuglee, u shown in the demonstratjon, 
ahowB that 

EPD = E'PD = E"PO = E"'PD, 
and PED = PE'D = PE"0 = PE"V. 

473. GoROLLAHT 2. — Conversely, If the angles which 
oblique lines drawn from a point in a perpendicular to a 
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plane, make ivith the perpendicular, are equal, the lines 
are equal, and pierce the plane at equal distances from 
the foot of the perpendicular. 

Thus, let E'PD = E"PD ; 

then the rig)?t-angled triaugles PDE' and PDE" are equal (?). Hence, 
^ PE' = PE", and DE' = DE". 

474, ConoLLARY 3. — Lines drawn from the same point 
in a perpendicular, and equally inclined to the plane, are 
equal, and pierce the plane at equal distances from the 
foot of the perpendicular, 

476. CoBOLLABY 4. — JSquol oblique lines from the same 
point in the perpendicular, pierce the plane at equal dis- 
tances from the foot of the perpendicular, are equally 
inclined to ike plane, and also to the perpendicular. 

Since the rightrangled triangles PDE' and PDE'' have their altitudes 
and hypotenuses equal, the triangles are equal (309)i and 

DE' = DE", PE'D = PE"D, and E'PD = E"PD. 



OF LINES PARALLEL TO A PLANE. 

476. A Line is Pai^Uel to a Plan^ whea it is paral- 
lel to its projection in that plane. . ' , 



PEOPosiTidir xiit, 

47Y. Theorem. — A tine parallel to a plane is every- 
where equidistant from the plane, and hence can never 
fneet the plane; arid, conversely, a straight line which can- 
not meet a plane is parallel to it. 

: Dehokstbatzon. 

The distance between a point in the line and the plane being the per- 
pendicular (451), is also the distance between the point and the pnyeo- 
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tion of the line (464)- But this 1b ereiTwhere the same (476. 136)- 
HeDce ■ line parnllel to a plane is everywhere eqaicligtaat from it, and 
therefore can never meet it 4- b- d- 

ConverBel; ; A line which nHsete a plane meets it in the prqjeotion uf 
the line in the plane, since the projectdng plane contains all the per- 
pendicttlan, or shortest lines, fhun the line to the plane. Hence a line 
which never meets a plane is parallel to its pn^ection in that plane, that 
is, to the plane itself (476). Q. •■ d- 



PBOPOSITION XIV. 

478. Theorem.— r-Si^r of two parallel lines is paral- 
lel to every plane containing the oilier. 

Demonbtbation. 

Lat AB and CD he two (larallel lines, and MN a plana oontainhig CD. 

Then is AB parallel to tbeplane MN. 

Since AB and CD are in the same plane 
(t), and OS the interaectjon of their plane 
with MN is CD ()), if AB meets the plane 
MN, it mast meet it in CO, or CD prodnced. 
Bnt this is impoesible (?). 

Whence AB is parallel to MN (477)- 

q. B. D. f't- us. 

' 479. CoBOLLABT ^..A line which is paraUel to a line of 
a plane is parallel to tfi» plane, 

480. OoBOLLABT 2. — Through any given line a plane 
may be passed jtaraUel to any other given line not in the 
plane of the first. 

For, through any point of the line through which the plane is to pasa, 
conceive a line parallel to the second given line. The plane of the two 
interaecting lines is pnrallel to the second given line (!). 

481. OoBOLLART 3. — Through any point in space a plane 
may he passed parallel to any two lines in spa.ce. 

Tor, throngh the given point conceive two lines respectively pairilei 
to the yivea lines; then is the plane of these intersecting lines parallel to 
the two given lines {(). 
10 
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PBOPOSITION XV. 

482. Theorem. — Of two lines perpendicular to each 
other, if one is perpendicular to a platie the other is par- 
allel to the plane. 

Deuohstbation. 

Let AB and PD b« perpandtoular to «oh othar, and PD parpaiidloii. 

lar to tha plane MN. 

Then is AB parallel to MN. 
If AB does not interaect PD, 

throngh any point in PD, u 0, 

dnw A'B' parallel to AB; then is 

it perpendicular to PD (32, foot- 
Let CE be the projection of 

A'B' in the plane MN. Then is H 

the point where PD pieroea the 

plane in CE (?). 

Hence A'B' ia parallel to ita 

projection CE (I), and couseqnentl j 

parallel to the plane MN. 

Therefore AB la parallel to CE (I), and oonieqaentl} to the plane MN 

(479). «.■- D^ 



Hg. aU. 



483. CoBOLLABT. — ^ line and a plane which are bt^ 
perpendicular to the same line are parallel. 



RELATIVE POSITION OF TWO PLANES. 



OF PARALLEL PLANES. 

484. Parallel Planes are snch that either is parallel to 
any line of the other. 

485. The Distance between Two Par^lel Planes 

at ftiky point is measured by the perpendicalar. 
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PROPOSITION ZVI. 
486. Theorem. — Parallel jUanea are everywhere equi- 
distant and hence can never meet. 

DBUONSTAi-TION, 

Ltl P and Q bo two p>nll«l 
planet. 

Then are they everyvhere eqni- 
(lieUot, end hence can never meet. 

Let A end B be any two poiots 
in P, and jiass a line through tbem. 

Since Q is parallel to P, it is 
pmllel to the line AB <4S4). And 
rince it is parallel to AB it ie every- 
wliere equidistant fhim AB. 

Hence A and B, any two points 
in P, are equidistant (h>m Q, and 
conBeunently P and Q can never 
meet q.^ I,. •"- ™ 



PBOPOSITION XVII. 

487. Theorem. — Two planes perpendieiUar to the 
same line are parallel to each other. 

Dkkonsteation. 

Let P and Q be two planea perpen- 
dicular to the line AB. 

Then are P and Q parallel. 

For any line in one plane is parallel 
tn Its prqjecdon in the other, since any 
line in either plane is perpendicnJar to 
ABa). 

Hence either plane is parallel to any 
line of the other (476)> and therefore the 
planes are parallel to each other, q. b. d. Fi|. lai. 
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PROPOSITION XVIII. 

488. Theorem.— jy cl plane intersects two parallel 
planes, the lines of intersection are parallel. 

Demonstration. 

Let RS interteot the parallel planet MN and PQ in AB and CO. 

Then 18 AB paraSUI to CO. 

For, if AB and CO eoold meet, the planes 
MN and PQ would meet, as erery point in AB is 
in MN, and every point in CD in PQ. Hence, 
AB and CO lie in the same plane, and do not 
meet how far soever they be produced (182); 
they are therefore parallel. <^' b. d. 

4B9. Corollary. — Parallel lines in- 

tereepted between parallel planes are equal. Fig. 232. 

Thus, AC = BO, if they are parallel. For, the intersections AB and 
CO, o4' the plane of these parallels, are parallel (?), and the figure ABOC 
is a parallelogram; whence, AC = BO (?). 




PBOPOSITION XIX. 

490. Theorem.—.^ line which is perpendicular to 
one of two parallel planes, is perpendicular to the other 
also. 

Demonstratiok. 

Let MN and PQ be two parallel planes; and 
let AB ba perpendicular to PQ. 

Then is AB perpendicular to MN. 

For, pass any plane through AB, and let AC 
and BO be its intersections with MN and PQ re- 
spectively Then are AC and BD parallel (?). 
Now, AB is perpfindicalar to BO (?), and hence 
to AC (?). Thus, AB 10 shown to be perpendic- 
ular to any line of MM paflslng tbrou<<li its foot, 
and hence perpeodiGoUar to MN (0- <^ b. d. 




Fifl. 233. 
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FBQFOBITION XX. 

491. T\ieoreva.~-Throu,gh any point without a, plaite, 
one plane can bepassed parallel to the £iven plane, and 
only one. 

DEMONatftATION. 

Let MN be a plane, and B any point without MN. 

Let BA be a perpendicalar &on) B 
upon MN. 

Throngfe B draw DE and FQ per- 
pendicular to AB. Then is the plane of 
DE aad and FG puallel to MN (4S2, 
487). »Bi. D. 

Again, as any plane panUel to MN 
is perpendicular to AB, and as only «»e 
plane eas be paaeed ttm^^ B ptfpa^ 
dI«a^tttlUI(467J,onlyowplMeean Fij.134. 

be pa i g o J'ttHongh B parallel to MN. 4. e. d. 



FBOFOSITION XXI. 

482. Theorem.— Two angles lying in different planea, 
but having their aides parallel and extending in the 
same direction, or in opposite direetione, are eqiMU, and 
their planes are parallel. 

Dehonbtb&tioit. 

Let A and A' Me In the different plane* 
MN andPQ, indhaveABparallaltoA'B', 
and AC to A'C. 

Then A = A', and MN and PQ are 
parallel. 

For, take AD = A'D', and AE = A'C', 
and draw AA', DO', EC, ED, and E'D'. 
How, AD being equal and paiallel to 
A'D-, 

AA' = DD' 0) Fij. iM. 
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For like reason, 

AA' = EE' : 

tbeiefbre EE* = DO'. Again, nnce EE' 
and DD' an respectiTely parallel to AA', 
tbey ate par^lel to each other (!); whence 
EWE' is a parallelogram (t), and ED = 
E'D'. Hence the triangles ADE and A'D'E' 
are mntnally eqailateral, and A. opposite 
ED, ia equal to A', opposite E'D', equal to 
ED. 4. B. I>. 

Again, the plane of the angle BAG, MN, 
ia par^lel to PQ, the plane or B'A'C. 
For, let n plane be passed througli A and revolved until it ia parallel 
to PQ. It must cnt DD' which is parallel to AA', and EE' which also is 
parallel to AA', so that DO' and EE' shall equal AA' (f): hence it must 
pass through D. Hence tlie pianee of the angles ue parallel. <t. b. d. 



493, OOBOLLABY 1. — If two ioiersecHiig planes are cut 
by parallel planes, the catgles formed by the intersections 
a/re equal. 

Thus, AB' and AC being cnt b; the parallel planes MN and PQ. AD is 
parallel to A'D' (J), and extends in Ibe saroe direction from vertex A that 
A'D' does ttatu A'; and the same nut; be said of AC and A'C Hence, 
BAC = B'A'C m. 

491. OOBOLLABT 2. — If the corresponding ejetremities 
of three equal parallel lines not in the same pUuie are 
joined, the triangles formed are equal, and their planes 
parallel. 

Thus, if AA' = DD' = EE', the sidee of the triangle ACD are eqanl 
to the sides of A'E'D', (^ce the figures AD', DE', and EA' are parallelo- 
grams (t), and the corollary oomes oader the propontioa (IF). 
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SBOPOSITION XZII. 

496. Theorem. — // ttoo lines are oitt by three parotic 
planes, the correepondiag intercepted segments are propor- 
tional. 

Demokstbation. 

Ut AB and CD bo out by the throe parallel plaim M, N, and P, AB 
ploroing the planei in A, E, and B, and CD in C, F, and D. 



Thenk == = 



AC_ _ 

EB ~ FD' 



JtAa tbe points A and D by tbe 
straight Uoer AD, and coDcdre planea 
pasung through AD aad DC, and 
through AB and AD. 

Let EH and Bb b« the intarseo 
tiofis of the planw H and P with tbe 
ptue BAD, and JtO. and HF tbe in- 
toneetiona of M and N with AD& 

Now, since EH is parallel to BD {T), 

Fi|. I3«. 
AE AH _, 
EB = HD*'> 

Itt.lifc*m«iMblr.KliMPoCtito-9mMvmafftW«tA.A0, 



Hence, by equality of ratioa, 

AE CF 



XMVm. — Planes perpendicular or obliqoe to each other give riie to (me 
epecies of aoUd ongleej hence their conndention is reaerred for the next 
Section.] 
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EXERCISES. 

496. 1. Designate any three points in the room, as one cor- 
ner of the desk^ a point on the stove, and some point in the 
ceiling, and show how you can conoeive the plane of these points. 

2. Show the position of two lines which will not meet, and 
yet are uot parallel. 

3. Gonceiye two lines, one line in the ceiling and one lii the 
floor> which shall not be parcel to each other. 

4. The ceiling of my room is 10 feet above the floor. I have 
a 12-foot pole, by the aid of which I wish to determine a point 
in the floor directly under a certain point in the ceiling. How 
can I do it? 

. SnoGBsnoir. — OonsultPropositiQaXn. 

5. Upon what principle in this section is it that a stool with 
three legs always stands flrm on a level floor, when one witli four 
may not? 

6. By the use of two carpenter's squares yon can determine a 
perpendicular to a plane. How is it done ? 

7. If you wish to test the perpendicularity of a stud to a level 
floor, on how many sides of it is it neeessary to measare the 
angle which it makes with the floor ? By applying the right 
angle of the carpenter's squm on any two sides of the stud, to 
test the angle which it makes with the floor, can you determine 
whether it is perpendicular or not ? 

8. If a line is drawn at an inclination of 23^ to a plane, what 
is the greatest angle which any line of the plane, drawn through 
the point where the inclined line pierces the plane, makes with 
the line ? Can you conceive a Une of the pfaue wUeb nttkes an 
angle of 50'' with the iadined line ? OfaCT? QtWf OflTO^F 
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OF SOLID ANGLES. 

Wt. A Solid Ang^e is the opening between two or more 
plftoes, each of which intersects all the others. The lines of in- 
tersection are called Edge/^, and the planes^ or the portion of 
the planes between the edges where there are more than two, 
are called Faces. 

498. Solid Angles are of Three Species^ viz., Diedral, 
Triedral^ and Polyedral^ according as they have two, three, 
or more than three faces. 



OF DIEDRALS. 

499. A Diedral Angle, or simply a Diedral, is the 

opening between two intersecting planes. 

500. A Diedral (Angle) is Measured by the plane 
angle included by lines drawn in its faces from any point in the 
edge, and perpendicalar thereto. 

A diedral angle is called Bight, Acute, or Obtuse, 
according as its measure is right, acute, or obtuse. 

Two diedrals are said to be Supplementary, when their 
measures are supplementary. 

Of course the magnitude of a solid angle is independent of the dis- 
tances to whioh the edges may chance to be produce(). 

Illfstbationb. — The opening between the two planes CABF and 
OABE (Fig. 287) is a Diedral (angle), AB is the Edge, and CABF and 
DABE are the Faces, Let MO lie in the plane AF, perpendicular to the 
edge ; and NO in AE, and also perpendicular to the edger; then the plane 
angle MON is the measure of the diedraL 
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601. A diedral may be read by the letters on the edge, when 
there would be no ambignity, or otherwise by these letters and 
one in each face. 

TbuB, the diednd in Fig. S87 msj be de«gnated as AB, or as 0-AB-O. 

502. A diedral may be considered as generated by the revoln> 
tioii of a plane about a line of the plane, and hence we may see 
the propriety of measuring it by the angle inclnded by two lines 
in its iaces perpendicular to its edge, as stated in the preceding 
article. 

Illdbtbatiom.— Let AB (Fig. S88) be a line of the plane QB. Con- 
ceive gB perpendicular to AB. Now, let the plane revolve upon AB as 
an axis, wheqce gB describea a circle (1) ; and at anj position of the re- 
volving plane, n /BAP, since /Bg measarea the amount of revolution, it 
may be taken as the measure of the diedral /-BA-^. When ^B has made 
} of a revolution, the plane will have made i of a revolntiDn, and the 
diedr^ will be right. 

603. When two planes intersect, four diedrah are formed, any 
two of which are either Adjacent to each other, or Opposite. 

604. Adjacent Diedrals are on the same side of one 
plane, but on the opposite sides of the otlier. 

As D-AB-C and D-AB-e, or e-AB-D And o-AB-t^ (Fig. 239). 

Opposite Diedrals are on opposite sides of both planes. 
Ab D-AB-C and d-AB-c, or I^AS-« aad d-AB-C (Fig. SSg>. 
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FBOPOBITION I. 

500. Theorem.— ?%«» two planes intersect, the op- 
posite diedrala are equ>al, and the adjacent ones tire 
supplementixry. 

DSUONSTBATlOir. 

Lot the plinn DE and OFInterMot in AB, 

Then D-Aft^ = d-M-c, 

■Dd &-AS-« = <tAB-C; 

ndr , D~AB«:(-»A»4* = 180°, 

e-AB-D+e-kB-d = 160°, etc 

Throngb O, any point in AB, let Mnt be drawn 
in the plane CF, Etnd Nn in the plane DE, each 
perpendicular <o AB. Then is MON, the meHBnre 
of D-AB C (t), = mOn, the meuure of <I-A8-< (!), Fig. I40. 

etc. «. K. D. 

iiao, MON + NOms IWa), 

NOm+mOn = 180% et«. <j, x. n. 



PBOPOaiTION II. 

806. Theorem. — Any line in one face of a right die- 
dral, perpendieuilar to its edge, is perpendicular to the 
other face. 

DBKONSTKAtlON. 

la tte IhM CB er«M rl«bt dfednl 0-AB*D, let 
MO be penMndioular to the edge AB. 

Then ill MO perpendicnlar to tJie-ftce DS. 

For, draw ON in the &ce DB, and perpendicu- 
lar to AB. Now, wnce the' diedral is right, and 
MON measures Ita sngle, MON is a right angle; 
whence MO ia perpendicular to two Itnea of the 
plane DB, and coneequentlj perpendicular to the 

pi,... »»D. "•■»'■ 

* By this is meant the raeosnre of the dledral. 
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507. GOBOLLABT L— OoBTeisdy, //o7»6 
plane contains a lin& wkieh is perpen- 
dicular to another plane, the diedraX is 
right. 

Thus, if MO is perpendicular to the plane 
DB, C-AB-D is a right diednd. For MO is perpen- 
dicular to every line of DB passing through its 
foot (?); and henoe is perpendicnlar to ON, drawn 
at riglit angles to AB. When C-AB-D is a right 
diedral, for it Is measured by a right plane angle. 

508. Two planes are Perpendicular to each oilier when 
tiiey intenect so as to make the adjacent diedrals equal. In tiiis 
case, all four of the diedrals are right 

609. Corollary 2.— The plane which projects a line 
upon a plane (468) is perpendicular to the plane of prcjec- 
tion. 




Fig. 241. 



FBOPOSITION III. 

610. Theorem. — // ea,ch of two intersecting planes is 
perpendicular to a third, their intersection is perpendicu- 
lar to the third plane. 

Demokstbation. 

Let EF and CD be two planes perpendicular to the third plane IVIN, 
and let AB be the intersection of EF and CD. 

Then is AB perpendicular to MN. 

For, EF being perpendicular * to MN, 
D-FG-E is a right diedral, and a line in EF 
perpendicular to FQ at B is perpendicular to 
IMN ; also a line in the plane CD, and perpen- 
dicular to DH at B, is perpendicular to MN (?). 

Hence, as there can be one and only one 
perpendicular to MN at B, and as this perpen- 
dicular is in both planes, CD and EF, it is 
their intersection, q. b. d. 




Fig. 242. 
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PB0P08ITI0N IV. 

811. Theorem. — The angle included by perpejidieu- 
lars drawn from any point within a diedral to its faces, 
is the sitpplement of the diedral. 

DEHONSTBATIOa. 

Lit P be my point within the diadrar F-AB*C, and l«t the parpeadie- 
iilara FD' and P'E' be drawn to the faoa*. 

Thenis D'P'E' theinp-* 
plement of F-AB-C. 

From P, on; point ia 
the plane which bieecte the 
diedral F-AB-C, draw PO 
and PE perpendicnlar to 
the same Ujtxt respectiTel; 
as P'ly and P'E'- Then is 
DPC = D'P'E'. 

Now pass a plane 
through PE and PD, and 
let EO and DO he its inter- 

seclaons with FB and CB Fig 343. 

respectively. Then, by 

(M>7)t FB and CB are perpendicular to the pUne PEOD. Hence, AB is 
peipwdicalar to PEOD (t), and EDO is the measure of F-AB-C ^>. But 
in the quadrilateral PEOD, P ia the supplement of EOD (?), and hence of 
F-AB-C. 

Hence, D'P'E' ia the supplement of F-AB-C- Q. e. d. 

518. OoEOLLABT 1. — If from a point in the edge of a 
diedral perpendiculars are erected to the faces on the same 
sides of the pHanes respectively as the perpendiculars let 
faU from a point within, the included angle is the sup- 
plement of the angle of the diedral. 

613. OOBOLLABT 2.— The angle DPE is the supplement 
of the opposite diedral H-AB-I, aiid equal to each of the ad- 
jacent diedrals C-AB-I and F-AB-H. 
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PB0F08ITI0N V. 

S14. Theorem. — Between any two lines not in the 
same plane one line, and only one, can be drautn whit^ 
shaiU be perpendicular fa both, and tikis line is the shortest 
distance between them. 

Dekokstbatiok. 

LctABandCDbatwoHnonot iatlMMawiriMlx. . - 

Tlien one line, as HQ, and onlj 
one, can be drawn which is petpen- - 
dicalar to both AB and CD, and HQ 
meaaares the ahanegt distance be- 
tween AB and CD. 

Through either line, aa CD, pass 
a plane MN parallel to AB (160). 
Fnnn an; point in A8, aa E, let foil 
EF perpendicular to MN. 

Let EK be the plane of the lines 
EF and EB, and let FK be its trace 

i„m. ""•"«• 

Niiw, as AB and CD are not in the same plane, EK, and bence ita 
trace FK, cats 00 in some point, aa Q. 
From Q draw GH perpendicalar to AB. 

let. GH liea in the plane EK (?) which is perpendicular to MN (?),and 
being perpendicular to AB is perpendicular to FK ()), and hence to the 
plane MN (606). 

Therefore, GH, wliich is perpendicular to j\B, is perpendicniar ko 
CD (»). 

9d. QH is the onlj line which is perpendicular to both AB and OD. 

For any line which ia perpendicalar to AB and CD ia perpendicular 
to FK (t), and hence to MN (t). 

Now erer; perpendicular from AB to the plane MN meela this plane 
inFK(!). 

Bat FK and CD hare (ml; one point common, viz., Q. Hence, GH ia 
the only perpendicalar Ironi AB to CD. 

Sd. QH is the shortest distance between AB and CD. For k line ftom 
an; point in AB to an; other point in CD, as LS, would be oblique to 
MN (t), and hence louger than the peipeudicuUr LR, = HQ- 
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PROPOSITION VI. 

515. Theorem. — // one of two parallel pHanes is per- 
pendicular to a third jd^ne, the other is also, 

DeuOKBTBATlOK. 

L«t PO and QE be two paral- 
lel planes ; and let PD be perpen- 
dicular to the third plane MN. 

Then is QE perpendicular to 
MN. 

Thmngli PD and QE pasa the 
plane RS perpendicular to MN, 
and let FK ba its trace in QE, and 
HI in PD. 

Then ie FK perpendicular to 
MN(I). 

And, «B HI is parallel to FK 
(t), it ia perpendicular to MN 
(460). 

Hence, QE ia perpendicular 
toMN{«>7)- *K-i>- 



OF TRIEDR ALS. 



616. Ab diedrals reealt from the intersection of two planes, 
so triedrals result tenm the intereectioa of three planes. 
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617. Three planes may intersect in three principal ways: 

1st. Their intersections may all coincide, as in (a). 

2d. They may have three parallel intersections, as in {b). 

3d. They may have three non-parallel intersections, as in {c). 
In this case the tiiiee intersections m^t in a common point, 
as at S. 

In the first case the three planes have an infinite number of 
common points. In the second case they have no common point. 
In the third case they have but one common point. 

The third case gives rise to Triedrals. 

518. A Triedral is the opening between three planes which 
meet in a common point. 

619. When three planes meet so as to form one tfiedral, they 
form also eight, as planes are to be considered indefinitely, ex- 
tended, unless otherwise stated. 

520. The planes enclosing a particular triedral are called its 
Faces, and their intersections its Edg^es. The common point 
is called the Vertex. 

681. A triedral may be designated by 
naming the letter at the vertex and then 
three other letters, one in each edge. 

Thus, in the figure, the opening between the 
three planes ASC, CSB, and BSA is the triedral 
8-ABC. Hhefojoes are ASC, CSB, and BSA. 

Fig. 247. 

588. The plane angles enclosing a solid angle are called 
Facial Angles. 

588. In every particular triedral there are six parts, Three. 
Facial Angles and Tliree Diedrals. 
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884. Oar study of triednU will be coaQned to tiie relations 
of the facial angles and the diedials, and the comparison of dif- 
ferent triedrala. 

625. Triedrala are Rectangular, Bi-rectangnlar* or 
Tri-rectangular, according as the; hare one, two, or three 
right diedial aisles. 

I1J.UBTBAT1011. — The comer of a cube ia a 
IHrtdangalar triedral, as S-ADC. Concdve the 
npper portion of the cnbe lemored b; the plane 
ASEF ; then the angle at S, i. e., S-AEC, ieaBi- 
reetattgvJar triedral, A-SC-E and A-SE-C being 
ri{^t diedrala. ^l^ 348. 

626. An Isosceles Triedral is one that has two of its 
facial angles equal An Equilateral Triedral is one that 
haa all three of its facial angles equal. 

627. Opposite Triedrala are snch as lie on opposite sides 
of each of the intersecting planes, as S-ABC and s-abc. 

Opposite triedralB have mutually equal ladal and equal 
diedral uigies, but these being diflerentlj disposed, snch 
triedr^ are not in general capable of superpoeition. 

IixrBTRATiOK.— Let the edges of tbe triedral S-ABC be 
produced beyond the vertex, forming the opposite triedral 
S-oic Now, the faces are equal plane angles, but disposed 
in a different order. Thus, ASB = (iS5, ASC = aSc, and 
BSC = bSe, and the diedrals are also equal ; but the 
triedrals cannot be superimposed, or made to coincide. To 
show this fact, conceiTe the upper triedral detached, and 
the face aSe pUced ia ita equal face ASC, 80 in SA, aod Sc ^'«- "*• 
in SC. Now the edge Si, instead of falling m SB, in front of ASC, will 
fall behind the plane ASC. 

Or, otherwise, if S-oAe be lerolTed on S by bringing it forward and 
turning it down on S-ABC, since the diedrals A-SB-C and o-S^ are 
equal, they will coincide ; but, as facial angle oSb is not necessarily equal 
to CSB, Sa will not necessarily fall in SC. For a like reason, Sc will not 
jily fell in SA. 
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588. Symmetric^ Triedrals are triedrala in -which each 
part in one has an equal part in the other ; bnt the equal pftrts 
not being Bimilarly diBpoeed, the triedrals may not be capable of 
anperpoaition. 

Symmetrical eoltds are of fteqaent occurrence: the two hands fbnn 
an illattTBdon ; for, though the parte may be exactly alike, the hands 
cannot be placed so thit their like parte will be similarly rituated; in 
short, the left glove will not fit the right hand. 

589. Adjacent Triedrals are such bb lie on different 
sides of one of the intersecting planea, and on the mme aide of 
twff of them. 

"nnie, S'ADE is ailjaoeiit to 

Id adJMORiQfc triatelt^ iwfi of 
the faci^ angles of one aP0 ft» 
supplements of two of the o&u/t, 
each to each, and one is equal in 
each 

Thus, in the adjacent triedrals 
S-DRE and S-ADE, ASE and ASO 
are Bupplements respectively of ESR 

and DSR, while DSE ie common to Fig. 250. 

both. 

. 030. Of the eight triedrals formed by the intersection of 
three planes, each has its Opposite or Symmetoitral 
triedral, and each has three AfUaceilt triedrals. 

531. Two triedrals ore Supplementary when the facial 
angles of the one are the supplements of the measures of the 
corresponding diedrals of the other. 

632. flquality, as has been before defined, means, iu Qeom- 
etry, equality in all respects ; and two figures that are said to be 
equal are capable of being so applied the one to the other that 
they will coincide throaghoat. This absolute equality is heooe 
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oftan called Equ^ity by Superposition* in diBtinctioii 
from Equality by Symmetry. 

033. Two figurea are aaid to be Equal, by ^mmetry, or 
Symmetrically Equal, or eimpl; Symmetrical, when 

each part in one has an eqoal part in Uie other; but these et^ual 
psfba being differently arranged in the two figures, the one may 
not be cap^le of being superimposed upon the other. (See 587.) 



PBOPOBITION VII. 

634. Theorem. — Opposite triedraZs are equal and may 
be symmstriiial. 

Dbkonstbation. 
Let S-ABC and S-aftc be two oppoiite triedrals. 

Then &re the triedrals eqaal oi Bjmmetricul, 

For the facial angle ASC = the facial angle oSe (1) ; 
also, BSC = iSe, and ASB = aSA. 

Again, the tliedra'. A-SB-0 = o-Sfr*, aince they are op- 
posite diedrols. 

for like KaBon, B SA-C = h^a-c, and A-SC-B = thSoh. 

Hence all the parts in one tiiedial hare eqoal paijs in 
the other. 

Bat, in general, these triedrals cannot be saperimpoMd. 
(Bee illnstnition, 627.) '"' . 

I^ howerer, ASB = OSB, then oSb = sS(, and the triedrals can be 
superimposed. 

Tbns, concave the triedr&l %-abc revolved on S, being brought over 
towards the observer antil SA &lls in SB. 

Then, since CSB =^ ASB =' aSb, oSi may be made, to coincide with 
BSG, and aa the diedrals A-SB-C anii or^b-c are equal, <tSi will fall in 
ASB, and the triedrals' will coincide, and will be equal. 

Hence; opposite diedrals are equal and maj be aymmetricsl. q. b. d. 

636. CoBOLLABT 1. — Opposite itosc^^ triedraZa are 
equal. 
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PBOPOSITION Till. 

636. Theorem. — Two symmetrieal triedrala may air- 
ways be conceived to be placed as opposite triedrala. 

DXKOHSTBATION. 

Let S'ABC and S'-A'B'C be two •ymmetrlMl triedrala, B and B' 
being In front of the planet ASC and A'SC, ASB = A'S'B', ASC = 
A'S'C, B80 = B'8'C', A-SB-C = A'-S'B'-C, A-SC-B = A'-S'C-B', and 
B-SA-C = B'-5'A'-C. 

Then ma; S-ABC and S'-AVO' 
be placed aa oppodto triedrola. 

Prodace the edges of either 
triedral, aa S'-A'B'C, beyond the 
Tertez, fonuing the c^ponte tri- 
edral S'-ote. 

Then can S-ABC be anper- 
impoaed upon i'-abe, and the latter 
fhlfllla the requiremsits of the 
piopoeition. 

The application ie made .aa 
follows: 

Since B' ia in front of the plane Fig. 3S1. 

A'S'C, b is behind the plane oB'e. 

Kow concdve S-ABC inverted and reversed so that B sliall fall 
behind the plane ASC. 

Then apply ASC U> its equal aS'c, SA Ailing in S'a, and SC 
in S'o. 

B; reason of the equality of A-SC-B and o-S'e-A (= A'-S'C'-B'), Ute 
plane BSC mil fall in iS'e, and fur a like reason ASB will fall in 
aS'h ; and since the planes coincide, their intersections SB and 9'b moat 
coincide. 

Hence, S-ABC = S'-oAe, the oppodte to S'-A'B'C. q. b. d. 



BOLm jiseLea. 



PBOFOSITION IX. 



687. Theorem. — Two triedrals which have two facial 
angles and the included diedral equctl, each to each, are 
either equal or symmetrical. 

DuMONBTBATIOir. 

Let 1, 2, 3, be friedrali hiving th« facial angle ASC = A'S'C = aS'e, 
CSB = C'S'B' = cS"6, and A-SC-B = A'-S'C'-B' = a-9'e-h. 



Then are the triednis either equal or symmetrical 

iBt. When the equal Aiciel ftnglea are on the same ufke of the reqieo- 
tJTe equal diedrals, as in Figs. 3 and 8, the triedrals may be applied tHb 
one to the other.. 

ThoB, let the &cial angle A'S'C be placed in its equal aS"«, A'S' in 
oS, and S'C' in S"e; whence, by reason of the equality of the diedrals 
A'-S'C'-B'. and i)-S"c-&, and since the facial angles B'S'C and &S"« lie on 
the saaie sides respectiTely of their diedrala A'-S'C -B' and <i-S"e-S, the 
plane of B'S'C falls in the plane of &S"e, and since angle B'S'C = angle 
hi"e, B'S' falls in &S", and A'S'B' coincides with aS"6. 

Hence the triedrals coincide and ore equal. %. B. D. 

fid. But if the equal facial angles lie on different ndea of the equal 
diedrals, as in Tigs. 1 and S, let the opposite of S>ABC be drawn (627), 
and call it S-a'VtI. Thco may 1 be applied to %-a'h'd. 

[Let the dtndent draw the figure and oiake the application.} 
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FBOPOSITION X. 

538. Theorem. — Two triedr(d3 whieh have two die- 
draZs and the included facial angles equal each to each, 
are either equal or symmetrical. 

DSUONSTKATION. 
[Saaie as pre<«diiig. Let the student draw flgurea like those for the 
preceding, and go through with the detailaof the application, j 

539. COBOLLABT. — In equal or in symmetrical triedrala, 
the equal facial angles are opposite the equal diedrals. 



PROPOSITION XI. 

540. Theorem. — The sum of any two facial angles of 
a triedral is greater than the third. 

Dehonstbatiok. 
This propositioD needs demoDstration only in case ol' the anai of the 
two amaller facial anglea as compared with tiie greatest (V). 
Let ASB and BSC each be leas than ASC i then is 

ASB + BSC > ASC. 
For, in the face ASC, make the angle kW = ASB, 
and S^ = Si, and pass a plane through ( and V, cut- 
4ng SA and SC in a and e. 

The two triangles aSb and aS&' are equal (I), whence 

Now, ab + be> ae(1), Fig. 254. 

- and subtracting ab from the first member, and its equal <•&' ftom the sec- 
ond, we have he > Ve. 

Whence the two triangles fiSc and fr'Se have two aides in the one 
equal to two sides in the other, each to each, bat the third side Jk > than 
the third aide Ve, and consequently angle BSC > h SC. Adding ASB to 
the former, and its equal AS&' to tbe latter, we have 
ASB + BSC > ASC. Q. K. D. 

541. CoBOLLABT. — The differencebetweenany two facial 
angles of a triedral is less than the third facial angle (?). 
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PROPOSITION XII. 

548. Theorem, — Two trledrals which have two facial 
angles of the one equal to two facial angles of the other, 
each to each, and the included diedrals unequal, have the 
third facial angles unequal, and the greater facial angle 
belongs to the triedral having the greater included diedrnl. 

Dekomstsatiox. 

Let ASO = tue, and ASS = oA, whll« the 
diedral C-SA-B > e-taJ>. 

Tben CSB > cab. 

For, divide the diednl C-SA-B bj a plane 
ASO. making the diedral C-SA-0 = o-tarh\ 
and taking ASO = (uib, bisect the diedral 
0-8A-B with the plane ISA. ConceiTe the 
planes OSI and OSC. Fig. lu. 

Now, the triedraJB S-AOC and »-abe are equal or eymmetricai, having 
two fadal angles and the included diedral equal eocb to each (637). 

For a like reason, S-AIO and S-AIB aie aymmetrical, and the facial ' 
angle OSI = ISB. 

Again, in tbe triedral S-IOC, 

OSI + ISC > OSC (610), 
and snbatitutii^ ISB for OSI, we have 

ISB 4- ISC (or CSB) > OSC, or its equal db. q. E. D. 

543. Corollary.— Conversely, // the two facial angles 
'tsre equal, each to each, in two-triedrals,and the thii^ 
facial angles unequal, the diedral opposite the greater 
facial angle is the greater. 

That is, if ASS = atb, and ASC = Me, 

while BSO > bte, 

the diedral B-A3-C > b-a»^ 

For, if B-AS-C ^ h-a*^ iSC = b»e (637, 639) ; 

and If B-AS C < h-a*e, BSC < (m, by the proportion. 

Therefore, as B-AS-C cannot be equal to nor less than b-am, it inuat 
be greater, q. k. d. 



SLSMBtlTABT eSOXETSY. 



FBOPOSITION XIII. 

644. Theorem. — Turn triedrdla which have the three 
facial angles of the one equal to the three facial angles of 
the ether, each to each, are either equal or syjnnietrical. 

Demohstbation. 

Let A, B, and C represent the &cia1 angles of one, imd a, b, end e tbe 
corresponding &cial angles of the otlier. It A = a, 8=6, and C =^ e, 
the trladrala are equal AT symmetrical. 

For A being aqnal l» a, and B to b, if, of their inclnded diedrale, SM 
were grettter than tm, 6 wonld be greater than e (?) ; and if diedrat SM 
were less tiiaii diedral mh, C wonld be leas than e (t). Hence, as diedntl 
6M can neither be greater nor less than diedral on, it mnst be eqaal t« it 

Therefore the triedrate have two facial anglesaod the included diedral 
equal, eacti to each, and are consequent!; equal or symmetrica], q. ■. s. 



PROPOSITION XIV. 

646. Theorem.— Jy /VoTO any point iviihin a triedral 
perpendiculars are drawn to the faces, they wiU be the edges 
of a supplementary triedral. 

DBHONSTKATIOir. 

From S' within the triedral S-ABC, let S'A' be drawn perpendiouiar 
to ASB, S'B' to ASC, and S'C to BSC. 

Then is S'-A'B'C snpple- 
mentar; to S-ABC. 

For the facial angle A'S'B' 
is the supplement of the di- 
edral B-AS-C (611) ; and for 
like reason B'S'C is the sup- 
plement of A-SC-B, andA'S'C 
of A-SB-C. 

Again, since S'A' is pe^ 
pendicular to the face ASB, 
and S'B' is perpendicular to 
ASO, the plane of S'A' and ^ 
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5'B' is perpendicular to ASB and ASC, uid therefore to SA. Hence SA 
is perpendicular Ut the face A'SV. 

For a similar leaaon, SC is perpendicular to B'S'C. Hence ASC is 
the supplement of A'-S'B'-C'. 

In like meaner, it may be shown that BSC is the supplement of 
A'^'C-B', ud ASB of B'-S'A'-C. ft. ». ». 

616. SoHOLnm 1. — If perpendiculars were drawn fhim the point S, 
or any other point, parallel to those from S', and in the same din-ctiiins 
respectirel; from S that S'A', etc., are from S', they would also be per- 
pendicular to the &oes of the diedral, and would form s sapplementary 
triednL 

647. BoHOLnni 2. — ^The triedral S'-A'B'C ia also supplementar; to 
the triedml opporite to 8-ABC. 

648. BcHOucM S.^The triedral S'-A'B'C will not be aupplementaij 
to the triedral a^aomt to S-ABC, but one facial angle will be supple- 
mentary to the corresponding diedrat in the other, and the other facial 
anglee will be eqnal to their corresponding diedrals. 

549. ScHOLiini 4.— One triedral adjacent to S'-A'B'C will be sup- 
plementar; to one of those ikyacent to 3-ABC. 



PROPOSITION ZV. 

650. Theorem. — In an isosceles triedral the diedrals 
opposite tfte equal facial angles are equal ; and, 

Conreraely, If two diedrals of a triedral are equal, the 
triedral is isosceles. 

Demonstration. 

hi the triedral 8-ABC, let ASC = CSB. 

Then is C-SA-B = C-SB-A. 

For, pass the plane CSD through the edge 
SO, bisecting the diedral A-SC-B. Then the , 
two triedrals S-ACO and S-CBD have two facial j 
angles of one eqnal to two facial angles of the 
other, each to each; that is, ASC = CSB, by 
faypotbeds, and CSD common; and the in- g. - —, 
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Claded diedrals equal by construction. Hence the triedrals are sym- 
metrical, and 

C-8A-B = C-SB-A (687, 689). <i. e. d. 

CJonversely, if C-SA-B = C-8B-A, 

ASO = C8B. 

For the supplementary triedral is isosceles ; wbtoce the diedrals op- 
po8it« those equal facial angles are equal. But A8C and C8B are the 
supplements of these equal diedrals, and hence equal, q. b. d. 

661. OoROLLABY 1.— 5%e plane which bisects the angle 
included by the equal facial angles of an isosceles triedral 
is perpendicular to the opposite foA^e^ and bisects the oppo- 
site fojcial angle. 

562. CoBOLLABT 2.—// the three facial angles of a trir- 
edral are equal, each to eoAHh, the diedrals are also equeH, 
eoAih to each, and conversely. 



PBOPOSITIX)N XVI. 

668. Theorem. — Two triedrals which have the three 
diedrals of the one equal to the three diedrals of the other, 
each tQ each, are equal or symmetrical. 

Dbmonstratiok. 

In the two supplementary triedrals, the facial angles of the one are 
equal to the facial angles o£ the other, each to each, since they are sup- 
plements of equal diedrals (545). Hence, the supplementary triedrals 
are equal or symmetrical (644). 

Now, the facial angles of the first triedrals are supplements of the 
diedrals of the supplementary ; whence the corresponding facial angles, 
being the supplements of equal diedrals, are equal. Therefore, the pro- 
posed triedrals have their facial angles equal, each to each, and are con- 
sequently equal, or symmetrical, q,. b. d. 

664. GoBOLLABT. — All tri-rectangular triedrals are 
equal. 



SOLID AlfOLSa. 343 

PROPOSITION XVII. 
665. Theorem. — HTbe sum of tke facial angles of a 
trisdrcU jnay be anything between xero and four right 
angles. 

DmONeTEATIOK. 

Let ASB, BSC, ind ASC be the foolal angle* 
enoloaing a triedral. 

Then, as each must have some value, the ram 
is greater than zero, and we have only to ahow 
that ASB -t- ASC 4- BSC is leas than 4 right angles. 

Produce either etige, ait AS, to D. Now, in the 
triedral S-BCD, BSC ie lew than B8D + CSD (?). F'«- "•■ 

To each member of this inequality add ASB+A8C, and we have 

ASB+ASC-i-BSC less than ASB+ASC+BSD+CSD (7). 
But ASB + BSD = a right anglea (1), 

and ASC+CSD = 3 right angles; 

whence ASB+ASC + BSD+CSD = 4 right angles, 

and consequently ASB-f ASC + BSC ia less than 4 rif^t anglea. tt&D. 



PKOPOSITION XVIII. 

666. T!Yi.eoreiak.—'!^swmof^Lediedral8ofatriedr(d 
may be anything between two and six right anglea. 

Demonstbatiok, 

E!ach diedral being the supplement of a &c1al angle iif the aupple- 
mentafy triedral (531)i the earn of the three diedrala is 8 times 3 right 
angles, or 6 right angles, niinna the agm of the fiwsial anglea of the sup- 
pleroentary triedral. 

Bat this latter sum may be anything between and 4 right angles (!). 
Hence the anm of the diedrals may be anything between 2 and 6 right 
angles, q. e. d. 
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OF POLYEDRALS. 

657. A Convex Polyedral is a polyednJ none of the 
faces of which, when produced, enter the solid angle. A sec- 
tion of such a polyedral made by a plane cutting all its edges is 
a convex polygon. (See Kg. 259. ) 



PBOPQSITION XIX. 

558. Theorem. — The sum of the facial angles of any 
convejo polyedral is less than four right angles. 



Dehokstratiok. 
Let S be the vertex of any convex polyedral. 

Then is the sum of the angles ASB, BSC, CSD, 
DSE, and ESA less than 4 right anglee. 

Let the edges of this polyedral be cut by any 
plane, as ABODE, which section will be a convex 
polygon, since the polyedral is convex. 

From any point within this polygon, as 0, 
draw lines to its vertices, as DA, OB, 00, etc. 
There will thus be formed two sets of trianglee, 
one with their vertices at S, and the other with 
their vertices at 0; and there will be an equal 
number in each set, for the sides of the polygon 
form the bases of both sets. 

Now, the sum of the angles of each of these two sets of triangles is 
the same. But the sum of the angles at the bases of the triangles having 
their vertices at S is greater than the sum of the angles at the bases of 
the triangles having their vertices at 0, since SBA + SBO is greater 
than ABC, SOB + SOD is greater than BCD, etc. (540). 

Therefore the sum of tlic angles at S is less than the sum of the angles 
at 0) i. «•} less than 4 right angles, q,. s. D. 




Fig. 259. 



BX£HCISSa. 



EXERCISES. 



fi69. 1. I have an iron block whose cornerB are all sqaaro 
(edgBS right diedrals, and the vertices tri-rectangnlar, or right, 
triedrals). If I bend a wire square 
around one of its edges, as c9!d,a.i 
vhat angle do I bead the wire ? If 
I bend a wire obliqnely aroond the 
edge, as aS&, at what angle can I 
bend it ? If I bend it obliquely, as 
e 8"/, at what angle can I bend it F 

2. Fig. 280 represents the ap- 
pearance of a rectangnW pandlelo- f i,. igg. 
piped, as seen &om a certain-position. 

Now, all the angles of such a solid are right angles : wh; is it 
that they nearly all appear oblique? Can you see a right paral- 
lelepiped from such a position that all the angles seen shall 
e^pear as right angles F 

3. The diedrd angles of crystals are measured with great 
care, in order to determine the substances of which the crystals 
ooDsist. How must the measure be taken? If we measure 
obliquely around the edgei shall we get the true value of the 
angle F 

4. Prove that if three pUnes intersect so as to make two 
traces pu^llel, the third is parallel to each of these. 

6. From a piece of pasteboard cut two figures of the same 
size, like ABCD8 and abcds (Fig, 261). Then drawing SB and 
SC so as to make 1 the largest angle and 3 the smallest, cut the 
pasteboard almost through in these lines, so that it will readily 
bend in them. Now fold the edges AS and OS together, and a 
triedral will be formed. From the piece abcds form a triedral in 
Eke manner, only let the lines sc and »h be drawn so as to make 




246 ELEMENTARY QBOMETBT. 

the angles 1, 2, and 3 of the same size as be- 
fore, while they occur in the order giyen in 
abcds. Now, see if yon can slip one triedral 
into the other, so that they will fit. What 
is the difficulty ? 

6. In the last case, if 1 equals f of a right 
angle, 2 = ^ of a right angle, and 3 = | of 
a right angle, can you form the triedral? 
Why ? If you keep increasing the size of 1, 
2, and 3, until the sum becomes equal to 4 
right angles, will it always be possible to n«.26L 
form a triedral ? How is it when the sum equals 4 right angles? 

7. What is the locus of a point in space equidistant from 
three given points ? 

To demonstrate that such a locos is a straight line, pass a plane 
through the three points, and also a circumference. Now, 1st, a perpen- 
dicular to this circle at its centre has every point equidistant from the 
three points; and, 2d, any point out of the perpendicular is unequally 
distant from the points. Hence this perpendicular is the locus sought. 

Notice that in demonstrating such a propomtion the two points should 
both be proved. 

8. The locus of a point equidistant from fcwO planes is the 
plane which bisects the diedral included between them. [Give 
proof.] 

3. What is the locus of a point in space equidistant from the 
faces of a triedral ? [Giveproot] 

10. If each of the projections of a line upon three intersecting 
planes is a straight line, the line is a straight line. 

11. To find the point in a plane such that the sum of its dis- 
tances from two given points without the plane, and on the 
same side of it, shall be a minimum. 

Solution. — Let the two points be P and P'. Let fall a perpendicular 
from either point, as P, upon the plane, and call it PD. Produce PD on 
the opposite side of the plane to P'', making P"D = PD. Join P" and P^. 
The point where P^P pierces the plane l» the point sought. [Qlve proof. ] 



^ss^sctJOM in. 

OF PRISMS AND CYUNDERS, 

880. A msm is a eolid, two of whose faces are equal, par- 
aSel polygoB^ while th« other faces are parallelogramB. The 
equal parallel polfgcuu are the Batt$, aod the par^lelograms 
make np the Latere^ or C^mwx 8ur/cK». FiiBms are triangular, 
quadrangular, pentagonal, ete., according . to the numher of sides 
of the polygon forming a base. 

561. A Ri^ht Prism is a prism whose lateral edges are 
perpendicular to its bases. An Oblique Prism is a prism 
whose lateral edges are oblique to its bases. 

662. A Regrular Prism is a right prism whose bases are. 
n^olar polygons ; whence its faces are equal rectangles. 

563. The Altitude of a prism is the perpendicular distance 
between its bases : the altitude of a right prism is equal to any 
one of its lateral edges. 

564. A Truncated Prism is a portion of a prism cut off 
by a plane cutting the i 

lateral edges, but not | 
parallel to its base. A 
section of a prism made 
by a pUne perpendicu- 
lar to its lateral edges is 
called a Bight Section. 

iLLDBTRAItOira.— In the 
Bgure, (a) and (b) are both 
priams : (a) ie oblique and 
(t) light. PO represents I 

the altitude of (o) ; and ^''- *"• 

any edge of ^), as M, is its altitude. ABCDEF and tOod^ are loner and 
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upper bases, lespectiyely. Either portion of (d) cat off by an oblique 
plane, as a'Vddfef^ is a truncated prism. 

565. A Parallelopipect is a prism whose bases are paral- 
lelograms ; its faces, inclosiye of the bases, are consequently all 
parallelograms. K its faces are all rectangular, it is a rectangth 
lar parallelopiped. 

566. A Cube is a rectangular parallelopiped whose faces are 
all equal squares. 

567. The Volume or Gontents of a solid is the number 
of times it contains some other solid taken as the tmit of meas- 
ure ; or it is the ratio of one solid to another taken as the stand- 
ard of measure. 

In applied geometry the unit of volnme is nsoally a cube de- 
scribed on some linear unit, as an inch, a loot, a yard, etc. To 
this the perch and the cord are exceptions. 



PBOPOSITION I. 

668. Theorem. — ParaUel plane sections of any prism 
are eqwal polygons, 

DBMOKSTBATIOlff. 

Let ABODE and (ihcde be parallel sections of the prism MN- 

Then are they equal polygons. 

For, the ratersections with the lateral fiices, as 
a5 and AB, etc., are parallel, since they are inter- 
sections of parallel planes by a third plane (488)* 

Mereover, these intersections are equal, that 
is, 0^ = AB, &e = BC, cd = CD, etc., since they 
are parallels included between parallels (138)* 

Again, the corresponding angles of these 
polygons are equal, that is, a = A, ^ = B, c = C, 
etc., since their sides aie parallel and lie in the 
same direction (492)- 

Therefore the polygons ABCDE and dbcds are ^^' ^^' 

niutnally equilateiml and equiangular ; that is, they are equal %. B. p. 
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M9« COKOUiAUY. — Any plane section of a prism, paral- 
lel to its base, is equal to the base ; and all right sections 
are equal. 



PBOPOSITION II. 

570. Theoreinu — If two prisons have equivalent bases, 
any plane sections parallel to the bases are equivalent* 

Demonstbation. 

Let M and N be any two prisms having equivalent bases B and B' ; 
and let P and Q be sections parallel thereto. 

Then, by the preceding propositioD, 

P = B, 
and Q = B';=B, 

whence, P = Q. <^ b. d. 



PBOPOSITION III. 

671. Theorem. — // three faces including a triedral 
of one prism-r-complete or truncated — are equal respective- 
ly to three faces including a triedral of the other, and 
similarly placed, the prisms are equal, 

Dbmoxstbation. 

In the prisms kd and K'd' (Fig. 264), let ABODE equal A'B'C'D'P, 
AB6a = A'B'6'a', and BCc6 = %'C'db\ 

Then are the prisms equal. 

For, since the facial angles of the triedrals B and B' are equal, the 
triedrals are equal (544)? and being applied they will coincide. 

Now, conceiving K'd! as applied to kd^ with B' in B, since the bases 
are equal polygons, they will coincide throughout ; and for like reason 
aB will coincide with a'%\ and oB with dW» 
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FnTthennoN, eince tiw buM ■ 
coincide, CD' faUs Id CO, and u 
CV ftllB in Ce, and O'd' ia parallel 
to C'e', and (M to Ce (t), D'd' &Ua 
inOd 

In like manner, EV can be 
shown to fitU in Ee. 

Finally, since the upper bases 
hare the angles a'Vef and abe co> 
incident, the; coincide (444)- 

Hence the priuns can be snper- , ^,^ 

imposed, and are therefore equal, q. e. d. 

57S. Co&OLiiABY. — Two right prisms having equal buses 
and equal altitudes are equal. 

irUie faces are not dmilarl; arranged, as the edges are perpendicular 
to the bases, one prisn can be inverted and then superimposed on the 
other. 



PBOPOSITION IV. 

673. Theorem. — ^ny oblique prism is eqidvalent to a 
right prism, whose bases are right sections of the obligue 
prism, and whose edge is equal to the edge of the oblique 
prism. 

Dbuomstbatiom. 

Let LB be an oblique prism, of trtiloh abcde 
and fghil are right notions, and gb = GB. 

Then ia lb equivalent to LB. 

For the truncated prisoDB IG and «B have the 
faces including anj tno corresponding triedrals, aa 
Q and B, respectively, equal and similarly placed 
(?), whence these prisins are equal (S71). 

Now, from the whole figure take away prism 
10, and there remains the oblique prism LB ; also, 
from the whole take away the prism «B, and there 
remains the right prism lb. 

Therefore, the right prism S ia equivalent to ,.,g, j,^ 

the oblique prism LB. q. s. nt 



PEOPOSITION V, 

574. Theorem.— The opposite facea of a parallelopiped 
are equal and parallel. 

Deuonstbation. 
Let Af b« ■ parallelopiped, AC and ac being ite equal baee* (fidO)- 

Then are its oppo»te faces equal and parallel. 

Since the baiaa are parallelognuuB, AB is equal 
and panUlel ta DC ; and, since the faces are i>aral- 
telograins, aA is equal and parallel to dD. Hence, 

angle aAB = dOC, 
and their planes are parallel, noce their sides a 
parallel and extend in the same directions. 

Therefure, oB and i^C are equal (322) and parallel parallelogramB. 
In like manner it maj be shown that aD is equal and parallel to tO. 



Fig. lae. 



PKOPOSITION VI. 

576. Theorem. — The diagonals of a paraUelopiped 
bisect each other. 

Dbmonstration. 
Let ABCD-ft be a paralteloplped whose dliganaU are 6D, dB, cA, 
and nC. 

Then do U), dB, eA, and aC bisect each other. 

Pass a plane through two opposite edges, as 
M and dO. 

Since the bases are parallel (?), bd and 60 will 
be parallel (488). and bBOd will be a. parallelo- 
gram. Hence. bO and dB are bisected at o 0). 

For a like reason, pnsung a plane through de 
and AB, we mAj show that dB and «A bisect each 
other, and hence that «A passes through the com- 
mon coitre oTdB and iD. ^j^ ]g^_ 

So also oC is bisected by lO, as appears from 
passing a plane through oi and DO. 

Hence, all the diagonals are bisected at o. n. e. d. 
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676. OoBOLLABY. — ThfC diagonaiU of a rectangular par- 
aUdopiped are equal. 



PROPOSITION VII. 

577. Theorem.— 2%e diagonal of a right paraUelo' 
piped is equal to the square root of the sum of the squares 
of the three adjacent edges of the paraUelojAped. 

Demokstbatiok. 

Let a^ 6, c be the three adjacent edges of a right parallelopiped, d 
the diagonal of the faoe whose edges are b and c, and D the diagonal of 
the paralleloplped. 

Then <P = J' + (j« (T), 

and 2?" = o" + i» = a" + J* + c* (0, 



or i? = -y/a' + 6' + c*. q, b. d. 

578. OoBOLLABY.— 2%e diagonal of a cube is Vs times 

its edge. 



PROPOSITION VIII. 

679. Theorem,— 2%e area of the lateral surfa>ce of a 
right prism is equal to the product of its altitude into the 
perimfCter of its base. 

Demokstbation. 

The lateral feces are all rectangles, having for their common altitade 
the altitude of the prism (563). Whence the area of any face is the 
product of the altitude into the side of the base which forms its baseb- 
and the sum of the areas of the faces is the common altitude into the sum 
of the bases of the faces, that is, into the perimeter of the base of the 
prism, q. 3. d. 



680. A Cylindrical Surfbce is a surface traced by a 
straight line moTing ao aa to remain ctmstantl; parallel to its 
first poeitioiii while Kay point in it traces 
some curre. The moving line is called the 
Generatrix, and the carve traced by a point 
of the line the Directrix. 

Illdhtkatior.— Suppose & line to start frbm 
the position AB, and inoTe towarda N in such a 
manner bb to remain all the time parallel to its 
first podtion AB, while A traces the corre 

A138466 M. 

The surface thus traced is a Cj/Undrval Surftxee; 
AB is the Qauralriai, and the carve ANM the 

^*^^- Fi.. 26.. 

581. A Circular Cylinder, called also a Cylinder of 

ReTOlntton, is a solid generated by the revolution of a rectan- 
gle around one of it« sides as an axis. 

IlxcSTBATiON. — Let COAB be a rectangle, 
and coocdve it revulved about CO as ao axia, 
taking auccesuvel; the positions COA'B', 
COA''B", eto. ; the solid generated is a dreular 
OyUxder, or a cylinder of revolution. The re- 
volving aide AB is the generatrix of the surface, 
and tbe circnmference AA'A" (or BB'B") ia the 
directrix. This ia the only cylinder treated in 
EHementary Geometry, and is usually meant 
when tJie word Cylinder ia used without specify- 
ing the kiud of cylinder. ^ 's- ^**- 

S8S. The Axis of the cylinder is the fixed aide of the rectan- 
gle. The side of the rectangle opposite the axis generates the 
Convex Surfhce ; while the other sides of the rectangle, as 
OA and CB, generate the BaseB, which in the cylinder of revo- 
IntioD are circles. Any line of the surface corresponding to some 
position of the generatrix is called an Element of the surface. 

683. Any section of a cylinder of revolution made by a plane 
parallel to iU base is equal to \\s base, since such a section would 
be a circle with a nulins equal to OA. 



254 



SLEMEIfTARY QBOMETRT. 



684. A Big^ht Cylinder is one whose elements are perpen- 
dicular to its base. In sach a cylinder any element is equal to 
the axis. A Cylinder of Revolution (681) is right 

685. A prism is said to be inscribed in a cylinder^ when the 
bases of the prism are inscribed in the bases of the cylinder^ and 
the edges of the prism coincide with elements of the cylinder. 



PROPOSITION IX. 

686. Theorem, — The area of the convex sijurfaee of a 
cylinder of revolution iis ^tfnal io ihe^ pt^ndwct of its ojcis 
into the circumference of its base, i. e., 2ttRH, H being the 
axis and R the radius of the base, 

Demokstbatiok. 

Let AD be a oylinder of revolutldn, whose axis HO = J9« and the 
radius of whose base is OB = R. 

Then is the area of its convex surface dn-JSZT. 

Let a right prism, with any regular polygon for 
its base, be inscribed in the cylinder, as h-abcdtf. 

The area of the lateral surface of the prism is 
HO (= hb) int.0 the perimeter of its base, t. «., 

Now, bisect the arcs db^ &e, etc., and inscribe a 
regular polygon of twice the number of sides of the 
preceding, and on this polygon as a base construct 
the right inscribed prism with double the number of 
faces that the first had. The area of the lateral sur- 
face of this prism is 

HO X the perimeter of its base. 

In like manner, conceive the operation of inscribing right prisms with 
r^pilar polygonal bases c(mtinually repeated ; it will aJUi>ay% be true that 
the area of the lateral surface is equal to 

ft 

HO X the perimeter of the base. 




Fig. 270. 



CTLTNDBnS. 266 

By oontinnally increasiiig the number of the sides of the inscribed 
polygon in this manner, the perimeter of the polygon may be made to 
differ from the circamference by less than any assignable quantity, i, e., 
by an infinitesimal, which is therefore in comparison with the perimeter 
(341), and the prism of an infinite number of faces is to be considered as 
the cylinder. 

Therefore, the area of the convex surface of the cylinder is HO into 
the circumference of the base. 

Finally, if E is the radius of the base, %nE is its circumference. This 
multiplied by H, the altitude, i. e., Hx 2nB, or 2irUH, is the area of the 
conyez surface of the cylinder. Q. e. d. 



PBOPOSITION X. 

687. Theorem. — Rectangular parallelopipeda ate to 
eOfOh other* as the products of any three adjacent edges. 

DjSMOKSTRATIOX. 

Let the adjacent edges of ojie rectanguJar parallelppiped, P, be three 
lines, which we will call A, B, and C, and of another, Q, the three llnea 
a, hf 6*. 

Then S = ^^^- 

Q axoxc 

For J., By (7, <», ^ and e are at least commensurable by an infinitesimal 
unit. Let the common measure of the edges be i ; and let it be contained 
in ^ m times, in ^ n times, m C p times, in a ^ times, in & r times, and in 
c s times, so that 

ABO 

% ' . t ■ % ■ ■ ■ • 

a h . e 

q = j, r = T, and« = j- 

Now- let A and Bhe the sides of the rectangular base of P, and € its 
altitude, and a, h, and e corresponding edges of Q. The base of P may be 
conceived as divided into mn units of surface. If upon each of these we 
conceive a cube described; there will be mn such cubes. Now, of these 
layers of cubes there will be p in the entire parallelopiped P. Hence P 
will be composed of mnp equal cubes. In like manner, Q may be shown 



* This means that their volumes are to each other. 
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to be composed of qri equal cabes, each equal to one of tlu) mnp cubes 
which compose P. 

XT P ^^P 

Hence, -^ = — - , 

Q jr« 



and subsUtuting their values for m, », j9, q^ r, and «, we have 

ABC 

A V l?v/7 



P i "" i "^ % AxBxG 



— = r: = r q. B. D/ 

Q a 6 axoxc 



ft » t 



PROPOSITION XI. 

588. Theorem. — ITie volume of a rectangular parol- 
lelopiped U equal to the product of its three a^jaoent 
edges. 

Demokstratiok. 

Let P be iny reotanguiar parallelopiped whose adjacent edges are 
A, Bf and C, and let Q be the proposed unit of measure, whose edgee 
are each I. 

Then, by the last proposition, 

P _ AxBx O 
Q^ Ixlxf » 

or, ? = {AxBxC)xQ. 

Thus, P contains the unit Q AxBxO times. Hence, .dx^x C is 
the volume of P. q. b. d. 

589. GoBOLLABY 1. — Ubc volume of a cube is the third 
power of its edge, 

590. ScHOLnm. — This fact gives rise to the term cube, as used in 
arithmetic and a^bra, for " third power.'^ 

591. CoBOLLARY 2. — The volume of a rectangular par-- 
aUelopiped is equal to the product of its altitude into the 
area of its base, the linear unit being the sam^e far the 
m^ea^ure of all its edges. 

* For other demonstrations st^e Appendix. 
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PBOPOSITION XII. 

682. Theorem. — The voLume of any prism, or of any 
solid whos^ plane sections parallel to the base are all equal 
to the base, is equal to that of a rectangular parallelopiped 
having an equivalent base and the same altitude, and 
hence is equal to the product of its base into its altitude. 

Demonsteation. 

Let Q be any prism or solid whose plane sections parallel to its base 
are equal to its base, and P a rectangular parallelepiped of the same 
altitude, and whose base B = B', the base of the first solid. 

Then is yolume Q = yolume P. 

If Q be a prism, any plane section parallel to its base is equal to its 
base (?) ; hence the case is the same whether Q be a prism or any other 
solid haying its plane sections parallel to its base equal to its base. 

Now conceiye two planes to start from coincidence with B and & at 
the same time, and moye upward at the same rate, generating the solids 
P and Q. As these sections are always equiyalent to each other, since 
each is constantly equal to Bor R^ they generate equal yolumes in equal 
times, and by reason of the equal altitudes of the two solids, both 
yolumes are generated in the same time. Hence the two volumes are 
equiyalent. <^ b. d. 

698. Corollary 1. — Uie vclum^e of a right prism, is 
equal to the product of its edge into its ba^e. 

694. Corollary 2. — Prisma of the same altitude are to 
ea^h other a^ their bases ; and prisms of the same or equiv- 
alent basses are to eaxih other as their altitudes ; and, in 
general, prisma are to each other a^ the products of their 
bases and altitudes. 
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PROPOSITION XIII. 

695. Tfaemr^ — The vdume of a ei^tmder of revSlzir- 
tion is equal to the product of itg base and aMitadeii. e., 
nlPHy H being the altitude and R the radi4is of ibfe^bofse* 

DfiMONSTKATIOK. 

By (592) the volume of such a cylinder is eqaal to the product of its 
base into its altitude, since all plane sections parallel to its base are equal 
thereto (583). 

But the base is a circle whose radius is B^ the area of which is irR* (?). 
Hence the volume of the cylinder is if X n-/?^ or fl'iir' A q. b. d^ 

596. OonoLLAKi.—The volume of any cylinder is equ(iL 
to the produet of its base into its altitude. 

This can be demonstrated in a manner altogether analogous to the 
case given in the proposition. 



597. Similar Solidn are such as have their correspondiDg 
solid angles equal and their homologous edges proportional. 

598. Similar Cylinders of revolution are such as have 
their altitudes in the same ratio as the radii of their bases. 

* 599. Homologous Edges of similar solids are such as 
are included between equal plane angles in corresponding faces. 

iLLtrsTRATiON. — The idea of similarity in the case of solids is the 
same as in the case of plane figures, viz., that of likeness of form. Thus, 
one would not think such a cylinder as one joint of stovepipe similar to 
another composed of a hundred joints of the same pipe. One would be 
long and very dim in proportion to its length, while the other would not 
be thought of as dim. But, if we have two cylinders the radii of whose 
bases are 2 and 4, and whose lengths are respectively 6 and 13, we readily 
recognize them as of the same shape : they are similar. 



PSISMS AND CTLItfDSBa, 



PROPOSITION ZIV. 

000. Theorem.— 7%« dUUudea of two gtmilar priatns 
are to each other as any two homologous edges, and the 
areas of corresponding faces are to each other as the 
squares of any two komologoas edges, or as the stjuares of 
the altitudes, 

Dbuonbtration. 

Let P and p ba any two •Imflar priami, H and /* Uwlr aHJhic|o«, An 
■nd A'a' two honraJogoua advaa, and Ab and A'6' two oorrai|ionding 



Tbon IB ^ = — -,, or ah any other two homologana edges; 

, A6 a7 ff» . 

and jnp = ^=5 = — j ■ i. «., as the gquaiea or ai^ 

other two homologoiu edges, or u the squares of the altitndes. ^ 

From the homologoas verticeB a and a' let fitll tiie perpendiculara at 
and a!\', and draw Al and AT. 

«| = ff, andar = *(0. 

Now, dnce the prisins are 
similar, they may be so placed 
that their homotogons e^es 
will ko parallel ; hence, let AB 
be parallel to A'B', AE to A'E', 
and nA to a'A'. Then ia ol 
parallel UniT, and Al to A'l', 
and the triangles aAlaoda'AI' 
are fflmilar. 

Whence w« hare 
B_ Aa 
A ~ A'o" 
or as any other two homoln- f^^ j,i_ 

gona edges, auice by definition 
wy two homologouB edges bear the same ratio. <t. e. d. 
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Agun, since tbe corre- 
qwndJDg faces M> and A'^ 
bave their homologoiu wdes 
proportionnl (697), and tlieir 
botnologoua angles, as aAB and 
a'K'V, eqoal, being the ho- 
mologous fadftl angles of equal 
triedrala, the faces are similai 
plane figures, and 

Kb Ka H' 



or as the squares of any two 
liomolt^nB edges, (j. K. d. 



601. CoBOLLAET. — 7%e corresponding faces of any two 
similar solids are to each other as the squares of any two 
homologous edges of the solids. 



PBOPOSITION XV. 

608. Theorem* — ThelateraX surfaces of simiiar prisms 
are to each other as the squares of any two homologous 
edges, or aa the squares of the altitudes of the prisms. 

Dehohstbation. 

Lei A, B, C, D, sto., and a, b, e, d, «to., b« th« oMTMpondina 
fkM* of two (imilap prlimi, and M and m any two homologoua edges, 
and H and h the aititudea. 

B; the last propomtiDn, 

AX* B M* C X' OX', 



A B C D 
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and, by composition, 

a+6+c + d. etc. ~ w« "" A* ^*^' ^"•^' 

603. GoROUjJLUY.—The entire surfaces of ant two sinU- 
lar solids are to ea^h other as the squares of any two 
homologous edges. 



PHOPOSITION XVI. 

604. Theorem. — The volumes of sim,Uar prisms are to 
each other as the cubes of their homologous edges, and as 
the cubes of their altitudes. 

Dehokstbatiok. 

Let V and v be the volumes of any two similar prisms, M and m 
any two homologous edges, and IT and h their altitudes. 

„, . V M* m 

Let B and h be the bases of the prisms ; whence their yolomes are 
BxH and hxh fespectively (502)- 



By (600), 






But f = ^ = f (?). 



Multipiymg, T-r- = — = —^ = -r? * ^ ». D. 
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PROPOSITION XVII. 

605. Theorem* — The convex surfaces of similar cylin- 
ders of revolution are to ea^h other as the squares of their 
altitudes, and as the squares of the radii of their hoses. 

Demokstratiok. 

Let ff and h be the altttudee, and B and r the radii of the baaee of 
two eimilar oylindere. 



and 



The convex surfaoefl 


are ^itRHvad %itrh (686)* 


Now, 


%^RH RH B H 
airrA ~ rh ^ r"" h 


6y hypothesiB, 


H B 
A "^r" 


Whence, by anbetitntion, we hare 




%kRH S* 




2irrh ~ A« • 




»kBH IP ^ « ^ 
2irrA =!-• ^"•^- 



PROPOSITION XVIII. 

606. Theorem. — The volumes of simMar cylinders of 
revolution are to each other as the cubes of their altitudes, 
or as the cubes of the radii of their bases. 

Demoxstbatiok. 

Let IT and It be the altitudes of two similar cylinders of revolution, 
R and r the radii of their bases, and V and v their volumes. 

Then ^ = ^' = ^- 
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For, by (696), 

JEUld 

Hence, 
and, since 
we have, by snbetitution, 



607. Scholium.— It is a general tnith, that the surfaces of similar 
solids, ofcMyform^ are to each other as the squares of homologous lines; 
and their volumes are as the cubes of such lines. These truths will be 
farther illustrated in the following section, but the methods of demon- 
stration will be seen to be the same as used in this. 



V 


= ^ffl?, 






V 


= irAr». 






r 

V 


T 7rAr» - 


HIP 
At* ' 




H 

h 


= |a), 






F 


r* ~ h' 


• <^ B. 


D. 



EXERCISES. 

« 

608. 1. A farmer has two grain bins which are parallele- 
pipeds. The front of one bin is a rectangle 6 feet long by 4 high, 
and the front of the other a rectangle 8 feet long by 4 high. 
They are built between parallel walls 5 feet apart. The bottom 
and ends of the first, he says, are '^ square " (he means, it is a 
rectangular parallelopiped), while the bottom and ends of the 
other slope, t. &., are oblique to the front. What are the rela- 
tive capacities of the bins ? 

2. How many square feet of boards in the walls and bottom 
of the first bin mentioned in Ex. 1 ? 

3. An average sized honey bee's cell is a right hexagonal 
prism, .8 of an inch long, with faces ^ of an inch wide. The 
width of the face is always the same, but the length of the cell 
varies according to the space the bee has to fill. Are honey bees' 
cells similar ? Is a honey bee's cell, of the dimensions given 
aboye, similar to a wasp's cell, which is 1.6 inches long, and 
whose face is .3 of an inch wide ? What are the relative capaci- 
ties of the wasp's cell and the honey bee's? 
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4. How many square inches of sheet iron does it take to make 
a joint of 7-inch stovepipe 2 feet 4 inches long, allowing an inch 
and a half for making the seam ? 

5. A certain' water-pipe is 3 iitches in diameter. How much 
water is discharged through it in 24 hours, if the current flows 
3 feet per minute ? How much through a pipe of twice as great 
diameter, at the same rate of flow ? 

6f What is the ratio of the length of a hogshead holding 125 
gallons, to the length of a keg of the same shape, holding 
8 gallons ? 

7. What are the relative amounts of cloth required to clothe 
three men of the same form (similar solids), one being 5 feet 
high, another 5 feet 9 mches, and the other 6 feet, provided thej 
dress in the same style? If the second of these men weighs 
156 lb., what do the others weigh? 

8. If a man 5^ feet high weighs 16Q lb., and a man 3 inches 
taller weighs 180 lb., which is the stouter in proportion to his 
height ? 

9* I have a prismatic piece of timber, from which I cut two 
blocks, both 5 feet long measured along one edge of the stick; 
but one block is made by cutting the stick square across (a right 
section), and the other by cutting both ends of it obliquely, 
making an angle of 45° with the same face of the timber. Which 
block is the greater ? Which has the greater latenJ surface ? 

10. How many cubic feet in a log 12 feet long and 2 feet and 

5 inches in diameter ? How many square feet of inch boards 
can be cut from such a log, allowing one-quarter for waste in 
slabs and sawing ? 

11. How many square feet of sheet copper will it take to line 
the sid^s and bottom of a cylindrical vat (cylinder of revolution) 

6 feet deep, if the diameter of the bottom is 4 feet? How many 
barrels does such a vat contain ? 

12. What are the relative capacities of cylinders of revolution 
of the same diameter, but of different lengths ? What of those 
of the same length, but of different diameters ? 



PTBAMIDB AND OOJfBS. 






OF PYRAMIDS AND CONES. 

600. A Pyramid is a eolid baring a polygoa tor its base, 
aod trianglee for its lateral faces. If the base is also a triangle, 
it is called a triangular pyramid, or a tetraedron (i. «., a solid witli 
four faces). The vertex of the polyedral angle formed by the 
lateral faces is the vertex of the pyramid. 

610. The Altitude of a pyramid is the perpendicular dis- 
tuice from its vertex to the plane of its base. 

611. A Rlgfht Pyramid iea pyramid whose base is a regu- 
lar polygon, and the perpendicular from whose vertex falls at 
the centre of the base. This perpendicular is called the axis. 

Hi. A Fmstnm of a pyramid is a portion of the pyramid 
intercepted between the base and a plane parallel to the base. 
If the cutting plane is not parallel to the base, the portion inter- 
cepted is called a Truncated pyramid. 

613. The Slant Height of a right pyramid is the altitude 
of one of the triangles which form its faces. The Slant Height 
of a Frustum of a right pyramid is the portion of the slant height 
of the pyramid intercepted between the bases of the frastnm. 



FI9.272. 

IlXCBTBATiOKB.— The stodent will be able to find illnatratioiis of the 
deflniHana in tti« above flgores. 
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614. A Conical Surface is a surface traced by a line 
which passes through a fixed pointy while any other point traces 
a curve. The line is the Generatrix, and the curve the Direc- 
trix. The fixed point is the Vertex, Any line of the surface 
corresponding to some position of the generatrix is called an 
Element of the surface. 

615; A Cone of Revolution is a solid generated by the 
revolution of a right-angled triangle around one of its sides, 
called the Axis. The hypotenuse describes the Gonmx Surface 
of the cone, and corresponds to the generatrix in the preceding 
definition. The other side of the triangle describe the Bas$^ 
This cone is right, since the perpendicular (the axis) falls at the 
centre of the base. The Slant Height is the distance from the 
vertex to the circumference of the base, and is the same as the 
hypotenuse of the generating triangle. 

616. The terms Frustum and Truncated are applied to 
the cone in the same manner as to the pyramid. 

617. A pyramid is said \jo be Inscribed in a cone when the 
base of the pyramid is inscribed in the base of the cone, and the 
edges of the pyramid are elements of the suiface of the cone. 
The two solids have a common vertex and a common altitude. 

618. If the generatrix be considered as an indefinite straight 
line passing through a fixed pointy the portions of the line on 
opposite sides of the point will each describe a conical surface. 
These two surfaces, which in general discussions are considered 
but one, are called Nappes. The two nappes of the same cone 
ai*e evidently alike. 

Illustration.— In Fig. 273, (a) represents a conical surface which 
has the curve ABC for its directrix^ and SA for its generatrix. The nu- 
merais indicate the successive positions of the point A, as it passes around 
the curve, while the point S remains fixed. (5) represents a Cone of Bed- 
olHiion^ffT a right cone with a circular base. It may be considered -as 
generated in the general way, or by the right-angled triangle SOA revolv- 
ing about SO as an axis. SA describes the convex surface, and OA the 
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7S7E7W- *«-I'. 



<ving equivalent 
8 parallel to and 
ire equivalent. 



Fig. 173. 



base. Tlie figure (e) represents tbe Pru^nim of & oone, the porlion above 
the plane abc being supposed removed. Figure {d) represeofB the two 
S^ipet of an oblique cone. 



PBOPOSITION I. 

619. Theorem, — ^ny section of a pyramid made by a 
plane paraUd to its base is a polygon similar to the base. 

Demonstbation. 
Let abede be • seotlon of the pyramid 
S-ABCDE made by a plane parallel to ABCOE. 
Then is abede similar to ABCDE. 
Bince AB snd ab are intersections of two 
parallel planes by a third plane, they are paral- 
lel (?). So also he is parallel to BC, <!<; to CD, 
eto. Hence, angle fr = B, e = C, etc. (!), and the 
polygons are mntoallj equiangular. Again, 
oft Si , fc 86 ,,, 

AB = SB' '"'' BC = Sa('> ''"'■"*■ 

_ <A he a£ AB -. 

In like manner, ne can show that 



Therefore, t^iede and ABCOE are mntnally equiangular, and have 
tbvir corresponding sides proportional, and are consequently umilar. 



BLSMSNTASr ejSOMSTBT. 

614. A Conical Siirfoce I 
which paeses through a fixed poinf 
» curve. Tbe line is the ffejiera/lOJT II. 
triz. The fixed point is the vl 

correBponding to some poaitioo^""^"^ "^ '^^P^^ altitudes 
Element of the surface. ''^""'^ f"*"^ "■"^'^ paraUd to 

leach other as the bases. 

616. A Cone of Kevoluf 
rerolutiou of a riglit-aogled trfcEATlON. 
called the Axis. The hypotenur 

of the cone, and c"""^ ----.-■■ two pyramidi of the tame ■nriude, 
-mv^, *,. r- T,, .1 and a'b't/it'e', ptrallel to and at aqual dutanoM 
from their batat. 

Then is 



afVe'd't' A'B'C'D'E' 

For, concdve the bases in the 
same plane. Let SP and S'P' be the 
equal attitndee, and Sp = S'f the 
distances of the catting planes from 
tlie vertices. 

Conceive a plane passing throngh 
the vertices parallel to the plane of 
the bases. Tbis plane, together with 
tbe plane in which the sections lie, 
and that in which the bases lie, make 
three parallel planes which cut the 
lines SA. SB, S'A', S'B', 5P, and ST, p;,. 2„, 

whence 

SB _ SP _ S'B' _ S'P' 

86 ~ Sp ~ s'v ~ sy ' 

Also, since the planes ASB and A'S'B' are cnt by parallel planei 
AB, ab, A'B', and a'b', ab is parallel to AB, and a'l/ ti. A'B' ; whence, 



A'B'C'D'E' 
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9, bj eqaslity of ratios, 



A'B'CO 'E' 

" a'Ve/ttf ' 



621, COEOLLAEY.— // two pyramids having equivalent 
bases and equal aUitudea are eat by planes parallel to and 
equidistant from their bases, the sections are equivalent. 



PBOPOSITION III. 

688. Theorem.— 2%« area of the laleral surface of a 
right pyramid is eqital to the perimeter of the base multi- 
piied by ene-half the slant height. 

DBK0N8TBATI0K. 

The ftcw of sodk a pynniid aru equal iBoacelts tri> 
angles (1), whoee common altitode is the slant height of 
the pyramid (9). 

Hence, the area of these triangles Is the prodnct of 
one-half the slant height into the saiii nf their bases. But 
this sniii is the perimeter of the base. I 

Hence the area is eqnal to the perimeterof the l>ase 
maltlplied by one-half the slant height, q. >■ d. Fig. 27e. 



623. COEOLLAET. — I%e area of the lateral 
surface of the frustum of a right pyramid is 
equal to Gie product of its al'Unt height into 
half the sum of the perimeters of its bases. 

The proof is based upon (3fiO) and definitiona. 
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' PKOPOSITION IV. 

624. Theorem. — The area of the convex swrfa/^ of a 
cone of revolution (a right cone with a circular base) is 
equal to the product of the circumference of its base and 
one-half its slant height, i. e,, trRff, R being the radius of 
the base, and H! the slant height. 

DEMONSTRATIOIJr. 

In the circle which forms the base of the cone, 
conceiye a regalar polygon inscribed, as aJMef. Join- 
ing the vertices of the angles of this polygon with the 
vertex of the cone, there will be constructed a right 
pyramid inscribed in the cone. Now, if the arcs sub- 
tended by the sides of this polygon be bisected, and 
these are again bisected, etc., and at every step a right 
pyramid is conceived as inscribed, it will always remain 
true that the lateral surface of the pyramid is the pe- 
rimeter of its base into half its slant height. 

But, as the number of faces of the pyramid is in- '* 

creased, the perimeter of the base approaches the circumference of the 
base of the cone as its limit, and hence the slant height of the pyramid 
approaches the slant height of the cone, and the. lateral surface of the 
pyramid approaches the convex sur&ce of the cone as their linvta^ and all 
reach their limits simultaneously. 

Therefore, at the limit we still have the same expresdon for the area 
of the convex surface, that is, the circumference of the base multiplied 
by half the slant height. 

Finally, if R is the radius of the base, its circumference is %nR, and 
IT being the slant height, we have for the area of the convex surface 
2.Ti?x JiT, or T^RH!. <i. B. d. 

625. CoEOLLAiiy 1. — The area of the convex surface of a 
cone is also equal to the product of the slant height into 
the circumference of the circle parallel to the base, and 
midway between the ba^e and vertex. 

This follows directly from the fact that the radius of the circle mid- 
way between the base and vertex is one-half the radius of the base, i. c, 
^R (?), whence its circumference is nR. Now, vRxM' is the area of the 
convex surface, by the proposition. 
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626, GoBOLLABT 3. — The area of the convex surface of 
tlie frustuTn of a cone is equal to the jiroduet of its slant 
height into half the sum, of the circumferences of its 
bases ; i. e., jt (fl + r) ff", R and r being the radii of its 
bases, and H' its slant height. 

From the conesponding property of the fVuBtom of a pyramid, the 
student will be able to deduce the fact t^at ^ (^TcA+airr) W oi n (£+>) ff 
is the area of this Eiur&ce by the same line of aigumeut naed in the 
demoDBtmtion of the main theorem. 

627. CoEOLLAEY 3. — The area of the convex surface of 
the frustum of a cone is equal to the product of its slant 
Iteight into the circumference of the circle midway between 
the basses. 

The radisBof the circle midway between the bases is ] {t-\-R), ivbence 
its circamfercnce is tt{T+R). Now, ir{^+R)xB' is the area of the con- 
vex surface of the frustum, by the preceding corDllary. 



PROPOSITION V. 

628. Theorem. -^ Turn pyramids having equivalent 
bases and the same altitudes are equivalent, i. e., equal in 
volume. 

PlRETT DeMONBTRATION. 

L«t S-ABCO tml S'-A'B'C'D'E' bo two pyramid! kaving the •aim 
■ItHudM, and baia ABCD equivalent to bate A'B'CD'E', i. e., equal in 



Then is pyramid S-ABCD 
equivalent to S'-A'B'C'D'E', >. e., 
equal in volnme, 

For, conceive the bases to be 
in the eaoio plane, and a plane to 
start from coincidence with the 
plane of the bases, and move to- 
ward the vertices, remaining alt 
the lime parallel to the bases. 
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NoveMh oftbeiectioiuof AepyimmtdkiDMle b; tins plane nut; be 
ctmndTad aa a varying polygon wfaicfa genentaa its resfkectlTe pjninid. 
iutd as these pcdygons an alin^ etptivaleiit, and move at the ume nte, 
they generate «q(ial TolHmw is equal tuaei. Horeover, as the bases of 
Uie pyramids are in tiie aame piane, and Uuir altitadea are eqnri, the 
polygons generate their respec^Te pynunidi in ^te same time. ' Hence 
these TolBmes are eqoal. <). >. D. 

SkOOKD DEKOlTBTKATIOir. 

Ctnidder the pyramids divided into an infinite number of luninn of 
eqoal bat inOniterimol tbickness, as me, mV, parallel to the baaea. Now 
each lamina in one will have a cormponding lamina In the other at tbe 
same cUstance from tbe base dnce the laminn are of equal thickneas, and 
hence equivalent to it 

Hence tiie pyramids are composed of an eqoal onmber (tfequTaleot 
lamltue, and ara conseqaeotly eqoivalent tt- ■• !>■ 



PBOFOSITION VI. 

6SS. Theorem. — Thevolujtbeaf a triangular pyramid 
is equal to one-third the product of its hate and altitude. 

DSMONBTRATIOK. 

Let S-ABC be ■ triangular pyramid, whOM altHuda la H. 

Then is the volume eqoal to 
iff X area ABC. 

For, through A and B draw Aa and Bi 
parallel to SC ; and tliroogh 8 draw Sa 
and Si parallel to CA aud CB, and join a 
and A; then Soft-ABC is a prism with itB 
base eqoal to the base of the pyramid. 

Mow, the solid added to the given pyr- 
amid isaqnadrangnlar pyramid withoABA 
as its base, and its vertei at S. 

Divide this int« two triangnlar pyia- ^- ""■ 

mids by drawing aB and passing a plane thningb SB and aB. Thpse tri- 
angoUr pyramids are equivalent, unce they have eqoal basea, oAB and 
oM, uid a common altitude, the vertices of both bedng at S. 
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Ajiain, S-oAB ma; be caaBidered as haTing abS (equal to ABC) u its 
bsae, aod the altitude of the given pynmid (eqnal to the altitude of the 
prJBD)) for its altitude, and hence as equivalent to the given p; nuoid. 

Thus the prism ABCoAS isdivided into the tiiree equivaleiit pymniida, 
S-ABC, B-oiS, and S-aBA. 

Hence, the pyramid S-ABC is one-thitd tbe prism So^ABO) which 
has the same base and altitude. 

But the volume of the prism is 

Sxarat ABC. 
Therefon the volume of the pimmid 8-ABC Is 

^B X area ABC. 4. x. d. 

630. CoBOUABT 1. — The volume of any 
pyramid is equal to ojie-third the product 
of its base and altitude. 

Since an; pyramid con be divided into triangular 
pyramida by passing planes through any one edge, as 
^, and each of the other edgee not adjacent, as SB 
and SC, the volume of the pyramid isequal to the sum 
of the volnroee of several triangular pyramids having 
the same altitude as the given pyramid, and the sum pi^ jg,, 

of whose bases is the base of the given pyramid. 

631. C0EOLLA8Y 2. — Pyramids having equivalent hoses 
are to each other as their attitudes ; such as have equal 
attitudes are to each other as their bases ; and, in general, 
pyramids are to each other as the products of their bases 
and altitudes. 

ExEBOUE.— A Besrular Tetraedron is a triangnUr pyr- 
amid whose base is an eqnilateral triangle and each of whose 
Uteral faces are equal to the base. What ie the volume of such 
a tetraedron whose edge is 1 inch ? Ans. Ay 3 cm. in. 

What is the entire area of the surface of this tetraedron ? 
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PSOPOSITION VII. 

882. Theorem. — The vcliunve of the fnusbwrn, of a tri- 
angular pyramid is equal to the volume of three pyramids 
of the same altitude as the frustum, and whose bases are 
the upper base, the lower base, and a mean proportional 
between the two bases of the frustum^. 

Demonstration. 
Let o&c-ABC (Fig. 282) be the frustum of a triangulir pyramid. 

Through db and C pass a plane catting off the pyramid O-abc. This 
has for its base the upper base of the frustum, and for its altitude the 
altitude of the frustum. 

Again, draw A&, and pass a plane through 
A^ and &C, cutting off the pyramid &-ABC, 
which has the same altitude as the frustum, 
and for its base the lower base of the frustum. 

There now remains a third pyramid, ^ACo, 
to be examined. 

Through h draw &D parallel to a A, and 
draw DC and oD. 

The pyramid D-ACa is equivalent to 
&-ACa, since it has the same base and the same _. ... 

ri9* 282. 

a ItitudjB (?). But the former may be cousi dered 

as having ADC for its base, and the altitude of the frustum for its altitude, 

i. e., as pyramid o-ADC. 

We are now to show that ADC is a mean proportional between abe 
and ABC. 

ABC AB" AB' 




*^ ab* Kff 



a). 



Ai ABC AB ,,, ABC' AB' ^. 

^^-' adc=ad(^>^ ^^ m'=w^^' 



ABC ^ ABC 

<^ 'adc" 



By equality of ratios, — j^ = y— -, ; whence, ADC = ode x ABC ; 



i. e., ADC is a mean proportional between the upper and lower bases of 
the frustum. 

Hence the volume of the frustum is equal to the volume of three 
pyramids, etc q. b. d. 
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683« OOBOLLABY. — The volume of the frustu/nv of any 
pyramid is equal to the volum^e of three pyramids hav- 
ing the same altitude as the frustuw/, and for bases, the 
upper base, the lower base, and a mean propo7*tional 
between the two bases of the frustum. 

For, the fhistum of any pyramid is eqaivalent to the corresponding 
ihistnm of a triangular pyramid of the same altitude and an equivalent 
iMimiOv f(Qd tbe. hm». of the frustum of the triangular pyramid being 
bndi eqaiTalent to the. corresponding bases of the given fhistum, a mean 
ps»p«ttiMu4.betiree&.the trumgalar bases is a mean proportional between 
thdr equiyalttits. 



PBOPOSITION VIII. 

684. Th^prem. — The volume of a cone of revolution is 
equal to one-third the product of its base and altitude ; 
i, e., ^TT0H, R being the radius of the base and H the alti- 
tude. 

Demonstration. 

The volume of a pyramid is equal to one-third the product of the 
base and altitude, and the cone being the limit of the pyramid, the vol- 
ume of the cone is one-third the product of its base and altitude. 

Now, S being the radius of the base of a cone of revolution, the 
base (area of) is nB^, whence ^nB^H is the volume, ^ being the altitude. 

Q.B. D. 

635. CoROLLABT 1. — The volume of any cone is equal 
to one-third the product of its base and altitude, 

636. Corollary %—The volume of the frustum of a 
cone is equal to the volume of three cones having the 
same altitude as the frustum,, and for bases, the upper 
base, the lower base, and a mean proportional between 
the two bases of the frustum. 

The truth of this appears from the fact that the frustum of a cone is 
the limit of the frustum of a regular inscribed pyramid. 
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PROPOSITION IX. 

687. Theorem. — ThelateraiL su^rfcbcea of airviilar pyra- 
mids are to eaoh other as the sqvuares of their homologous 
redoes, or of their cMitudes. 

Let A, A', A", etc., and a, a', a", tto., bt homotofMie Mm vf llie 
iMtM of two tiinitar pyromMs, E* E', E", oto., us4 e^^f^ (Bf\ oId., 
homologous latoral edges, £r and li Hio alliliidea of Hio pyramided and 
let 8 and s be tke lateral surflMes. 

8 A' A'* A''' 
Then is - = -^^ = -7^ = -^, etc., 

_ E« _ E'» _ E"» . 
- ^ - ^ - ^. ew., 

Since the pyramids are similar, the corresponding fiunal angles are 
equal, and the homologous edges proportional (597} 532)} hence the 
bases are similar polygons, and the corresponding lateral faces are simi- 
lar triangles. 

Now let F, F', F", etc., and/,/*,/", etc., be the corresponding lateral 
faces, of which triangles. A, A', A", etc., and a, a', a", etc, are the bases 
respectively, and E, E', E", etc., and «, 0^, tf^ etc., other homologous sides. 

Then - = -^ = -x-, etc., = - = -7- = -77-, etc, = t- (f). 

A* A'* A"* E' E'* E'" H* 

Whence ^ = ^ = ^, etc., = ^ = ^ = ^, etc., == ^ (?) 

F A' F' A" F" A"* 
Moreover, ^ = ^, -^ = ^, -=:_,etc. 

wh F + F^ + P^ etc. _ 8 _ A« _ A'« _ A"« 
wnence f^f^f,^ etc. -.-i?--^-^ 

E» E'« E''» ^ H« 

638. CoBOLLABY. — The lateral surfaces of similar right 
pyramids are to eaoh other as the squares of any homolo- 
gous lines, as slant heights, attitudes, or of correspond- 
ing diagonals of the bases. 
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PBOPOSITION X. 

' 639. Theorem. — The convex surfaces of similar 
cones of revoliUion are to ea,ch other as the squares of 
their slant heights, the radii of their bases, or their 
altitudes; i, e*, as the squares of any two homologous 
dimensions. 

Dekokstbation. 

Let IT and h* be thethmt heights of two timilai* eonee of revolution, 
JB end r the redii of their bases, and H and h their altitudes. 

Their conyex surfaces are itRW and mrh\ 
Now, since the cones are similar, 

Multiplying the terms of this proportion by the corresponding 
terms of 

fcHt __ W 
TfK "" h! ' 

nrh' ~ A'« * 



weh&ye 



Hence the convex surfaces are as the squares of their slant heights. 
But, as — = -5 (?) = 



A«' 



nrh' ~ r* W 



That is, the convex surfaces are to each other as the squares of the 
radii of the bases, or as the squares of the altitudes. <^ b. d. 



I 
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PBOPOBITIOK ZI. 

640. Theorem* — The volumes of gimUctr pyrwmids 
are ia eoioh other as the cubes of their honbologoae Mnten- 

SiOHA. 

SYNaPSIS OP DsXONBCBATIOir* 

Let A aiMl a be homologous sides jof the liaeee of twa^iMiler fiyra- 
mids, B and b their bases» and XT and h their altitiidei» 

Wehave _ = _ = _(g; 

■pr - a - T^- 

iBxff A* H*^ 



1 



PBOPOSITION ZII. 

841. Theorem. — Hve volumes of similar cones are to 
each other as the cubes of their altitudes, or as the cubes 
of the radii of their bases. 

Synopsis of Demonstration. 
Let It and r be the radii of their bases, and JJand h their altitudes. 

We have i^" — TT W» 

and i- = -^ P>' 

or = -J • <^ H. D. 



k 



SEOUL A It POLYEDROflS. 



OF THE REGULAR POLYEDRONS. 

642. A Polyedron is a solid bonuded by plane suifacee. 
A Regular Convex Polyedron is a polvedrou whose faces are all 
equal regular polygons, and each of whose solid angles ia conrex 
oatward, and is enclosed by the same number of faces. 



PROPOSITION XIII. 

W3. Tbeorem. —There are five and only five regular 
convex polyedroTts, viz. : 

Ths Tbtraedrqn, whose faces are foitr equal eguilat- 
eral triangles ; 

The HBi 
squares ; 

The OcTA 
triangles ; 

The DoDi 
pentagons; i 
r^:Qlar poljgi 

!~r647. A 
[unded by 
id two trian 
Thus, ABCI 
iled the Beaa 
angles AED 



ThB Re«urar Trtr.edron.-Taking three eqniUt 
eml tnangles, as ASB. ASC, and BSC, it i« powible to 
enclose a solid angle, as S, with them, since the Bum 
of the three tacial angles is (what f) (555) 

Then, dnce AC = AB = CB (?), eonaidering ACB 
the fourth foce, we have a regular polyedron .vhose 
ronr faces ate equilateral triuigles. 
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TIm Regulir Haxudron or Cuba. — Thii ii a familur lolid, but for 
pnipoau of uniformitj and completeneBs we may conceive it conatructed 
as fidlom: Taking Hhree equal Bqo&ree, as ASCB, 
CSED, and A9EF, we con enclose a solid angle, as S, I 
with them (?). 

Now, ooDceive the planes of CB and CD, AB and I 
AF, EF and EO produced. The plane of CB and CO { 
being panaiel to ASEF (7), will interaect the plai 
EF and EO in HO paraUel to FE (t). la like mai 
FH can be shown parallel to EO, BH to CD, and HO to I 
BC- Hence the solid has for its faces six equal squares. 



eive It conBtracKO 

r 



Tin Rafliriar OotMdron. — At the interaection, p, 
of the diagonals of a square, ABCD, erect a perpendic- 
ular SP to the plane of the square, and making SP = 
AP (half of one of the diagonals) draw SA, SD, SO, 
and SB. 

Making a rimilar construction on the other ride of 
the plane ABCD, we have a solid havuig for faces eight 
equal equilateral triangles (!). 



The Regalar Dodeoattdran.— Taking twelve equal r^ular pentagons, 
we may group them in two sets of six each, as in the figure. Thus, 
around we may place fire, fbrming five triedntls at the vertices of 0. 

■yfthe radii of their bases. 

8TN0P8I8 OF DBMONSTRATION, 

Let R and r be the radii of their base*, and U and h their amtudea. 

We have ^ = ^(% 

^'^ Fia. IM. 



Now, concdvingthe ain- 
•sEtty of the group in Front and the smamty of group V, we may place 
the two together so as to ineloee a solid. Thus, placing A at 6, the three 
Awes 6, 7, 1, will inclose a tiiedral, since the diedral included by S and 1 
is the diedral of snch a triednd. Th«i will vertex B fall at i^ and a like 
triedral will be formed at that point, and so of all the other vertices. 
Hmce we have a polyedion having for faces twelve equal r^olar penta- 
gons. 
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The Regular teoMedroN.— Taking twenty eqnal equilateiul trinities, 
the; caa b« grouped in two sets, u in the figure, in t, inanner ^together 

r^?"",'"^'*"" , HO,, nrach tin does it take 

The Bohdanffles in this case are ■ ,, . , , ,, 

i«tad«i b/av. f.ci.1 .,«i« f """"K '" """^ "«1 '■>« """^ » 

•bo* mill 1. 8J rigbt uglis I, pii^ „p„„ , Kaoath horizontal 
» <wnH>iin „ ^^.^^ ^.^^ ^j ^j^^ ^jj^ ^^^^ ^^^ plane) 
circles be drawn on the floor, one 



(B95). As befoie, cpnceiring 

the egnetx'dy of- group ii 

I'nHit, and the eoneamtfi of 0', 

wo»iipl»»tbemtnitetbe,bj "'her 3. and "andjiiles be majy|_ 

placing A at a, thus enclosiag 

a solid angle with five laces, whence B wilt fall at ^ etc Thna we obtain 

a eoBd with tweiitj equul equilateral triangles for its &oee. 

That there can be do other regular polyedrons than these fire is eii- 
dmt, since we can form no other conrex solid angles b; means of regular 
polygons. Thos, with eqailatenil triaiigles (the simplest polygon) we 
have formed solid aoglee with three &ce8 (the least nnmber possible), as 
In the tetnedron ; with fooi, as in the octaedron ; and with fire, as in the 
icoeaedron. Six such fsdal angles cannot enclose a soltd angle, nnce 
their stun ii four right angles (7), and much less can any greater number. 
Agun, with squares (the next most simple polygon) we have formed 
solid angles with three foces, as in the hezaednm, and can form no other, 
for the same reason as above. With regular pentagons we can enclose 
only a triedral, as in the dodecaodron, for a like reason. With regular 
hei^^DS we cannot enclose a solid angle (?}, and much less with any 
regular polygon of more than six ades. 

I 647. A Wedge ib a solid 

iundcd by three qQudrilaterals 

id two triangles. 

Thn3, ABCD is a rectangle, and is 

lied the Bead of the wedge, the two 

angles AED and FBC are the Snd«, 

I the two trapezoids ABFE and 

DCFE are the Sd'n. Tlie AUitudt is 

the perpendicular to the head fnini tiie Fiq. »o. 

edge opposite. 

8. The base of a wedge being 18 feet by 9 feet, the edge 20 
feet, aod the altitnde 6 feet^ what are the contents ? 

Ans. 504 en. ft 
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644. ScHOLiDH.—HodelB of the regnlar polyednmB are earily fbnned 
b; cutting tbe prece<liiig flgares from cardboard, cntdng balf-wny thmogh 
H lonmm: laKw^ 'j-a-j'-vv -"'' Jtuing^ng tbe edges together aa the 
OSEO, and ASEF, we can enclose a i 
with them (?). 

Now, concwYe the planes of CB % 
AF, EF and ED piodnced. The plane 
being parallel to ASEF (?), will intem 
EF and ED in HD paraUel to FE (I). P^ XIV. 

FH can lie ahcwn parallel to ED, BH to , , ,_ . -.usm. 

_BC. Hence the solid baa fbr its ftcea Bi ' " "^ 

and circumacriptUtle by a sphere. 

Odtlike op Demokbtratiok. 



Prom the centres of any two adjacent faaea, as c and ^^^— ^^-^— 
1^, let fall perpendicnlars upon the common edge, and 
they will meet it in the some point o (?). The plane of 
these lines will be perpendicular to this edge (!), and 
perpendicnlsra to these thces from their ceotrea, as eS, 
e'S, will lie in this plane {?), and hence will intersect at 
a point equally distant fi<om these faces (?}. 

In like manner e"8 = e'S, and tlie point S can be '*' 

shown to be equally distant froni nil of tbe faces, and is therefore tbe cen- 
tre of the ioBcribed sphere. 

Joining S with tbe vertices, we can readily show that S ia also tbe 
centre of the circumscribed sphere. 



8TNOP818 OS Demonstration. 
Let B and r be the radii ofthelr bast*, and ff and A tinir all 



Ititudsu 



How, eonceiTingtbe oon- 
Mtetty of tbe group in front and the amawtty of group V, we may place 
the two together so aa to inclose a solid. Thus, placing A at (, the three 
fiMea K, 7, 1, will inclose a triedral, dnce the diedral included by 5 and 1 
is the diedral of such a triedral. Then will vertex B fall at e, and a like 
tiiedntl will be formed at that point, and ho of all the other vertices. 
Hence we have a polyedion having for foces twdve equal r^nlar penta- 
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3. How muiy qnarts will a caa coDtaiD, whose entire height 
is 10 inches, the body being a cylinder 6 inches in diameter and 
6| iuchea high, and the top a conep How mnch tin does it take 
to make Buch a can, allowing nothing for waste and the eeams ? 

4. If very fine dry sand is piled npon a smooth horizontal 
snrEace, without any lateral anppert^ tb« angle of elope (i. a, the 
angle of inclioation of the eloping side of the pile with the plane) 
is about 31°. Suj^ioBe two circles he drawn on the floor, one 
i feet in diameter and the other 3, and sand piles be made as 
large as possible ou these circles ae bases, no other support being 
giTon. What is the relative magnitade of the piles? 

6. In the case of sand piles, as given id the last example, the 
ratio of the radins of the base to the altltade of the pile is |. 
How many cubic feet in each of the above piles ? 

6. The fmettim of a right pyramid was 73 feet square at the 
lower base and 48 at the upper ; and its altitude was 60 feet. 
What was the lateral surface? What the rolume? [Such a 
solid is o^led a Prismoid.] 

7. Find the area of the surface, and the contents of a regular 
tetraedron, one of whose edges is 10 inches. What is the diam- 
eter of t^ inaoribed a^ere f Of the circumscribed ? 

647. A Wedge is a solid 
bounded by three quadrilaterals 
uud two triangles. 

Thus, A8C0 )B a reetaitgle. and is 
called the &ad of tbo wedge, tbc two 
triaQi^les AEO and FBC are the Slnd», 
onl the two trapeaoids ABFE and 
DCFE are the Sidfg. Tlie Altitude ia 
the perpendicalar to the head frcrtn the Ha. ISO. 

edge opposite. 

8. The base of a wedge being 18 feet by 9 feet, the edge 20 
feet, and (he altitude 6 feet, what are the contents ? 

Am. 604 on. ft. 
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«^"mtOM Y. 

OF THE SPHERE.* 

M8. A Sphere is a solid boonded by a enrfoce erery point 
in which is equally distant from a point within called the Centre. 

The distanoe from the centre to the anr&ce is the Radius, 
and a lice paedog throagh the centre and limited by the sarface 
is a Diameter. The diameter is eqoal to twice the radins. 



CIRCLES OF THE SPHERE. 



PS0P08ITI0N I. 

M9. TheoTent.-~-£very aecHon of a sphere made by a 
planeiati etrele. 

Deuoxbtration. 

L«1 AFEBD be ■ iMtlon of a *ph«re, 
who** centre is 0, made by • plane; then 
It tha aeotlon AFEBD a cfrote. 

For, let &II fhim the centre O a pe^ 
patdicnlar upon the plane AFEBO, as OC, 
and draw CA, CO, CE, CB, etc., lines of the 
plane, from the foot of the perpendicular 
to any points in which tbe plane cnta the Fig. m. 

• A spherical blackboard ia almost iDdlspensable in teaching tWa aecOaa 
as wpH as In teaching Spherical Trigonometry. A sphere abont two feet in 
diameter, monnted on a pedestal, and having ita snrface slalod or painted «s 
a hlackboaid, la what la needed. It can be obtained of the roannfaotnrera 
of sdiool Bpparatos, or made in any good toniiug-shop. 
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saiface of the sphere. Join these points with the. centre, 0, of the 
sphere. 

Now OA) OD, OB, OE, etc., being radii, are equal; whence, CA, CD, 
CB, CE, etc., are equal ; t. «., every point in the line of intersection of a 
plane and sur&ce of a sphere is equally distant Irom a point in this 
plane. Hence, the intersection is a circle, q. b. d. 

650. A circle made by a plane not passing through the centre 
is a Small Circle ; one made by a plane passing throagh the 
centre is a Great Circle. 

651. Corollary \,--A perpendicular from the centre 
of a sphere upon any small circle pierces the circle at its 
centre; and, conversely^ a perpendicular to a small circle 
at its centre parses through the centre of the sphere. 

652. A diameter perpendicular to any circle of a sphere is 
called the Axis of that circle. The extremities of the axis are 
the Poles of the circle. 

653. Corollary 2. — Tfte pole of a circle is equally dis- 
tant from every point in its circumference. 

The student should give the reason. 

654. Corollary 3. — Every circle of a sphere has two 
poles, which, in ca^e of a great circle, are equally distant 
from every point in the ciTcumference of the circle ; but, 
in ca,se of a small circle, one pole is nearer any point in 
the circum^ference than the other pole is, 

655. Corollary 4. — A small circle is less as its dis- 
tance from the centre of the sphere is greater ; hence the 
circle whose plane passes through the centre is the greatest 
circle of the sphere. 

For, its diameter, being a chord of a great circle, is less as it is far- 
ther from the centre of the great circle, which is also the centre of the 
sphere. 

656. Corollary 6,^^11 great circles of the same sphere 
are equal (?). 
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PROPOSITION II. 

657. Theorem. — Any great circle diiddes the sphere 
into two equal parts. 

DSMONSTftATIOlir. 

Conceiye a spbere as divided by a great circle, i, e.^ by a plane pass- 
ing through its centre, and let the great circle be considered as the base 
of each portion. These bases being equal, reverse one of the portions and 
conceive its base placed in the base of the other, the convex surfeces 
being on the same side of the common base. Since the bases are equal 
circles, they will coincide, and since all points in the convex surface of 
each portion are equally distant from the centre of the common base, the 
convex surfaces will coincide. Therefore, the portions coincide through- 
out, and are consequently equal. (^ b. d. 

667, a.— A Hemisphere id one of the two equal parts into 
which a great circle divides a sphere. 



•^ 



PROPOSITION III. 

658. Theorem. — The intersection of any two great cif 
des of a sphe^re is ^ diameter of a sphere. 



DEMONSTRATIOflT. 

The intersection of two planes is a straight line ; and in the case of 
the two great circles, as they both pass through the centre of the sphere, 
this is one point of their intersection. Hence, the intersection of two 
great circles of a sphere is a straight line which passes through the cen* 
tre. Q. B. D. 

659. Corollary. — The intersections on the swrfaee of a 
sphere of two circumferences of great circles are a sem^i^ 
circumference, or 180°, apart, since they are a/t opposite 
extremities of a diameter. 
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DISTANCES ON THE SURFACE OF A 
SPHERE. 

660. Dietances on the snrrace of a sphere are always to be 
nnderstood as measured on the arc of a gieaX circle, nnlesB it ie 
otherwise stated. 



PBOPOSITION IV. 

661. Theorem. — The distance, m^easured on the sur- 
face of a sphere, from the pole of a cirde to any point, in 
the circumference of that circle, is the same. 



Dehonstkation. 

Let R tw ■ pole ofthe unall circle AEB. 

Then are tbe area PA, PE, PB, etc., 
which measare the distances on the Burfnce 
of tlie sphere, from P to an; poinU in tbe 
drcnmfereace of circle AEB, equal. 

For, by (663), the straight lines AP, PE, 
PP, etc., are equal, and these equal cUords 
Bubtend equal arcs, us arc PA, arc PE, arc 
BB, etc., the great circles of which these 
liDea are chords and arcs being eqnal (656)- 

Thna, for like reasons, 



arc P'QA = 



c P'LE = 



« P'RB, etc. q. B. D. 



622. Corollary. — The distance from, the pole of a great 
circle to any point in the circumference of the circle is a 
quadrant (a qoarter of a circnmference). 

Since the poles are 180° apart (bdng the extieniitieB of a diameter), 
PAQP' = PELP' = a semi-circnraference. But, in caae of a great circle, 
chord PL = chord P'L (= chord PQ = chord P'Q), whence arc PEL '=s 
ta& P'L = arc PA.Q = arc P'Q. Hence, each of these arcs is a qnadtant. 



i9» 



ELEMENTARY QEOMETRT. 



663. Scholium. — By means of the facts 
deniooetrated in this proposition and corollary, 
we are enabled to draw arcs of small and great 
circles, in the surface of a sphere, with nearly the 
same facility that we draw arcs and lines in a 
plane. Thus, to draw the small circle AEB (Fig. 
292), we take an arc equal to PE, and placing one 
end of it at P, cause a pencil held at the other 
end to trace the arc AEB, etc. To describe the 
circumference of a great circle, a quadrant must 
be used for the arc. By bending a wire into an arc of the circle, and 
making a loop in each end, a wooden pin can be put through one loop 
and a crayon through the other, and an arc drawn as represented in 
Fig. 298. 




Fig. 293. 



PBOPOSITION V- 

664. Problem.-^^b pass a circumference of a great 
circle through any two points on the surface of a sphere. 



SOLUTIOK. 

Let A and B be two points on the surface of a sphere, through whiok 
it is proposed to pass a olrcumferenoe of a great circle. 

From B as a pole, with an arc equal to a quad- 
rant, strike an arc ^ as nearly where the pole of 
the circle passing through A and B lies, as may be 
determined by inspection. Then, from A, with 
the same arc, strike an arc st intersecting an at P. 
Now, P is the pole of the great circle passing 
through A and B (?). Hence, fVom P as a pole, with 
a quadrant arc drawing a circle', it will pass 
through A and B ; and it will be a great circle, 
since its pole is a quadrant's distance from its circumfer»ice. 

[The student should make this construction on the ^harical black- 
board.] 




Fig. 294. 
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PBOPOSITION VI. 

665. Theorem. — Through any two points on the sut' 
face of a sphere, one great circle* can always be made to 
pass, and only one, except when the two points are at the 
extremities of the same diameter, in which ease an infi- 
nite number of great circles can be passed through the two 
paints. 

Dbmonbtratiok. 

This propofntion may becomidered a corollary 
to the preceding. Thni, in general, the two great 
circles struck from A and B aa poles, with a quad- 
rant ore, can intersect in only two points (?), which 
Are the polw of the Bame great circle (?). 

Bot, if the two given points were at tbe extreui- 
itiea of the same diameter, as at D and C, the arcs 
a and on would coincide, and any point in this ^**' ***• 

circumference being taken as a pole, great circles can be drawn through 

[The itadait ritould trace the work on the spherical blackboard.] 

666. BcHOLiux.— Tlie truth of the propositioa is alw evident &om 
the fact that three points not in the same strai^t line determine the 
porition of a plane. TIiob, A. B, and tbe centre of the sphere, fix the 
position of one, and only one, great circle passing tlirough A and B. 
Horeorer, if the two given points are at tbe eztremiliea of the same diam- 
eter, they are in the same straight line with the centre of the sphere, 
whence an infinite nnmber of planes can be passed through them and the 
centre. The meridians on the eartli's surface afford an example, tbe polee 
(of the equator) being the given points. 

867. GOBOLLART. — If two points in the circumference of 
a great circle of a sphere, not at the extrejnities of the 
same diamster, are at a guadrant^s distance from a point 
on the surface, this point is the pole of the circle. 

• The word drcle may be understood to refer either to the circle proper, 
or to its circumference. The woid U In oonatont nse in the higher mathe- 
matica In the letter sense. 
13 



290 SLSMENTART OSOMETMY. 



PBOFOSITION VII. 

668. Theorem. — The shortest distance on the surface 
of a sphere, between any two points in that surface, is 
measured on the arc less than a semi-circumference of the 
great circle which Joins them. 

Demonstration. 

Let A and B be two points in the surface of a spliere, AB the arc of a 
great circle joining them, and AmCnB any other path in the surface be- 
tween A and B. 

Then is arc AB less than AmCnB. 

Let C be any point in AmCnB, and pass the 
arcs of great circles through A and C, and B and 
C. Join A, B, and C with the centre of the sphere. 
The angles AOB, AOC, and COB form the facial 
angles of a triedral, of which angles the arcs AB, 
AC, and CB are the measures. 

Now, angle AOB < AOC + COB (540); ^ Fig. 29e- 

whence arc AB < arc AC + arc CB (?), 

and the path from A to B is less on arc AB than on arcs AC, CB. 

In like manner, joining any point in AmC with A and C by arcs of 
great circles, their sum will be greater than AC. So, also, joining any 
point in C/iB with C and B, the sura of the arcs will he greater than CB. 

As this process is indefinitely repeated, the path from A to B on the 
arcs of the great circles will continually increase, and also continually 
approximate the path kmCnB, Hence, arc AB is less than the path 
AmCnB. q. e. d. 

669. Corollary. — The least arc of a circle of a sphere 
joining any two points in the surface, is the arc less than 
a sem^i'Circumference of the great circle pa^ssing through 
the points; and the greatest arc is the circumference 
W/inus this least arc. 




or TBS Bpssam. 

Tbiu, let AmBn be &117 small ciicle paaiiiig 
thiougb A and 8, ind ABDoC the great circle; 
then, as just shown, ApB < AmB. 

Now, circf. ABDoC > ciruf. AmBn (655)- 
SabtractiDg the former ineqaallty fVom the 
Utter, we have BDcCA > BnA. q. k. d. 

670. Two arcs of great circles are said 
' to be perpeodicQlar to each other when 
tbeii circles are. 



FBOPOSITION VIII. 

671. Theorem. — If at the middle point of an arc of a 
great oirde a perpendicular is drawn on the surface of a 
sphere, the distances being measured on great circles, 

Ist. Any point in this perpendicular is equally distant 
from the extremities of the arc. 

3d. Any point out of the perpendicular is unequally 
distant from the extremities of the arc. 

Demonstration. 

Let AB bo any arc of a great oirola, D itt middio point, and PD a 
parpondioular. 

Then is PB = PA, the arcs b^ng all area of 
great drclea. 

From 0, the centre of the sphere, draw OP, 
00, OB, and OA. The rectangular triedrals 
0-PDB and 0-PDA are symmetrically equal (?) ; 
whence PB =: PA, 4. E. D. 

Again, let P' he a point oat of PD. Pass j 

arcsnf great circles through P' and A, and P'and ^. — ^ ~— 

B, SB P'A, P'B. Prom P, where one of these ""' 

cats PD, draw the arc of a great circle PB. Then is 

P'B < P'P + PB (668), 
-whence, P'B < P'P + PA (I), anti P'B < P'A (?). q. k. m 
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672. OoBOLLABT 1. — The perpendienZdr cub the middle 
point of an arc contains aU the points in the surfaee of 
tJie sphere which are equally distant from the extremities 
a^ the arc. 

673. GoBOLLAST 2. — Aft are which has each of two points, 
n^t at the extremity of the same diameter, egicaZly distant 
from the extremities of another arc of a great circle, is 
perpendicular to the latter at its middle point. 

This is apparent, since by Corollary 1 such points are in tbe perpen- 
dicular, and two such points with the centre determine a great circle. 



PROPOSITION IX. 

674. Theorem. — Uie shortest path on the ^rface of a 
hemisphere, from any point therein to the drcumferenee 
of the great circle forming its base, is the arc not greater 
than a quadrant of a great circle perpendicular to the 
Inise, and the longest path, on any arc of a great circle, is 
the supplement of this shortest path. 

Demonstration. 

Let P be a point in the surface of the hemisphere whoso base is 
ADCBC, and DPrnlV an arc of a great circle passing through P and per- 
pendicular to ADCBC. 

Then is PD the shortest path on the sur- 
face from P to circumference ADCBC, and 
PmD' is the longest path from P to the cir- 
cumference, measured on the arc of a great 
circle. 

For, the shortest path from P to any point 

in circumference ADBC is measured on the 

arc of a great circle (?). Now, let PC be any 

oblique arc of a great circle. We will show 

that Fig. 2M. 

.'ire PD < arc PC. 




OF TBE BFHSas. 393 

Prodnce PD ontil OP' = PD j and paaa & grettt drak tbnn^ P' 
andC. 

Then ie the arc PC = arc FC. 

And, rfnce PC + P'O > PP', 

PC, the half of PC + P'C. U greater tban PD, the half of PP*. 4. b. d. 

gecrmdly, PmD' is the Bnpplement of PD, and we are to show that it 
is gietUer than any other arc of a great circle iVom P to the circumrerence 
ADBC. Let PnC' be any arc of a great drcle obliqne to ADCBO'. Pro- 
duce C'nP to C. Now CPnC is a Bemi-circumference and consequently 
equal to DPtoD'. But we have before shown that 

PD < PC, 
and BubtractiDg these from the equals CPnC and DPmD', we have 
Pn»D' > PnC. Q. s, D. 

676. CoEOLLAET-— JVont any point in the sarfaoe of a 
hemisphere there are two perpendicidars to the circumfer- 
ence of tAe great circle which forms the base of the hemi- 

Thus, the spherical angle CPA is measured by CA, PC and PA being 
qnadnnts. For, rince PC is a quadrant, CO is a perpendicular to PC, 
the edge of the diedral C-PO-A, and for tiie like reason AC is perpendic- 
nlM to PO. Hence, CCA is the measure of the diedral, and consequently 
CA, ifa measure, is the measure of the spherical angle CPA. (j. b, d. 

681. CoBOLLAEY 3.— I7i.B angle included by two ares of 
gmaU circles is the sam.e as Hip angle included by two arcs 
of great circles passing through the vertex and having the 
ULme tangents. 

Thna, BAG = B'AC". 

For the angle BAC ia, by rlefiniti'in, iho 
satme bb B'AC, B'A and CA being tangents 
to BA and CA. Now, passing planes 
through CA, B'A, and the centre of the 
sphere, we have the arcs 8" A, C"A, and B'A, 
C'A tangents to them. Haice, B"AC" is 
the same as B'AC, and consequently the 
«une BB BAC. * B. P. f 'B- '*^- 



Z94 ELEMKOTABT BMOKSTRT. 

677. A Spherical Angle is the angle intdtided by two 
area of great circles. 

iLLOBTsATioii.— BAC u B Spherical an- 
gle, and i» conceived as tbe game as the 
angle B'AC, B'A and C'A being tangents to 
the ffftat cirda BADF and CAEF. [The stu- 
dent shonld not confound such an angle as 
BAG lig. 800) with a ^erioal angU.] 



FBOFOSITION X. 

678. Theorem.—^ spherieaZ angle is equal to the 
measure of the diedral induded by the great eirclea whose 
arcs form the sides of the angle. 

than a quadrant of a great drde perpendicular to the 
base, and the longest path, on any arc of a great circle, ie 
the supplement of this shortest paiih. 

Dehonbtsation. 

Lai P be a point In the surtace of the hemtaphera vfhou base It 
ADCBC, and DPmD' an aro of a great circle pauing through P and per- 
pendicular to ADCBC. 

Then in PD the shortest path on the Mr- "~ 

face from P to circumference ADCBC', and 
PmD' is the longest path from P to the cir- 
cumference, measured on the arc of a great 

For, the shortest path from P ba any point 
in circumference ADBC is meuured on the 
arc of a great circle (t). Non, let PC be anj 
oblique arc of a great circle. We will show 
that Fig. IN. 

:irc PD < arc pa 



OF THE SPHSBS^ 



OF TANGENT P,LANES. 

684. A Tangent Plane to a cnired anrface at a giTen 
point is the plane of two lines respectively tangent to two plane 
sectioos through the point. 

IiiLDBT]U.Tion. — Let P be any 
point in the cnrvetlsorfiice. Pmbui; 
two plmee throngb the enrfsce and 
»ie point P, and let OPQ and MPN 
lepreaent the intenectionB of these 
planes with the caired surikce. 

Draw UV and ST in the planes of ■' '' 

the sectionB, and tangent respectiTel; to OPQ and MPN at P. Then u 
the plane of UV and ST the tangent plane at P. 



the arc of a great circle intercepted between its sides, and 
at a quadranifs distance from its vertex. 

Tbiu, the spherical angle CPA is measored by CA, PC and PA being 
qnadranta. For, since PC is a quadrant, CO is a perpettdicnlar to PO, 
the edge of the diedral C-PO-A, and for the like reason AO is perpendiG' 
niar to PO. Hence, COA is the measure of the diedral, and consequently 
CA, its measure, is the measure of the spherical angle CPA. q. b. d. 

681. CoBOLLABY 3. — The an^U included by ttvo area of 
small circles is the same i/s tlif angle included by tivo ares 
of great circles passing through the vertex and having the 
same tangents. 

Thns, BAC = B'AC". 

Fur the angle BAG is, by definitlun, ihc 
same as B'AC, B'A and CA being tangents 
to BA and CA. Now, passing planes 
through CA, B'A, and the centre of the 
sphere, we have the arcs B"A, C"A, and B'A, 
CA tangents to them. Hence, B"AC" is 
the flame as B'AC, and consequently the 
same as BAC. q. K. D. ^'9- 3^' 



^°* '"■HXIXTABT aiOXISTItr. 

ItimmATiOF—BAC ii > .pbiiricij ui. 
gl», aod n oonciied u tba mm „ a, 
«gl. B-AC, B'* nd CA Mng ti^e.t, to 
tta?mK»n*,BAOF«.dCAEr. [Tta.to. 
dm .toald not confoiud inch „ „|,i, „ 
BAC Fig. 800) mth . ,,Jrt«; a«j*v] 



PBOPOSITIOIT X. 

678. Theorem.-^ .pioricrf ange U «i,w *, « 

PHOPOSITION XII. 

«88. Problem,— lb paw (A« drmmference of a small 
circle through any three points on the surfaoe of a sphere. 

SOLDTIOK. 

Lot A, B, ind C be the three pornta fn the tur^e of the tphere 
through which we propote te pm the olrcumferenoe of a olrafe. 

Pass ares of great rireles through tbe points, 
thoa forming the spherical triangle ABC (664)- 

Bisect two of these ores, as BC and AC, by 
arcs of great cirolea peipeodicalar to each (673 
682). The interaection of these peipendicnlars,' 
o, will be the pole of the small drele required (!). 

Then from 0, as a pole, with an arc oB draw 
the circumference of a small circle: it will pass 
through A, B, and C {*), and hence is the cireum- Fi,. 308. 

ference required. 

Qdket. —If the three given points chance to be in the cironmferenco 
of a great cirele, how will it appear in the conatruction t 



OF THE SPBSRS^ 



OF TANGENT PLANES. 

684. A Tangent Plane to a curved surface at a given 
point ie the plane of two lines respectively tangent to two pluie 
sections through the point. 

IiiLnSTHATioii.— Let P be any 
point in the carved Bniface. Pass an j 
two plmee througti the snrTace and 
tiie point P, and let OPQ and MPN 
repreaent the interaectionB of tbew 
planes witb the curved snrrace. 

Draw UV and ST in the planes of ^'•' *"' 

the sections, and tangent respectively fa 



the plane of UV and ST the tangent plane at P. 



OPQ and MPN at P. Then is 



PBOFOSITION XIII. 

686. Theorem. — •^ tangent plane to a sphere ia per- 
pendioular to the radius at the point oftangeney. 



Dbmonstkation. 

Lei P tn any point In the lurfaoe of a aphere ; pSH two great oirolu, 
as PaA, etc., and PmAR, through P, and draw ST tangent to the are 
mP, and UV tangent to the are aP. 

Thm is the plane 8VTU a tangent 
plane at P, and perpendicolar to the ra- 
dius OP. 

For, a tangent (as ST) to the arc n^ 
is perpendicnlar to the radius of the cir- 
cle, i. e.. to OP, and also a tangent (as VU) 
to the arc AP Is perpendicnlar to the ra- 
di^ of thit circle, i. e., to OP. 

Hence, DP is perpendicular to two 
lines of the plane SVTU, and consequent- 
ly to the plane of titese lines (?). 4. a. n. 




998 ELEMSITTABT QMOMBTRT. 

686. Corollary 1. — Mivery point in a tangent plane to 
a sphere, except the point of tangency, is without the 
sphere. 

For, OP, the perpendicular, is shorter than any line which can be 
drawn from to any other point in the plane (?) ; hence any other point 
in the plane than P lies farther from the centre of the sphere than the 
length of the radius, and is, therefore, without the sphere. 

687. Corollary 2. — J. tangent through P to ant circle 
of the sphere passing through this point lies in the tan- 
gent plane. 

Thus, MN, tangent to the small circle ?rM through P, lies in the tan- 
gent plane. 

For, conceiye the plane of the small circle extended till it intersects 
the tangent plane. This intersection is tangent to the small circle, since 
it touches at one point, but cannot cut it ; otherwise the tangent plane 
would have another point than P common with the surface of the sphere. 

But there can be only one tangent to a circle at a given point. Hence 
this intersection is MN, which is consequently in the tangent plane. 



OF SPHERICAL TRIANGLES. 

688. A Spherical Triangrl^ is & portion of the surface of 
a sphere bounded by three arcs of great circles. In the present 
treatise these arcs will be considered as each less than a semi- 
circumterence; and the triangle considered will be the one which 
is less than a hemisphere. 

The terms scalene, isosceles, equilateral, right-angled, and 
oblique-angled, are applied to spherical triangles in the same 
manner as to plane triangles. 



or TME SPBSBX. 



PBOPOSITION XIV. 

689. Theorem. — The sum of any two aides of a 
spherical triangle is greater than the third side, and 
their difference is less than the third side. 

Dehonstbation. 

L«t ABC ba my *ph0rieflt triani}tn. 

Then is BC < BA -t-AC, 

and BC- AC < 8A; 

and Qte same is trne of the aides in an; order. 

For, join the Tertiope A, S, and C with the cen- 
tre «f the apbere, by drawing AC, BO, and CO. 

There is thnf formed a triedral 0-ABC, whose '''■- ^'**- 

facial angiea are meaanred b; the aides of the trivigle (188). Now, 
angle BOG is less than BOA + AOC (1), whence BC is lesa thao BA+AC; 
and aubetracdng AC from each member, we hare BC— AC leas than BA. 

4,B.D. 



PEOPOSITIOK XV. 

690. Theorem. — The sum of the sides of a spherical 
triangle may be anything between and a circumfer- 
eaee- 

Dbmonbtratiox. 

The udes of a spherical triangle are measnrea of the facial angles of a 
triedral whose vertex Is at the centre of the sphere. Hence tbeir sum 
may be anything between and the measure of 4 right angles, as these 
are the limits of the snm of the &oial angles of a triedral (?). 4. e. d. 

691. ScHOLnnc.— As the udes of a spherical triangle are arcs, they 
can be measared in degrees. Hence, we speak of the mde of s spherical 
triangle as 80°, 07°, 115°, W, etc In accordance with this, we say that 
the limit of the sum of the aidea of a spherical triangle is 360°. 
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PBOPOSITION XVI. 

698. Thearem. — The sum of the angles of a sphsH- 
eal triangle may be anything between two and six right 
angles. 

Dbkokstbatiok. 

The snm of the angles of a spherical triangle is the same as the sum 
of the measures of the diedrals of a triedral having its vertex at the centre 
of the sphere, as in (?). Now the limits of the sum of the measures of 
these diedrals are 2 and 6 right angles (?). Hence the sum of the tti^Ies 
of any spherical triangle may be anything between 2 and 6 right angles. 

Q. B. D. 



693. OoROLiiABT. — ^ spherical triangle may have one, 
two, or even three right angles; and, in fact, it may 
have one, two, or three obtiuse angles; since, in the 
latter case, the sum of the angles will not necessarily be 
greater than 540°. 

694. A Trirectangrular Spherical Triangle is a 

spherical triangle which has three right angles. 

696. ScHOLiuic— It will be observed that the sum of the angles of a 
spherical triangle is not constant, as is the sum of the angles of a plane 
triangle. Thus, the sum of the angles of a spherical triangle may be 
200°, 290°, 860°, 500°, anything between 180° and 640°. 

696. Spherical Excess is the amount by which the sum 
of the angles of a spherical triangle exceeds the snm of the 
angles of a plane triangle \ u e.y it is the sum of the q)herical 
angles — ISO**, or^.~ 



Exercise. — Prove that if from any point within a spherical 
triangle arcs of great circles be drawn to the extremities of any 
side, the snm of these two arcs is less than the sum of the other 

two sides of the triangle. 



or TBE SPBSBM. 



PEOPOSITION XVII. 

697. Theorem. — 2%e trireeiangular triangle is one- 
eighth of the surface of the sphere. 



Dbmohstbatioit. 

Paas three plsiiee t^irongh the centre of a sphere, respectively perpen* 
dicnlar to each other. They wiU divide the surface into eight tri- 
rectangular triangles, any one of which may be applied to any other. 

Thus, let ABA'B', ACA'C, and CBCB' !je_ 
the great circles formed by the three planea, ' '*'' *'' - A*^ ■ ■'«' '»* 
mutually perpendicular to each other. Thr ' 
planes being perpmdicular to each other, thi 
diedrals, as A-CO-B, C-BO-A, C-AO-8, etc., an 
right, and hence the angles of the eight tri 
angles formed are all light. 

Also, aa AOB ia a right angle, AB is a quad 
rant; as BOC is a right angle, CB is a quadrant 
etc Hence, escb side of every triangle is i 
qnadranL 



Whence any one tiiangle may be applied to any other. [Let the stu- 
dent make the application.] 

Hence the trirectangalar trian^ is one-eightb of the surface of tbe 
^heie. 1}. B. D. 

69B. GOROLLABT. — The trireetangular triangle is 
equilateral and its sides are quadrants. 



Exercise 1. What is the spherical excess in a spherical tri- 
angle whose angles are II 7°, 84°, and 96°, expreased in degrees ? 
Espressed in right angles P Expressed in n- f 

Ang. 117°, 1^, and i^n. 

8. Can there he a spherical triangle whose sidea are 78°, US', 
and 31° P Can there he one whose sides are 153", 136', 148° ? 

3. Can there he a spherical triangle whose sides are 53°, 
126°, and 140°? 



SOS MhBMBNTARY GBOMBTBT. 



PBOPOSITION XVIII. 

699. Theorem. — In an isosceles spherical triangle, 
the angles opposite the equal sides are equal; and, con- 
versely, If two angles of a spherical triangle are equal, 
the triangle is isosceles. 



Demokstbation. 

of any^hericidlriLS^ •P»»«'*^** *^«"fl»*' ^" •"oh AB = AC. 
^' ^ ^- D = ACB. 

693. GoROLLABT. — 0, CO, and 80, form- 
two, or even three rlral 0-ABC. 
have one, two, or tP^^ facial angles AOB 

latter case, the sum (P ^"^"^^ ^« ^«^^^«'- 
^ J. j.1. rVAO and A-OC-B are equal 

greater than 540°. ^^ ^^^^ ,^,^ 
ABC and ACB are equal (678)* Q. b. d. 

Again, if angle ABC = angle ACB, side AC Fig. 3ii. 

= side AB. For in the triedral 0-ABC, the 

jiedrals A-OB-C and A-OC-B are equal, whence the facial angles AOB 
and AOC are equal (650), and consequently the sides AB and AC, which 
measure these angles, q. b. d. 

700. COBOLLABY.— i/^Tt' equilateral spherical triangle 
is also equiangular; and, conversely, An equiangular 
spherical triangle is equilateral. 




QuEBiES. — 1. What is the greatest angle which an equilateral 
spherical triangle can have ? 

2. What is the greatest side which an equilateral spherical 
triangle can have ? 



■ THE SPBSBM, 



PB0FO8ZTION XIX. 

701. Theorem! — On the same sphere, or on equal 
spheres, two isosoeles triangles having tiuo sid&s and 
the inoluded angle of the one equal to two sides and 
the included angle of the other, each to each, can be 
superimposed, and are consequently equal, 

Deuonstkation. 

In the triinglei ABC ind AS'C. let AB = AC, AB' = AC ; ind let 
AB = AB', BC = B'C, end angle ABC = AB'C. 
Then can the triangle AB'C be superimposed 
upon ABC. 

For, since the triangles &re iioeceica, we have 
angle ABO = ACB, 

AB'C = ACB' (699), 
and, as t^ bjpotbeBiB 

ABC = AB'C, Fig. 312. 

theae four angles are equal, each to each. 

For a like reason, AB = AC = AB' = AC. 

Now, applying AC to its eqnal AB, the extrenjit; A at A, and C' at 
B, with the angle B' on the same ride of AB as C, the coiiTexittes of the 
arcs AC and AB being the Mine, and in the same direction, the arcs will 
coincide. Then, as 

angle ACB' = ABC, 

CB' will take the direction BC, and ennce theae arcs are equal by hypoth- 
ecs, B' will tun at C. Hence B'A will fall in CA, as only one arc nf a 
great circle con pass between C and A, and the triangle AB'G' is sttper- 
imposed upon ABC ; wherefore they are eqnal. ^ b. d. 



702. Symmetrical Spherical Triangles are anch as 
have the parts of one respectively equal to the parts of the other, 
but arranged in a diffei«ut order ; henoe anoh triaiigleB are not 
ciq>able of superpoadou. 



or TME SFBEMM. 



PBOFOSITION ZXII. 



riteorem. — On the same sphere, or on equal 

ri) spherical triangles having two angles antl the 

■lie of the one equal to two angles and the in- 

of the other, each to eaoh, are equal, or sym- 

equivalent. 

ct consequence of a propodtion coBcerniiig tiiedfab. 
i> tbe itedactioQ. 



posiTTOir zziii. 
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CoDsideniug the triednls (Moft and 
0-AVB', their fkcial angles are equal, being 
measured by eqnal arcs^ henoe the diedral 
kroO-B = A'VO'-B' (0, and the spherical 
angle hoB = AVB' (?). Therefore, the 
isosceles triangle koB = AVB' (701). 

In like manner, we may prove the tri- 
angles oBQ and o'B'C eqnal, as also koO 
and k'o'C, 

Hence, ABC is equivalent to A'B'C, as ^'fl- 3i8 

the two are composed of parts respectively equal, q. e. d. 

If the poles of the small circles fell without the given triangles, ABC 
would be equivalent to the sum of two of the partial triangles minus the 
third. What if the pole fell in a side ? 




PBOPOSITION XXI. 

704. Theorem,— 0/ir the same sphere, or on equal 
spheres, two spherical triangles having two sides and the 
included angle of the one equal to two sides and the in- 
dufled angle of the other, ea^h to ea^sh^ are equal, or sym- 
metrical and equivalent. 

Demonstration. 

A = A', B = B', u = v, 

AC = A'C, AB = A'B', and BC = B'C, 

we can readily conceive the latter as superimposed upon the former. 
[The student should make the application.] Now, the two triangles are 
equivalent in each case, as will subsequently appear ; and the former are 
equal. Such triangles as those in Fig. 818 are called 9yvrvnuiiTio(My equaL, 
while the latter are said to be equal by tuperpodtian. 

Fig. 815 represents the same triangles as Fig. 814, and exhibits a com- 
plete projection'" of the semi-circumferences of v^bich the sides of the 

* To understand what is meant by the projection of these lines, conceive 
a hemisphere with its base on the paper, and represented by the. circle dbc, 
and all the arcs raised up from the paper as they would be on the surface of 
such a hemisphere. Thus, considering the arc aAB& (Fig; 815), the ends a 
and h would be in the paper just where they are, but the rest of the are 
would be off the paper, as though you could take hold of B and laiae it from 
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PBOPOSITION ZXII. 

705. Theorem. — On the same sphere, or on equal 
spheres, two spherical triangles having two angles arul the 
included side of the one equal to two angles and the in- 
eluded side of the other, each to each, are eqaal, or sym- 
metrieal and equivaZent. 

This is a direct Gonseqnence of a proporitioa coacermng triednls. 
Let tbe stadent give the dednction. 



PROPOSITION XXIII. 

708. Theorem. — On the same sphere, or on equal 
spheres, if two spherical triangles have two sides of the one 
equal to two sides of the other, each to each, and the in- 
cluded angles unequal, the third sides are unequal, artd 
the greater third side belongs to the triangle having the 
greater included angle. 

Conversely, // the two sides are equal, each to each, and 
the third sides unequal, the angles included by the equal 
sides are unequal, and the greater belongs to the triangle 
having the greater third side. 

Demonstration. 

In the triangles ABC md A'B'C, let AB = A'B', AC = A'C, and 
A > A'. 

Then is BC > B'C. 

For, join the vertices witli the centre, form- 
ing the two triedrals 0-ABC md O-A'B'C. 

In these triedrala, AOB - A'OB', AOC = 
A'OC, being measured by equal arcs; and 
C-AO-B > C'-A'O-B', baviiig the same measure 
as A and A' (678)- Hence COB > COB' (!). 

Therefore CB, the measure of COB, > C'B', 
the measnre of COB'. Fig. 31*. 

In like manner, the same sides of the triangles, and consequently the 
same facial angles of the triedrals, being granted equal, and BC > B'C, 
A > A'. For, BC being greater than B'C', COB > COB'; whence 
B AO-0 > B'-A'O^J' (?), or A ia greater thtm A'. 



ELBMSflTAaT OEOMETBT. 



« qnadroDt strike hi an, u CB'. From B as & pole, witb a qnadnnt 
strike the aic C'A'; trnd from C, the uc A'B'. Then u A'B'C polar to 
ABC. 

71S. GoEOLLABY. — // one triangle is polar to another, 
oottvereely, the tatter is polar to the former; i. e., the rela- 
tion is reciprocal. 

Tbns, A'B'C (Fig. 820) being polar to ABC, redprocall;, ABC is polar 
to A'B'C ; that is, A' is the pole of CB, B' of AC, and C of AB. For 
everj point in A'B' is at a quadrant's distance from G, and erei; point in 
A'C is at a qnadraut'a diHtnace from B. Hence, A' is st a qnadrant's dis- 
tance froni the two points C and B of CB, and is therefore its pole. 

[In like manner, the student ahonld show that B' is the pole of AC, 
andCof AB.] 

718. Bchouthl — B; producing (Fig. 891) each of the arcs struck 
from the verticeis of the given triangle sufficiently, /ota- Burr triangles 
will be foruied, viz., A'B'C, QCB', PC'A', and RA'B'. Onl; the first of 
these is called polar to the given triangle. Thus, in A'B'C, A', corre- 
sponding to A. lies on the same side of CB or CB' that A does, and so of 
any other corresponding yerticea. 

It is easy to observe the relation of any of the parts of the other tliree 
triangles to the parts of the polar. Thus, 
QC = 180° - y. 



QCB' = 180" 


- BC'A 


QB'C = 180° 


-CB'A' 


and Q = A' = 180° 


— a, 







OF THE SPBsnS. 



PBOPOBITION XXVII: 

714. Theorem. — Any asqle of a spherical triangle is 
the supplement of the side opposite in its polar triangle ; 
and any SIDE is the su-pfAement of tiie asqlb opposite in 
the polar triangle. 

Fissi Dbmonstbation. 

Lat ABC aitd A'B'C be two >ph«rioal triangles polar to aaoh other; 
and let the sides of each be deaigpated as a, b, c, a', b', </, a being op- 
posite A, a' oppoalte A', b opposite B, etc. 



uid c = 180° - C. 

Let be tbe centre of the spbere, and 
draw OA, OB, OC, OA', OB', and OC. 

Tbe ODglea B'OA and B'OC being rigbt 
(?), B'O ia perpendicular to the fece AOC (I). 

For like reasona, CO ia perpendicular to 
the face A08. 

Hence B'OC is tbe aupplemeot of tlie 
diedi«l B-AO-C (612). 

But a' is tbe meaanre nf B'OC, and 
B-AO-C bas tbe SMne measure as A. 



In like manner, we maj show that 

B = 180°-6', and C = 180»-(t'. q,e.d. 

Again, since the edges AO, BO, and CO are peipendictdar to tbe ftces 
B'OC, A'OC, and A'OB', we can show in lilce manner that 

<»=180'-A', 

6 = 180° - B', 
and e s= 180° - C. q. e. ». 
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Secoitd Demokstbatiok. 

Let ABC and A'B'C be two polar triangles. Let BC, CA, and AB be 
represented by a, 6, and e reapectively, and B'C, C'A', and A'B' by m', 
h', and d. 

To show A = 180° — a', produce ft and c, 
if necessary, till they meet the side of of the 
triangle polar to ABC in e and d. 

Now A is measured by ed (f). But, funoe 
We = W, and C'd = 90°, 

We + C'4, or WC + «i = 180°; 

whence, transposing, and putting a' for B'C, 

we have -. ^, 

ed = A = 180° - a'. ^*^' ^'* 

In like maimer, Q'g -^ k'f = 0'^' +/g = 180° ; 
whence /(/ = B = 180° - CA', or 180° — I/. 

So, also, = 180° — €^. 

To show that A' = 180° — a, consider that A' being Uie pole of CB, 
/i is measure of A'. 

Now Q^=00''(0, and C< = 90°; 

whence, Qf + Cf = 180°. 

But V+ Ci =/« + a, wherefore /» + a = 180° ; 
and transposing, and putting A' for^ we have A' = 180° — a. 

In like manner, we may show that 

B' = 180' - ft, and C = 180''— <j. Q.B.D. 

[The student should give the details.] 

714, a. CoBOLLABY. — Tke sum of the supplements of 
any two angles of a spherical triangle is greater than the 
suppHem^ent of ihe third angle, (Consider 714, 689.) 
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QUADRATURE OF THE SURFACE OF 
THE SPHERE. 

715. The Quadrature* of a sarEace is the process of flnd- 
iDg its area. The term is applied under the conception that the 
process oonsiste in finding a square which is equiTtdent to the 
given snrfiice. 



FBOFOSITION ZXVIII. 

716. Lemma. — The gitrfaoe generated by iherevoltthion 

' of a regular semi-polygon of an even number of sides, 

about the diameter of the circumscribed circle as an axis, 

is equivalent to the circumference of the inscribed cirda 

multiplied by &ie axis. 

Dkuonstbation. 

L«t ABODE be one-half of a regular ootagon, AE being the diameter 
of the olroumsoribing olrole. 

If the semi-perimeter ABCDE be revoWed Bbont AE 
as an axis, the anriace generated is Snr x AE, r being the 
radios of the inscribed circle, aaaO, mbO. 

This soriace is composed of the convex snriaces of 
conea and frustama of cones. Thus, AB generates the 
snrfiLce of a cone, SC the frastum of & cone, etc. 

Let a and h be the middle points of AB and BC re- 
apectirel;, and draw am, Bo, Bn, and CO perpendicular to 
the axis, and B(2 parallel to it. Alaodraw the radii of the 
inscribed circle, oO and SO. Indicate the surfaces pener- '*■ "*• 

ated by the ndes aa Surf. BC, etc. The areas of these surfaces are : 

Snrf. AB = an y dm X AB (?), (1) 

Ssrf. BC = SirxMx BC, etc (t). (9) 

* Latin ^mdiralut, squared. 
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Now, from Uie similar triangles Oam and BAc, we 
have 

oO _ am 
AB" Ac^' 



or 



2ir X aO Sn- X am 



AB 



A<; 



2frxamxAB = StttxAc, 



whence, 
putting r for aO. 

Also, from the similar triangles Ohn and CB<Z» 



we have 



M) 



&7l 



or 



BO""Bd(=cO)' 
2fr X &0 2ir X ftn 



BC 



60 



whence, 
putting r for M). 



2irx5»xBC = 2^X60, 




Fig. 324. 



Substituting these values in (1) and (2), we obtain 



• 




Surf. AB 


= 2irr X Ae, 






Surf BC 


= 27rrxcO. 


And, in like 


manner, 


Surf. CD 


= 27rr X Op, 


and 




Surf. DE 


= SuTxpE. 


Adding, 




Surfl ABCDE 


= %nr{ke + <^ + Or> +pE) 
= 27W X AE. 



Finally, since the same course of reasoning is applicable to the semi- 
polygons of 16, 32, 64, etc., sides, the truth of the proposition is estab- 
lished. 

717- ScHOLixTM. — This proposition is only a particular case of sur- 
faces generated by any broken line reyolving about an axis; and the 
general proposition pan be established in a manner altogether similar to 
the method given above. But this case is all that we need for our pres- 
ent purpose. 



i 
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PBOPOSITION XXIX. 

71B. Theorem. — The gurfaee of a sphere is equivalent 
to four great circles ; i^iat is, to ^ttS^, R being the radius 
of the sphere. 

DZHOXBTBATION. 

Lrt th« •emi-olroumfbrenca AB€DC ravolv* upon tha diamatar AE, 
■nd thtn genarate the •urfan of a ■phere. 

ConceiTe the half of a regular oct^fon Inscribed in 
the eemicircle ABODE; and let both the semi-polygon 
and tbe aemi-drcamference be revolved about AE u an 

Call the radius of the inscribed circle, as oO, r, and 
let AO = ii. 

The suT&ce generated by the broken line ABCDE H, 
by the last proposition, 3nr x Sfi = iirrB. 

Nov, conceive the arcs AB, BC, et«., bisected, and the p, ^ 
chords drawn, and let r* be tlie radios of the ciicle in- 
scribed in the regular polygon thns formed. The snr&ce generated by 
the revolution of thia semi-polygon is 4irr'it 

By repeating die bisections, the broken line approximates to the 
semi-circamferraice, the radius of the inscribed circle to R, and the snr- 
&ce goierated to the sar&ce of the sphere, the three quantities reaching 
their limits at the same time. Henoe, at the limit we have 

8nrf. of sphere = BirJ{x3ii = 4ir£'. q. b. d. 

719. OoBOLiABT 1.— 1^6 area of the sarface of a sphere 
is equivalent to the oiroumferenoe of a great circle multi- 
plied by the diameter, ihat is, to %-itR x 'iR, as above. 



720. GoROLLABY 2. — The surfaoes of spheres are to each 
other as the squares of their radii. 

Thus, if R and £' are the radii of two spheres, the anrfaces are 4)rff 
and 4irB". How, 
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721. A Zone is the portion of the earface of a sphere in- 
cluded between the circumferencea of two paral- 
lel circles of a sphere. The altitude ot a zone 
is the distance between the parallel circles 
whose circnmfereBcee form ita bases. 

Illustratiok.— Tbe aorface generated by CB, or 
an; arc of the circle ABCDE, etc., as tbe semidrcle 
revolves abont AE as an axis, conforms to the defini- 
tion, and 18 a sme. Such a portion of the BUrface u is 
generated by AB k called a tone vith one bate, the 
circle whose circumference wonld form the upper baae 
banng become tangent to tbe sphere. The altitade of 



■ Fig. 32G. 



the zone generated by CB ie ab, and of thai; generat«d by AB the alti- 
tude is As. 



PBOPOSITION XZZ. 

7SS. Theorem.— 7%« area of a zone is equal to 2naR, 

a being the altitude of the zone and R the radius of the 
sphere. 

Deuonbtbation. 

It ia evident tbftt in paasing to the limit, the snr&ce gmerated b; 
■nch a portion of the broken line as lies between C and B, Fig. 326, is 
measored by the circamference of tbe inscribed circle multiplied by oft. 
Hence, at the limit, the zone generated by arc BC is measored by 

2irBxab, that is, ZnaB, 

representing abbj a. q. b. n. 

728. CoBOLLABT, — On, the same sphere, or on equal 
spheres, zones are to each other as their altitudes, and any 
xane is to the surface of the sphere as the attitude of the 
zone is to the diameter of the sphere. 
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OF LUNES. 

724. A Luiie is a portion of the surface of a sphere included 
by two semi-circumferences of great circles. 

The surface kmBn is a lune. 

725. The Angle of the Lune is 

the angle included by the arcs which form 
its sides ; or, what is the same thing, the 
measure of the diedral included between the 
great circles. 

Thus, the spherical angle fnAn, or the measure of the diedral wrkB-n 
is the angle of the lune AmBn. 

726. An Ungola^ or Spherical Wedge, is that portion 
of a sphere included between two semi-great-circles, as AmB and 
AnB. It has a lune for its convex surface and a diameter for its 
edge. 




PBOFOSITION XXXI. 

727. Theorem. — On the same sphere, or on equal 
spheres, lunes which have equal angles are equal. 

Dehokstbation. 

[This is readily effected by applying one to the other. Let the stu- 
dent make the application.] 



ExBBCiSB. — Can there be a spherical triangle whose angles are 152'', 
im\ and 148° ? One whose angles are 152% 196% and 168' V (See 
714. a.) 
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PBOPOSITION ZXXII. 

728. Theorem, — The area of a lune is to the area of 
the surface of the sphere on which it is situated as the 
angle of the lune is to four right an^^s. 

FiBST pmONSTBATION. 

Let 8 reprcMlit the ^na of the surface of the iphnrB generated by 
the revolutian of the «emioirole MAN about MN at an axit, and L the 
area ofthe lune who|e angle !■ AMD, or AOD. 



Then ia 



AOD 



4 rigbt angles ' 
In tbe genentJoD of 8 and L b; tbe 
semi-drcamfereiice MAN, the middle 
point, A, ofthe Bemi-circumference gen- 
erates tbe great circle ACDBF, on which 
the angles of the Innea are meatrared (?}. 
Nov A genenitea eqaal and coinci- 
dent puts of arc AD and circumference 
ACDBFA, in the same time that MAN 
generates corresponding eqnal and co- 
incident parts of L and 8. 

icAD 



^if 



circf. ACDBF n' 



8 circf. ACDBF 4 right aoglee ^ 



Second DEMOHsniATioir. 

Let j8 represent the area of the aurhce of the sphere generated bjr 
the revolution of the semicirole MAN about MN as an axis, and £, the 
area ofthe lune whose angle is AMD, or AOD. 

Now the angles AOD and the enm of tJie four right angles A0D,D08, 
BOF, FOA are st least commeDSorable by an infinitesimal unit, [jet i be 
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tbeir common meunre, and let it be cootained in ADD'n times, and in 
tbe foQr right anglei tn times, bo that 

AOD ^ ft 

4riglit anglea ~ ni" 

Now cnnceiTe the circumference divided into m equal parts, and 
radii drswn M tbe points of dirinon ; and tbroagb tbeir extremities let 
(emi-drcnDifeiences be drawn. Then is L divided into n Innes, each 
equal to one of the m equal lanes into vhich 8 is divided (727), bo that 



Thied Demonsteation. 

Lat 8 ba th'e:itirtaoe of the sphere, ml ACEB = Z^ be a lung whoM 
■ngle Is the spherlosi angle CAB, or what Is the tame thing, the plane 
■ngleBOC measured by the aroCB, of which A is the pole. 



Then is 



CAB 



~ 4 right angles 

For, first, sappose the arc OB commenBorable 
with the circumference BCmDn, and Buppose that 
they are to each otber as S : 34. 

Divide C6 into five eqnsi arcs, and the entire 
circnmference BCmDn into twenty-four arcs of the 
suae length, and paes.atcs of great circles tbrough 
A and these points of divimon. Thus the lune is ^B- "■■ 

divided into five equal lunes, and the entire surface into twenty-four 
eqnal lunee of the same size. These Innes are equal to each other (727). 



4 light angles BCmOn 



^ COB (or C AB) 
~ 4 tight angles 
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If the angle of the Inne is incommensarable with four right ttigtoti 
or, what is the same thing, if the arc BC is not commensurabre with the 
circumference, let as assume 

^ = -^ (1) 

in which BL < BC. 

Conceiye the drcumference BCmDn divided 
into equal parts, each of which is lees than CL, 
the assumed difference between BC and BL. 
Then conceive one of these equal parts applied 
to BC as a measure, beginning at B. Since the 
measure is less than LC, one point of division, at ^*^' ^®* 

least, will fall between L and C. Let I be such a point, and pass the arc 
of a great circle through A and I. 

^ InneAIEB Bl _ 

Now -^~ = gg^^. (2) 

since the arc B I is commensurable with the circumference. In (1) and 
(S), the consequents being equal, the antecedents should be proportional ; 

L BL 




hence we should have 



lune AIEB '^ Bl 



But this is absurd, since lune ACEB > lune AIEB, whereas BL < Bl, 
that is, an improper fraction equals a proper fraction. 

In a similar manner, we may reduce the assumption to an absurdity, 
if we assume BL > BC. 

Hence, as the ratio of ^ can neither be greater nor less than ngzrg- > 
it is equal thereto, and 

L BC BOC 



8 BCmDn 4 right angles 



q. E. D. 



729. Scholium. — To obtain Ihe cvrea qf a lune whose angle is hnoum^ 
find the area of the sphere, and multiply it by the ratio of the angle of 
the lune (in degrees) to 360°. Thus, B being the radius of the sphere, 
47rjS' is the surface of the sphere ; and the lime whose angle is 80° is -f^ 
or -^ the surface of the sphere, i. «., iV of 47rjS' = }n-^. 

780. CoROLLAET. — The sum of sever aZ lunes on the same 
sphere is equal to a lune whose angle is the sum of the 
angles of the lunes ; and the difference of two lunes is a 
lune whose angle is the difference of their angles. 
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731. CoROLLABY. — Ungulos bear the same ratio to the 
volume of the sphere that the corresponding lanes do to 
the area of the surface. 



PBOPOSITION XXXIII. 

732. Theorem. — If two seTni-eireumferences of great 
circles intersect on the surface of a hemisphere, the sum 
of the two opposite triangles thus formed is equivalent to 
a lune whose angle is that included by the Bemi-circum- 
ferences. 

Demonbtbatiok. 

Let the MRd-o)rouinferenoe> CEB and DEA intaraeot at E on the aur- 
hce of the hemisphere whoae bate ie CABD. 

Then the snm of the triangles CED and 
AEB is equivalent to a lune whose angle is 
AEB. 

For, let the semi-circntn faiences CEB and 
pEA be prodDced around the sphere, inter- 
•ecting on the opposite hemisphere, at the 
BXtremity F of the diameter through E. 

Now, FBEA is a lane whose angle is AEB. 

Horeover, the triangle AF6 is eqaivalent 
to the triangle DEC ; aiiice "<■ ^^■ 

angle AFB = AEB = DEC, 

aide AF = ude ED, 

each being the supplement of AE ; and 

BF = CE, 

each being the sopplement of EB. 

Hence, the emn of the triangles CED and AEB is equivalent to the 
lune FBEA. 4. el. d. 
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PROPOSITION ZXXIV. 

788. Theorem. — Hie area of a spherieal triangle is to 
the area of the surf 04^ of the hemisphere on which it is 

m 

situated, as its spherical excess is to four right angles^ or 
360^ 

Demonstbatiok. 

Let ABC be a epherical triangle whoae 
angles are represented by A, B^ and C ; let 7 
represent the area of the triangle, and H the 
area of the surfaoe of the hemisphere. 

T A + B+C-180° 



Then is 



H~ 860' 



Let lune A represent the lune whose angle is 
the angle A of the triangle, i. e., angle CAB, and 
in like manner understand lone B and lune C. 




Fig. 332. 



Now, triangle AHG + AED = lune A (732), 

BHI + BEF = lune B, 
CGF + CDI = lune C. 



Adding, 2ABC + hemisphere = lune (A + B + C)*, (1) 

by (730), and since the six triangles AHG, AED, BHI, BEF, CGF, and CDI 
make the whole hemisphere and 2ABC besides, ABC being reckoned {hree 
times 

From (1) we have, by transposing, and remembering that a hemi- 
sphere is a lune whose angle is IdO"" (780), and diyiding by 2, 

ABC = i lune (A + B + C - ISO^.t 

But, by (728), 

\ lune (A + B + C ~ 180°) __ A 4- B + C - 180^ 

H " seo" 

T,, f T A + B -♦- C - 180° 
Therefore, -- = -^^^ q. b. d. 



* This signifies the lune whose angle is A + B + C, which is of course 
the sum of the three lanes whose angles are A, B. and C. 

f This signifies one-half the lune whose angle is A + B + C— 180''. 
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784. Scholium 1.— 7b find t^ area of a spherical triangle on a given 
sphere, the angles of the triangle being given, we have simply to multiply 
the area of the hemisphere, i. e., 2itB\ by the ratio of the spherical excess 
to 860°. ThoSj if the angles are • 



A = 110% B = 80°, and C = 50°, 



we have 



AB/^ ar« A+B + C- 180° o ™ 60 
area ABC = 3w-B* x -^^ = 2?r5* x ^ = ^nB^, 



360' 



360 



ated by the revolution of a circular sector afeout tfie'diamefSsr 
around which the semicircle which generates the sphere is con- 
ceived to revolve. It has a zone for its base ; and it may have 
as its other surfaces one or two conical surfaces, or one conical 
and one plane surface. 

Illustration. — Thus, let aib be the diam- 
eter around which the semicircle «E5 revolves 
to generate the sphere. The solid generated 
by the circular sector AOB will be a spherical 
sector having the zone generated by AB for its 
base ; and for its other surface, the conical sur- 

fece generated by AO. The spherical sector 
above. 




The proportion 



ABC 



A + B + C - 180' 



surf, of hemisph. 



360' 



is readily put into a form which agrees with the enunciation as given in 
this scholium. Thus, 



surf, of hemisph. = ^irR^ ; 



whence, 



^»/^ n™ A + B + C- 180^ ,^ A +B + C -180' 
ABC = airiP X — , = iTTiP X ^o 
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PBOPOSITIO' 

783, TheoreOL.— The area 

the area of the swrfa^ee of th 
situated, as Us spherioal ex< 
860». 

Let ABC be t tpherioal tr. 
tnglet are represented by A, B, and C; let l 
represent the area of the triangle, and H the 
area of the surfiioe of the hemisphere. 

^^ . T A + B+C-180'* 

Let lane A represent the Inne whoee angle is 
the angle A of the triangle, L «., angle CAB, and 
in like manner understand Inne B and lune C. ^^^^Tiq^^i! 

Now, triangle AHQ + AED = Inne A (732), 

BHI + BEF = lane B, 
CQF + CDI = lane C. 




Adding, 9ABC + hemisphere = lune (A + B + C)*, (1) 

-Wisr 

Again, conodye each of the triedral angles of the cabe trancated by 
planes ttmffmU to the tphere, A new drcamscribed solid will thus be 
formed, whoee yolame will be nearer that of the sphere than is that of the 
drcamscribed cabe. Let oSe represent one of the tangent planes. Draw 
from the polyedral angles of this new solid, lines to the centre of the 
sphere, as aO, M>, and eO, etc ; these lines will form the edges of a set of 
pyramids whose bases constitate the sarfiice of the solid, and whose com- 
mon altitude is the radias of the sphere (?). Hence the yolame of this 
solid is eqaal to the product of its sarface (the sam of the bases of the 
pyramids) into \R. 

Now, this process of trancating the angles by tangent planes may be 
concdyed as eontinaed indefinitely ; and, to whateyer extent it is carried, 
it will alwayi be true that the yolame of the solid is equal to its surface 
multiplied by ^R Therefore, as the sphere is the limit of this circum- 
scribed solid, we haye the yolame of the sphere equal to the surface of 
the sphere, which is 4ir^ multiplied by ^B, i. 0., to ^irBK q. s. d. 
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urfaoe of the sphere may he 
■n infiniie number of infinitely 
volu/me as composed of an infi- 
hauing these faces for their 
i the centre of the sphere, the 
•am^ids being the radiits of the 



tor is a portion of a sphere gener- 
ated by the revolution of a circular sector about the diameter 
aronnd which the semicircle which generates the sphere is con- 
ceived to revolve. It has a zone for its base ; and it may have 
m iia other surfaces one or two conical surfaces, or one conical 
and one plane surface. 

IiiLnBTKATiON.— Thus, let db be the diaoi- 
eter aronnd which the semicircle aEb revolves 
to generate the sphere. The solid generated 
by the circular sector AOB will be a spherical 
sector having tbe zone generated by AB for its 
base ; and for its other surface, the conical sur- 
faoB generated by AO. The spherical sector 
generated by COD has the zone generated by 
CD for its base; and for its other surfaces, fn^ ,„ 

the concave conical surface generated by DO, 

and the convex conical suriaoe generated by CO. The apherical sector 
generated by EOF has the zone- generated by EF for its base, the pliu 
generated by EO for one surface, and the concave conical surface gener- 
ated by FO for the other. 

739. A Spherical Segment is a portion of the sphere 
included bv two parallel planes, it being understood that one of 
the planes inay become a tangent plane. In the latter case, the 
segment has but one base ; in other cases, it has two. A spheri- 
cal segment is bonnded by a zone and one, or two, plane surfaces. 
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PROPOSITION XXXVI. 

740. Theorem. — The volume of a spherical sector is 
equal to the product of the zone which forms its hcuse into 
one-third the radius of the sphere. 

Demonstration. 

A spherical sector, like the sphere itself, may be conceived as consist- 
ing of an infinite number of pyramids whose bases make up the base of the 
sector, and whose common altitude is the radius of the sphere. Hence, 
the volume of the sector is equal to the sum of the bases of these pyra- 
mids, that is, the surface of the sector, multiplied by one-third their com- 
mon altitude, which is one-third the radius of the sphere, q. e. d. 

« 

741. Corollary. — The volum^es of spherical sectors of 
the sam^e sphere, or of equal spheres, are to ea^h other as 
the zones which form their bases; and, since these zones are 
to each other as their altitudes (723), the sectors are to ea^h 
other as the altitudes of the zones which form- their bases. 



PROPOSITION XXXVII. 

742. Theorem,— ^e volum^e of a spherical segm^ent 
of one hase is nA^{R — ^A), A being the altitude of the 
segment, and R the radius of the sphere. 

Demonstration. 

Let AO = JB, and CD = A. 

Then is the volume of the spherical segment 
generated by the revolution of ACD about CO 
equal to ttA^XB — ^A), 

For, the volume of the spherical sector gener- 
ated by AOC is the zone generated by AC, multi- 
plied by ^R, or 2ttAR x ^5 = ^nAB\ From 
this we must subtract the cone, the radius of^ 
whose base is AD, and whose altitude is DO. F">0* 335. 
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To obtain thu, we have 

DO = S-A; 
vhence, Arom the right«og1ed triuigle ADO. 

AD = \^B'~(a~Aj = v/aZff^T^. 
Now, the rolnme of this cone is ^OD x itAd', or 

iir (S - A) (ZAB ~A') = iiriiAB- ~ BA'B + ^•>. 

Bnbti«cting this from the volame of the epherical sector, we have 

i7rAB'-i^i%A^-8A'B + A*) = ^(A'R-iA') 

=\a'{r-^A). q. E.D. 

743. SCHOLiDX.— The volume of a spherical 
B^ment with two basee » readilj obtained b; 
taking the difference between two segmeDte of 
one basb each. Thua, to obtain the volumes of 
the segment generated by the rerolntion of M)Ae 
about aO, take the difference of the s 
whose altitudes are ae and od. 



SPHERICAL POLYGONS AND SPHERI- 
CAL PYRAMIDS. 

744. A Spherical Polygon is a portioD of the sorface of 
a sphere bounded by seTera! arcs oi great circles. 

745. The Diagonal of a spherioal polygon ie an arc of a 
great circle joiniDg any two non-adjacent verticeB. 

746. A Spherical Pyramid is a portion of a sphere hav- 
ing for its base a spherical polygon, and for it^ lateral faces the 
circular sectors formed by joining the vertices of the polygon 
with the centre of the sphere. 



8% ELEMENTARY GEOMETRY. 

747. Tho elementary properties of spherical polygons and 
spherical pyramids are so readily deduced from the corresponding 
properties of polyedral angles, spherical triangles, etc., that we 
leave them for the pupil to demonstrate, merely stating a few 
fundamental theorems. 

748. Theorem.— ^e angles of a spherical polygon 
and its sides sustain the same general relations to ea^h 
other as the diedral and facial angles of a polyedral 
angle having for its edges the radii of the sphere drawn 
to the vertices of the polygon. 

749, Theorem. — The sum of the sides of a convex 
spherical polygon may be anything between 0° and 360°. 

750, Theorem. — The sum of the angles of a spherical 
polygon may he anything between 2n — 4 and 6n — 12 
right angles, n being the number of sides. 

761. The Spherical Excess of a spherical polygon is the 
excess of the sum of its angles over the sum of the angles of a 
plane polygon of the same number of sides. 

752. Theorem. — The spherical excess of a spherical 
polygon of n sides, the sum of whose angles is 8, is 

753. Theorem. — The area of a spherical polygon is to 
the area of the surface of the hemisphere on which it is 
situated as its spherical excess is to four right a;ngle8. 

754. Theorem.— 2%e volume of a spherical pyram^id 
is the area of its base multiplied by one-third the radtn^s 
of the sphere on which it is situated. 
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EXERCISES. 

756. 1. What is the circumference of a small circle of a sphere 
whose diameter is 10, the circle being at 3 from the centre ? 

Am. 25.1328. 

2. Construct on the spherical blackboard a spherical angle of 
60^ Of 45°. Of90^ Ofl20^ Of 250^ 

SuGOESTiONB. — Let P be the point where the vertex of the required 
angle is to be situated. With a quadrant strike an arc passing through 
P, which shall represent one side of the required angle. From P as a 
pole, with a quadrant strike an arc from the side before drawn, which 
shall measure the required angle. On this last arc lay off from the first 
side the measure of the required angle,* as 60°, 45°, etc. Through the 
extremity of this arc and P pass a great circle (?). 

3. On the spherical blackboard construct a spherical triangle 
ABC, having AB = 100%* AC = 80°, and A = 68°. 

4. Construct as above a spherical triangle ABC, having AB = 
76% A = 110°, and B = 87°. 

5. Construct as above, having AB = 150°, BC = 80°, and 
AC = 100°. Also having AB = 160°, AC = 50°, and CB = 85°. 

6. Construct as above, having A = 52°, AC = 47®, and CB 
= 40°. 

Suggestions. — Constmct the angle A as before taught, and lay off 
Ac from A equal to 47°, with the tape. This determines the vertex C. 
Blom C, as a pole, with an arc of 40°, describe an arc of a small circle; 
in this case this arc will cut the opposite side of the angle A in two 
places. Call these points B and B'. Pass circumferences of great circles 
through C, and B, and B'. There are two triangles, ACB and ACB'. 

7. Constmct on the spherical blackboard a spherical triangle 
ABC, having A = 59°, AC = 120°, and AB = 88°. 



* For this porpoee, a tape equal in length to a semi-circumference of a 
^reat circle of the sphere ased, and marked off into 180 equal parts, will be 
convenient. A strip of paper may be used. 
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8. Construct a triangle whose angles are 160°, 160°, and 140°. 

9. Can there be a spherical triangle ^rhose angles are 85% 
120°, and 160° ? Try to construct such a triangle by fast con- 
structing its polar. 

10. What is the area of a spherical triangle on the surface of a 
sphere whose radius is 10, the angles of the triangle being 85°, 
120°, aud 110° ? Am. 235.6+. 

11. What is the area of a spherical triangle on a sphere whose 
diameter is 12, the angles of the triangle being 82"", 98°, and 
100°? 

12. A sphere is cut by five parallel planes at 7 from each other. 
What are the relative areas of the zones ? What of the segments ? 

13. Considering the earth as a sphere, its radius would be 
3958 miles, and the altitudes of the zones, North torrid = 1578, 
North temperate = 2052, and North frigid = 328 miles. What 
are the relative areas of the several zones? 

SuooEBTioK. — The student should be carehil to discriminate between 
the width of a zone and its altitude. The altitudes are found from tbeir 
widths, as usually given in degrees, by means of Trigonometry. 

14. The earth being regarded as a sphere whose radius is 
3958 miles, what is the area of a spherical triangle on its surface, 
the angles being 120°, 130°, and 150° ? What is the area of a 
trirectangular triangle on the earth's surface ? 

15. In the spherical triangle ABC, given A = 58°, B = 67°, 
and AC = 81° ; what can you affirm of the polar triangle ? 

16. What is the volume of a globe which is 2 feet in diameter ? 
What of a segment of the same globe included by two parallel 
planes, one at 3 and the other at 9 inches from the centre, the 
centre of the sphere being without the segment? What if the 
centre is within the segment? 

17. Compare the convex surfaces of a sphere and its circum- 
scribed cylinder. 

18. Compare the volumes of a sphere and its circumscribed 
cube, cylinder, and cone, the vertical angle of the cone being 60°. 

19. If a and i represent the distances from the centre of a 
sphere whose radius is r, to the bases of a spherical segment, show 
that the volume of the segment is 'n [r^ [b — a) — \{l^ — a')]- 
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THE INFINITESIMAL METHOD. 

• • 

The author is a firm believer in both the lo^cal soandness ainl the 
practical advantages of the strict infinitesimal method. Henoe he has intro- 
duced it — though generally as an alternative method — ^in those cases in 
which the incommensurability of geometrical magnitudes by a finite unit 
makes the old demonstrations cumbrous. 

As to the logical soundness of the method, he has not the shadow of a 
doubt. The well-known logical principle, that, if we create a certain cate- 
gory of concepts, under certain definite laws, use them in our argument in 
accordance with these laws, and finally eliminate them, the arffunient being 
conducted according to correct logical principles, the final results are 
correct, covers the entire case. Now the two essential laws of infinitesimals 
are, (1) Infinitesimals of the same order have the same relations among 
themselves as finite quantities; and (2) Infinitesimals in comparison with 
finites, ar& zero. 

But the -simple ejcposition given in the text (340-342) is quite adequate 
to show that the method can introduce no conceivable error. Thus, if 

— = a, all the quantities being finite, and if t is an infinitesimal, = a 

must be true, and i must be in the relation. Otherwise solving the equa- 

tion. we have i = an^m, a finite quantity, unless a = — • 

Of the immense practical utility of the method there can be no question. 
All, from Lagrange down, have acknowledged it. I know of no extended 
treatise which does not in some way imply it. Why, then, should not the 
pupil become familiar with it early in his course ? 

As to the method of limits it is not at all difficult to show that it is 
identical with the infinitesimal method, in its fundamental principles. 
Moreover, there is a sort of ju^lery in the very first step in the method of 
limits which quite transcends any difficulty that the methdd of infinitesimals 
presents. Thus, we give the variable an increment,^ assume that the func- 
tion takes a related increment, manipulate the function, and then make the 
increment of the variable zero (whence the increment of the function 
becomes zero), and, pretto, we have a finite relation between two zeros! 
And this is the '' simple " fundamental conception which the tyro is sup- 
posed to see at a glance I 
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NOTE ON (182), (343), (687), (628), AND (728). 

These propoeitions are of a class in which the inoommensurability by a 
finite unit of certain lines introduces particular difficulty, which diificulty 
disappears at once if we admit, as in the infinitesimal theory, that these lines 
are commensurable by an infinitesimal unit. Also, by the introduction of 
the principle of the generation of one magnitude by the motion of another, 
very simple demonstrations are afforded. 

In the text the author has given illustrations of the three sorts of 
demonstrations. In (182) ^^ ^^^? ^^^ ^^^ method of avoiding the difficulty 
which grows out of the incommensurability, by the reduetio absurdum. 
The objection to this is not any objection to the reduetio absurdum as a 
method of reasoning. But why use so cumbrous a method, when other 
exceedingly simple methods are at hand, and methods involving principles 
so necessary to subsequent use ? 

In (728) the three methods are given. In (343) and (628) the methods 
involving generation by motion, and the infinitesimal method, are given. 



NOTE ON (182). 

1. To prove this proposition by means of the conception of the genera- 
tion of magnitudes by the motion of other magnitudes, we do not need the 

A OB 

Lemma. Thus, referring to Fig. 85, p. 89, we are to prove that j^^r= == 

arc AB 
arc DE 

Let the sector AOB be applied to DOE. OA being placed in 00. By 
reason of the equality of the circles the arc AB will fall in DE. 

Conceive the angles AOB and DOE as generated by a radius, mov- 
ing from the position OA (which is now also OD) to OB and DE, 
with uniform motion. Let the time of generating AOB be r, and that ot 

AOR 4* 
generating DOE be «. Whence =r^ = - (48, 49). 

Again, the extremity of the radios, as A (or D), describee equal and (as 

far as the less extends) coincident parts of AB and DE in equal times, wh^M^ 

arcAB r „ , ,.^ , ^. , AOB arc AB f» 

- — =r^ — - • Hence, by equality of ratios, we have =^^^ =■ =r^ • 

arc DE « » / ^ J > qqE arc DE 

2. To prove the same proposition by the infinitesimal method, we pro- 
ceed exactly as in Case II., pp. 89, 90, simply conceiving m as infinitesimal 
when the angles are incommensurable by a finite unit, and for 5 patting the 
indefinite number r, and for 8 the indefinite number a. 
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NOTE ON (348). 

By the old metliod the Lemma on which this demonstration is based is 
proved in two cases. Ist. When the bases are commensurable ; 2nd. When 
the bases are incommensurable. Dividing the bases into equal parts and 
erecting perpendiculars at the points of division the argument in the first 
case proceeds exactly like the argument in Case II. of (182). When the 
bases are incommensurable, we apply (Acd to A BCD placing ad m \iA 
equal AD, whence ab falls in AB, as far as it extends, and dc in DC. Then 

assume that, if — =-^- is not equal to -^ , it is equal to — . ag being either 

abed ^ ah ^ ag 

greater or less than ab. Now divide the base AB into equal parts, each of 

which is less than hg, and erect perpendiculars at each of the points of 

division. We may then show, as in Case III. of (182)> the absurdity of 

supposing ag greater or less than ab. 
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Sheldon S Compaf^s Text'Sookt. 

MiWs i^ementa of Rhetoric and CknnpoHHan 

By D. J. Hill, A.M., Pieeideiit Lewisbuig Univendty, author 
of Uie Science of Bhetoric. B^giimmg with the selection of a 
theme, this book oondncts the learner through every process 
of oompoidtion, including the aocnmnlation of material, its 
arrangement, the choice of words, the oonstmction of sentences, 
the variation of expression, the nse of figores, the formation of 
paragraphs, the preparation of mannacript, and the criticism of 
the completed composition. 

HiU^8 Science of Bhetoric 

An introduction to the Laws of Eflfective Disoonrse. By 
D. J. Hill, A.M., President of the University at Lewisburg. 
12mo, 800 pages. 

This is a thoroughly scientific work on Rhetoric for advanced 
classes. 

InteliecttMU Philosophy (Eleiobnts of). 426 pages 

By Francis Watland, late President of Brown Univer- 
mty. 

The Elements of Moral Science 

By Fbancib Watlaito, DJ>., President of Blown Univer- 
sity, and Professor of Moral Pliilosophy. fiftieth thousand. 
12mo, doth. 

Memente of Political Economy 

By Fbancib Watland, D.D.« late President of Brown Uni- 
vereity. 12mo, cloth, 408 pages. 

Recast by Aabon L. Ghafin, D.D., President of Beknt 
College. 

No text-book on the subject has gained such general accept- 
ance, and been so extensively and continuously used, as Dr. 
Wayland*s. Dr. Chapin has had chiefly in mind the wmU of 
the ekus-room, as suggested by an experience of many years. 
His aim has been to give in full and proportioned, yet dear 
and compact statement, the elements of this important brandi 
of sdenoe, in their latest aspects and applications. 
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OOLTON'S NEW GEOGEAPHIES. 

The whole eubjeet in Two Boohs. 

These hooke we ike mo$^ simple, the mast practical, and best 
adapted to the wants cflhe school-roam of any yet pvJbUshed, 

J. Ck)lton*8 New Introductory Geogra(phy. 

With entirely new Maps made especially for this book, on 
the most improved plan ; and elegantly ninstrated. 

XT. iJoUon's Comtnon School C^eography. 

With Thirty -six new Maps, made especially for this book, 
and drawn on a uniform system of scales. 

Elegantly Ulustrated. 

This book is the best adapted to teaching the subject of Geog- 
raphy of any yet published. It is simple and comprehensive, 
and embraces just what the child should be taught, and nothing 
more. It also embraces the general principles of Physical Geog- 
raphy to tax Ba they can be taught to advantage in Common 
Schools. 

For those deriring to pursue the study of Phyedcal Geography, 
we have prepared 

Cotton's Physical Geography. 

One VoL 2to. 

A very valuable book and fully illustrated. The Maps are 
compiled with the greatest care by Gbo. W. CoLTONr and repre- 
sent the most remarkable and interesting features of Physical 
Geography clearly to the eye. 

The plan of OoUxm^s Oeogrctphy ie the beet I have ever seen. It meets the 
exact wants of our Orammar Schools. The Review is unsarpassed in its 
tendency to make Oummgh and reliable scholars. I have learned more Geog- 
raphy that is praeUcal and a^oaUabU during the short time we have used this 
work, than in an my life before, including ten years teaching by MitcheU's 
plaiL^-A. B. HsTwooD, Prtn, Franklin Oram. Schooly LoweU^ Mass. 

So wen satisfied have I been with these Geographies that I adopted them, 
and have procured their introduction into most of the schools in this county. 
Jamm W. Thoxfsoit, A.M., Prhi. cf CfentrevUle Academy, Montana, 

Any qf the c^ove sent by maU, post-paid, on reoHpt qf price. 
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